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SUMMARY

Analysis of tectonic and earthquake-cycle associated deformation of the crust can provide
valuable insights into the underlying deformation processes including fault slip. How those
processes are expressed at the surface depends on the lateral and depth variations of rock
properties. The effect of such variations is often tested by forward models based on a priori
geological or geophysical information. Here, we first develop a novel technique based on an
open-source finite-element computational framework to invert geodetic constraints directly
for heterogeneous media properties. We focus on the elastic, coseismic problem and seek to
constrain variations in shear modulus and Poisson’s ratio, proxies for the effects of lithology
and/or temperature and porous flow, respectively. The corresponding nonlinear inversion is
implemented using adjoint-based optimization that efficiently reduces the cost function that
includes the misfit between the calculated and observed displacements and a penalty term.
We then extend our theoretical and numerical framework to simultaneously infer both het-
erogeneous Earth’s structure and fault slip from surface deformation. Based on a range of
2-D synthetic cases, we find that both model parameters can be satisfactorily estimated for
the megathrust setting-inspired test problems considered. Within limits, this is the case even
in the presence of noise and if the fault geometry is not perfectly known. Our method lays
the foundation for a future reassessment of the information contained in increasingly data-
rich settings, for example, geodetic GNSS constraints for large earthquakes such as the 2011
Tohoku-oki M9 event, or distributed deformation along plate boundaries as constrained from
InSAR.

Key words: Seismic cycle; Inverse theory; Joint inversion; Numerical modelling; Earthquake
source observations; Kinematics of crustal and mantle deformation.

1 INTRODUCTION

Crustal displacement time-series, for example, as recorded by the
Global Navigation Satellite System (GNSS) or Interferometric Syn-
thetic Aperture Radar (InSAR), contain information about both
Earth structure and the drivers of deformation, such as earthquakes
within the seismic cycle. Depending on the questions asked, het-
erogeneity in the Earth may be signal or nuisance. For example,
for the elastic problem of inverting surface deformation for fault
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slip or plate boundary loading for megathrust margins, material
heterogeneity such as lateral variations in shear moduli due to sedi-
ment cover can affect fault slip inversions (e.g. Williams & Wallace
2015, 2018; Hashima et al. 2016). Other effects of lateral material
variations in subduction zones can be due to the presence of the
volcanic arc, for example (Takada & Fukushima 2013; Muto ef al.
2016; Dhar et al. 2022). Exploring such effects usually involves
computing different linear coseismic slip inversions and adjusting
the Earth structure model, for example, based on information from
other geophysical or geological constraints. However, to compre-
hensively explore the contributions of fault slip uncertainty and
material variations, it is necessary to analyse the trade-off between
these parameters, preferably by jointly inverting the surface defor-
mation for fault slip and structural heterogeneity.
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The accurate inference of Earth’s structure given imperfect sam-
pling and trade-offs is, of course, a long-standing challenge in geo-
sciences. Material properties at depth are often inferred from vari-
ations in seismic wave speeds. However, uncertainties arise when
converting seismic velocities and/or attenuation properties to elas-
tic and viscous moduli due to factors such as temperature, volatile
content and composition. To reduce the resulting non-uniqueness in
tectonic settings, a range of studies have explored joint inversions
using different deformation constraints (e.g. Reuber 2021).

Standard inverse approaches like grid search or sampling-based
techniques (Baumann et al. 2014) may allow consideration of differ-
ent constraints but are computationally expensive due to the nonlin-
ear scaling of required forward models with the number of model pa-
rameters and data dimensions (Reuber ef al. 2020). Gradient-based
methods, on the other hand, are more efficient as the numerical cost
is often independent of the number of parameters to recover (Reuber
et al. 2020). The gradient of the objective function, composed of the
data misfit and a regularization term, can be evaluated through nu-
merical and analytic differentiation or using the adjoint method (e.g.
Bonnet & Constantinescu 2005; Avril ef al. 2008; Reuber 2021).
The latter is particularly efficient for accurately computing the gra-
dient and can also be used to compute the second-order derivative,
known as the Hessian, which is useful for convergence acceleration
and uncertainty quantification (e.g. Kelley & Sachs 1991; Martin
et al. 2012; Petra et al. 2014; Bui-Thanh & Ghattas 2015; Isaac
et al. 2015; Ghattas & Willcox 2021).

Commonly, such studies utilize adjoint-based optimization meth-
ods to efficiently solve linear/nonlinear inverse problems, and ad-
joint approaches are increasingly used for mantle convection prob-
lems (e.g. Bunge et al. 2003; Liu & Gurnis 2008; Worthen et al.
2014; Reuber et al. 2020; Rudi et al. 2022). In the seismotectonic
context, Crawford ef al. (2017) employed viscoelastic models and
adjoints to invert surface deformations after earthquakes and re-
cover the viscosity structure in 2-D synthetic tests. Agata et al.
(2017) used adjoints to invert surface geodetic velocities to recover
both the afterslip distribution and a three-layered asthenosphere
viscosity structure beneath Japan.

However, the accurate and efficient implementation of first and
second derivatives in numerical models remains a challenge. Previ-
ous studies have addressed this challenge by representing the model
domain with finite-element (FE) or finite-difference schemes and
deriving the adjoint equation based on this discretization (Crawford
et al. 2017; Agata et al. 2017; Reuber et al. 2020). However, this
approach is problem-specific, requiring manual modification of the
discretization for each problem, and can make the derivation of the
discrete Hessian very difficult, particularly for complex discretiza-
tions of constitutive laws (Ghattas & Willcox 2021; Villa et al.
2021).

Recent developments in advanced open-source libraries have ad-
dressed the issues of flexibility and optimization in both mesh dis-
cretization and solver options (Balay e al. 2020), enhancing the
solution of complex multiphysics coupling problems (e.g. Logg
& Wells 2010; Wilson et al. 2017; Rathgeber et al. 2016; Villa
et al. 2021). In particular, the HIPPYLIB library (Villa et al. 2018,
2021) relies on FENICS (Logg & Wells 2010; Logg et al. 2012)
for the FE discretization, and implements state-of-the-art scalable
adjoint-based algorithms for partial differential equation (PDE)-
based deterministic and Bayesian inverse problems. In HIPPYLIB,
both gradient and Hessian information of the objective function
are efficiently computed using the adjoint method while leveraging
the automated symbolic differentiation and assembly of variational
forms in FENICS (Alns et al. 2014). This makes the solution of
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any PDE-based inverse problem transparent and relatively straight-
forward, overcoming challenges associated with problem-specific
implementations.

Here, we aim to utilize these powerful libraries to address the
problem of inferring Earth’s material heterogeneity based on surface
geodetic observations during large earthquakes. Previous related ef-
forts have focused on recovering elastic properties for engineering
problems with sparse observations throughout the domain (Fatehi-
boroujeni et al. 2016, 2020). However, these models were limited
to solving simple 2-D tests with constraints impossible to achieve
for solid Earth problems, where geodetic data are limited to the
surface. In this paper, we seek to investigate for the first time, to our
knowledge, if surface geodetic data alone can provide sufficient in-
formation about both the fault slip distribution and Earth’s structure
for subduction earthquake type problems.

Puel et al. (2022) described a novel fault discontinuity imple-
mentation for FE modelling using a stress-accurate, mixed elastic
formulation and discussed formal links between linear coseismic
slip inversions and adjoint-based optimization methods which elim-
inate the need for Green’s function computations. Here, we build
upon this computational framework, leveraging the capabilities of
FENICS and HIPPYLIB. First, we review the elastic forward model,
and then we formulate and derive expressions for the gradient and
Hessian of the infinite-dimensional deterministic nonlinear inverse
problem for heterogeneous material property distribution (e.g. Pois-
son’s ratio), and present numerical results for inversion in the crust
and mantle wedge in Sections 2 and 3, respectively. Lastly, in Sec-
tion 4, we extend our work by combining the fault slip inversion
presented in Puel ef al. (2022) with the inference of heterogeneous
material properties, specifically variations in the shear modulus, for
a joint inversion to infer both model parameters. A 3-D application
of our approach involving actual coseismic data is beyond the scope
of this work but will be addressed in a separate manuscript. More-
over, the approach described here may well be suited for tackling
more complex joint inversions, for example, involving three-field
parameters, such as two elastic properties and fault slip. Trade-offs
among parameters are expected, but it is also possible to incorpo-
rate additional constraints, such as from other geophysical methods
including seismic tomography, for example.

2 FORWARD PROBLEM: ELASTICITY
MIXED FORMULATION

Given any point x within the domain 2 C R?, d = 2, 3 with Dirich-
let (I'p) and Neumann (I'y) external boundaries, and an internal
fault discontinuity I'f, the Hellinger—Reissner formulation of the
elasticity equation aims to find the displacement u, stress ¢ and
rotation g fields that satisfy the governing equations (Arnold et al.
2007) and the fault and external boundary conditions (Puel ez al.
2022):

Ao =Vu—9 inQ,

—V.o=f inQ,
u=ug on I'p,
o-n=t on I'y, (1

[T(nr,)u] =s on Ty,
[u-nr,] =0 onl},
[o-nr,] =0 onTk,

where we write the strain tensor as the difference between the
gradient deformation tensor Vu and its skew-symmetric part ¢ =
%(Vu — Vu"). The first and second equations represent the consti-
tutive relation and linear balance of momentum, respectively. Here,
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A = A(x) is the fourth-order elastic compliance tensor describing
the material properties of the medium, frepresents body forces, u is
the imposed displacement at the boundaries, n denotes the outward
unit normal of 92 and # is the traction. The last three conditions
in eq. (1) represent the constraints on the fault discontinuity (Puel
et al. 2022). [#] = 0~ — 07 is the jump operator that restricts the
function @ from the left, ~, and right, 87, side of the fault, respec-
tively. T'(nr,) is the tangent operator which takes the component
of the displacement u parallel to the fault plane I'r. s is the fault
slip and nr, = nT = —n~ is the unit vector normal to I'p. For an
isotropic, linear-elastic medium, the compliance A4(x) depends only
on two independent scalar fields: for example, the shear modulus
(x) and second Lamé parameter A(x), or more commonly z(x) and
the Poisson’s ratio v(x) (Appendix A)

1

V
6= —|og— — 2
’ zu[“ 1+ v(d—2)

tr(o)1 ] , (2)
where I is the d x d identity matrix and tr(o) is the trace of the
stress tensor.

Following Arnold et al. (2007), we employ a mixed FE method
to discretize the three spatial fields. In this approach, the stress is
approximated using Brezzi—Douglas—Marini H(div)-conforming fi-
nite elements (Brezzi et al. 1985). These elements are piecewise
vector polynomials on each mesh element and have continuous
normal components across inter-element facets. The displacement
and rotation fields are approximated by piecewise discontinuous
Galerkin elements. This mixed FE discretization satisfies stress bal-
ance discretely and provides a higher order of accuracy for the stress
variable than the standard displacement elastic formulation (Puel
et al. 2022). Another advantage of using a discontinuous Galerkin
discretization for the displacement field is that the slip can be pre-
scribed across the fault without the need of conventional split node
(Melosh & Raefsky 1981) or decomposition discrete approaches
(Aagaard et al. 2013).

Hence, the elasticity equation in this mixed FE approximation
seeks to find (0, uy, ry) € X, x W, x By, where r;, = %V X U is
the rotation vector of the skew-symmetric tensor g, such that

/Aah:rhdx+/ uh~(V~1'h)dx—|—/ as(ty) - r,dx
Q Q

Qp

= / s [T(an)(t;, an)] dS Vr, e,
Tnr

— (V-ah)-w;,dxz f-whdx Yw, € W,
Qp Qp

[ aston-gax=0 vg, ez @)
Q)

where €2, and T',  are the discretized domain and the union
of facets aligning with the fault geometry, respectively. Here,
as(t) = (ti2 — 721) and as(t) = (T3 — T3, T13 — T31, To
— 115)7 is the asymmetric operator in 2-D and 3-D, respec-
tively. 7,, ®;, &, are the test functions for stress, displacement
and rotation, respectively, and d.§ represents the integration over
the fault internal boundary. The discretized spaces are defined
as X, ={tr e HV-,Q,,M):tn=0 on I', v, [tnr,] =0 on
Curt, Wi = L3, RY), 8, = L2, RY), which respectively
represent the space of square-integrable matrix fields with square-
integrable divergence satisfying the traction and fault boundary
conditions, and the spaces of all square-integrable vector fields.
The restriction on the stress space along I', y is effectively satis-
fied when the fault is resolved by the computational grid. I'j, v is

the discretized external boundaries. The discretization details in-
cluding the fault derivation from the integration by parts of the
non-conforming term in the constitutive equation can be found in
Puel et al. (2022).

3 INFINITE-DIMENSIONAL
DETERMINISTIC INVERSION FOR
POISSON’S RATIO

In this section, we derive the formulation in infinite dimensions—
that is, at a continuous integral level—of the deterministic inverse
problem for heterogeneous medium properties using the FE method.
Here, we choose to invert for the Poisson’s ratio which has been used
as a proxy for the presence of fluids in the mantle wedge and post-
seismic poroelastic effects (e.g. Feigl & Thatcher 2006; Panuntun
et al. 2018). An analogous procedure will be employed in Section 4
to jointly invert surface deformation for both the shear modulus
field and fault slip.

Given an infinite-dimensional Hilbert space of functions M de-
fined on the domain 2, and some sparse noisy finite-dimensional
surface deformation observations d € R"s, we seek to infer the
Poisson’s ratio field v(m) = %[1 + tanh(m)] which best predicts
the data. The choice of inverting for the argument of the hyperbolic
tangent m € M derives from the physical constraints of the Pois-
son’sratio, v € [0, 0.5]. We formulate this nonlinear inverse problem
as the following constrained least-squares optimization problem:

o . 1 2
min J(m) := || F(m) = |2, + R(m), 4)

where the cost functional J(m) contains the data misfit, weighted
by the data noise covariance I', L, and a regularization term R(m),
respectively. The latter term is necessary due to the ill-posedness of
most inverse problems (e.g. Hadamard 1923; Tikhonov & Arsenin
1977). F(m) := Bu(m) is the parameter-to-observable map and
u(m) is the displacement field computed by solving the elasticity
problem (eq. 3) given the Poisson’s ratio parameter field m. B is an
observation operator restricting the predicted displacement field to
the surface observations.

For the case of material properties inference, # depends on m
nonlinearly. Therefore, we seek to find an efficient and scalable algo-
rithm to solve this minimization problem (eq. 4). Newton’s method
proves to be suitable for this purpose by providing a fast and effi-
cient solution of the discretized infinite-dimensional optimization
problem (e.g. Allgower et al. 1986; Heinkenschloss 1993). By lever-
aging information from the second derivative of the least-squares
cost functional (the Hessian), these methods have demonstrated
mesh-independent convergence (e.g. Kelley & Sachs 1991; Ghattas
& Willcox 2021), requiring significantly fewer forward PDE solves
than algorithms relying only on gradient information.

Newton’s method requires the computation of the (infinite-
dimensional) gradient and Hessian, which are the first- and second-
order Gateaux derivatives of the objective function J(m) with re-
spect to m. Gradient and Hessian expressions can be derived through
variational calculus and the adjoint method. Using the Lagrangian
formalism (Tréltzsch 2010), we formulate an expression for the
gradient G(m) at an arbitrary point m* in parameter space. The
Lagrangian functional for the gradient LY includes eq. (4) and the
weak form of the forward problem (eq. 3),

Lo m, p) = J1|Bu(m) = dIP_, -+ R(m)+ [, p-¥($, m)dx,
5)
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where ¢ = (0, u, r) and p = (7, w, &) are the state and adjoint vari-
ables where the latter serve as Lagrange multipliers for the stress,
displacement and rotation, respectively. ¥ (¢, m) is the residual of
the elasticity PDE (eq. 1). The second term, R(m), could be, for ex-
ample, a Tikhonov-type regularization that imposes a certain level
of smoothness of the solution m.

By taking the derivative of L with respect to the adjoint and
state variables, we obtain the variational form of the forward and
adjoint equations, respectively. The latter reads:

(aLG 6) n (BLG it) n (aLG ;>
9o’ ou’ ar '
Z/L[&_$
Q2u 1 +v(m)(d —2)

+/Q(v-&)~wdx+/gas(&)~§dx

tr(&)I] cTdx

+/Q,~,.(v.r)dx+/gas(r)-;dx

+ / BT (Bu—d) - indx = 0
Q

V& € X;Viie W; Vi e &, (6)

where B* is the adjoint of the observational operator which maps
the discrete surface displacement back to the infinite-dimensional
state space, and &, & and 7 are test functions.

By taking a variation of the Lagrangian functional with respect to
the model parameter, we obtain the pointwise gradient expression
at a point m™ in an arbitrary direction #n:

1 (%) 1
(Gl i) = (R ) = - [ o :(;’f)(’d’”_ e
tdx  Vine M, )

where (R,,(m*), fir) denotes the Gateaux derivative of the regular-
ization R with respect to m in the direction /2 evaluated at m = m*.
v,,(m) indicates the derivative of v(m) with respect to m. o and t
are the solutions of the forward and adjoint problems (eqs 1 and
6), respectively. The cost of evaluating the gradient consists of one
forward and one adjoint PDE solve.

Eq. (1) shows that # depends on m in a nonlinear manner through
the solution of the forward mixed elasticity problem. Therefore, we
can leverage Hessian information in combination with Newton’s
method to accelerate the convergence of the Poisson’s ratio infer-
ence. For the derivation of the Hessian action in a direction m in
parameter space, we follow the same approach as before and con-
struct the second-order Lagrangian functional L, which consists
of the sum of the gradient, forward equation (second term) and
adjoint equation (last two terms), respectively:

L"(¢, m., p; . i, p) = (G(m), 'h)+/ﬂi7~'/f(¢, m) dx

+f p~xll¢((b,m)[(i)]dx+/ BT, \.(Bu—d) - itdx, (®)
Q Q

where qAS, m, p are the test functions of the forward, gradient and
adjoint equations, respectively. ¥, is the derivative of the forward
PDE residual with respect to the state variables. To obtain the action
of the Hessian in a direction 7, we take the variation of L with
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respect to mt:
(i, H(m) i) = (iit, Ry (m) tin)

2 —
1 f [vmm(m) + 2])”1(m)(d 2)] ﬁlﬁl tr(a’)] cTdx
Q

2u [1 + v(m)d —2)]’
1 Vy(m) m N N
- —_—|t I:7+t I: d.
2u Jo [1 4 v(m)d - 2)]’ [iw(@)1: 2 + (@)1 : 7] dx
Vit e M, )

where v,, and v,,,, denote the first and second derivatives of v(m)
with respect to m, respectively. o and 7 are the solutions to the for-
ward and adjoint problems in egs (1) and (6), respectively, and 6 and
7 are the solutions of the incremental forward and adjoint problems,
respectively (see Appendix B). Once we have gradient and Hessian
action expressions, we can apply an inexact Newton-conjugate gra-
dient (Newton-CG) algorithm (e.g. Akgelik ef al. 2006; Borzi &
Schulz 2011) to solve the optimization problem in eq. (4). At each
kth Newton iteration, we solve the linear system,

H(my) iy = —G(my), (10)

for the Newton direction sz, with the linear CG method in a matrix-
free manner via a pair of incremental forward/adjoint PDE solves,
terminating early to avoid negative curvature and oversolving (Stei-
haug 1983; Eisenstat & Walker 1996). The search direction solution
provides an update to the model parameter my ., at the (k + 1)th
iteration as

My = my + oy My, (11)

with asymptotic quadratic convergence. The step length o € (0, 1]
is chosen according to an appropriate line search strategy (e.g. No-
cedal & Wright 1999). The advantages of this inexact Newton-CG
algorithm are: (1) the Hessian operator is not built explicitly because
the operator-free CG algorithm requires only the matrix action on a
given vector via eq. (9); (2) the cost per Newton iteration of solving
eq. (10) involves a pair of linearized PDE solves, one incremental
forward and one incremental adjoint problem and (3) the number of
iterations for convergence does not depend on the parameter or the
nominal data dimension (e.g. Ghattas & Willcox 2021; Villa et al.
2021). The computational cost, measured in linearized PDE solves,
depends only on the intrinsic dimensionality of the problem—that
is, the number of directions in parameter space that are informed
by the data. HIPPYLIB does not require the direct input of the gra-
dient and Hessian expressions, but only the variational form of the
forward problem (eq. 3), automatically computing the gradient and
Hessian action using the symbolic differentiation capabilities of the
FENICS library. In the following section, we will focus on the regu-
larization term R(m) in the context of the heterogeneous Poisson’s
ratio inference from surface deformation data.

3.1 Tikhonov versus total variation regularization

In the absence of the regularization term R(m), solving the opti-
mization problem stated in eq. (4) becomes challenging. In typical
cases where F(m) is governed by PDEs with infinite-dimensional
parameters, the inverse problem is ill-posed—that is, its solution, if
it exists, is not unique and is highly sensitive to errors in the data
and model (e.g. Hadamard 1923; Engl et al. 1996; Vogel 2002).

A common feature of many ill-posed inverse problems is the
rapid decay of the spectrum of the Hessian of the data fidelity term.
The inverse of the Hessian’s small eigenvalues amplify noise com-
ponents contained in the data in the directions of the corresponding
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eigenfunctions, leading to unstable inference of these modes. The
faster the decay of the spectrum of the Hessian and the higher the
noise, the fewer eigenvalues will be above the noise level, and the
fewer modes of m can be reliably recovered from the data (Ghattas
& Willcox 2021). Since the data are not sensitive to eigenfunction
modes associated with these smaller eigenvalues, we may remove
them by truncating the spectrum—that is, truncated singular value
decomposition. However, this approach is applicable only when
F(m) is a linear operator. A more general strategy, also for non-
linear operators, is to use some type of regularization R(m) (e.g.
Arridge et al. 2019; Benning & Burger 2018) such as Tikhonov
regularization (Tikhonov 1963; Tikhonov & Arsenin 1977), which,
acting as a filter, damps the smallest eigenvalues.

Perhaps the most popular type of Tikhonov regularization is the
H' norm, which penalizes oscillatory components of the gradient
of the model parameter m by imposing smoothness:

5
RHI(m):%/Vm-dex—f—%/m-mdx, (12)
Q Q

where yy1 acts as a diffusion coefficient that controls the strength
of the penalty. This parameter is usually chosen by using such
techniques as the Morozov discrepancy principle (Scherzer 1993;
Pereverzev & Schock 2000) or the L-curve criterion (Miller 1970;
Lawson & Hanson 1995), in order to balance errors due to the noise
level in the data and the effect of the regularization. The second
term, which corresponds to adding a mass matrix term (L>-type
Tikhonov), is needed to make the regularization invertible for the
inexact Newton-CG algorithm to converge, since Neumann bound-
ary conditions are typically imposed on the m field. Here, §,2 is a
scalar parameter that controls the strength of the L?-type regular-
ization and is much smaller than y;1. First and second variations
of R l(m) in eqs (7) and (9) are straightforward to derive, since
R (m) is explicit in m.

A limitation of this Tikhonov-type regularization is that, by de-
sign, it smooths out sharp edges of the model parameter field m that
may exist at least in parts of the domain. A better approach if sharp
contrasts are expected, common in image denoising for example,
is to use total variation (TV) regularization (e.g. Rudin ez al. 1992;
Strong & Chan 2003; Chan et al. 2005), which takes the L' () norm
of the gradient rather than the L?,

8
RTV(m)zyTV/(Vm-Vm+e)%dx+§/ m-mdx, (13)
Q Q

where y v controls the strength of the regularization term, and the
small positive parameter ¢ is included to preserve the differentia-
bility of RT"(m) when Vm = 0. Intuitively, TV can be seen to
preserve sharp edges as follows. At an interface, Vm is unbounded,
and squaring it as in Tikhonov H' regularization leads to an un-
bounded integral, which mean the optimizer will avoid such an
infinite penalty be smoothing the interface. On the other hand, the
square root in TV restores integrability, leading to a finite penalty
(in fact equal to the jump in m multiplied by the length of the in-
terface, for a piecewise homogeneous medium). Thus, if the data
are indicative of an interface, TV will seek to preserve it. The first
variation of R7" in eq. (7) reads:

1

RTV(m, my=yvy | ———
" Q (Vm~Vm+e)%

V- Vﬁadx+6Lz/ m-indx, (14)
Q
while the second variation is:

RYY (m, fi, i) = yr

1
v _
Q(VmAVm-i-a)%( Vm-Vm+e¢

45,0 / it - e dx, (15)
Q

where ® is the outer product. The highly nonlinear term (I —
%) slows the convergence of Newton’s method, since the
radius of the region of quadratic convergence shrinks as ¢ decreases
and |Vm| increases. For this reason in the following, we will replace
the second variation of RTV with the so-called lagged diffusivity

variational form:

- 1
R, (m, i, 1) = VTV/ — Vi Vindx
Q(Vm-Vm+e¢)2

+5sz iir - i dx. (16)
Q

The resulting method exhibits a first-order convergence rate but
becomes more robust for small values of ¢ and larger Vm. It is
straightforward to show that if ¢ is large, the TV behaves like the
H'-type Tikhonov regularization.

3.2 Model setup

To demonstrate the potential of our computational framework in
solving heterogeneous media nonlinear inverse problems, we con-
sider a 2-D synthetic model inspired by a subduction zone setting.
We also want to compare the performance of the two different types
of regularization, R(m), namely H'-type Tikhonov and total vari-
ation (TV), to recover the heterogeneous Poisson’s ratio structure,
v(m).

The model consists of a curved fault internal boundary and 20 ob-
servations of displacements, both horizontal and vertical, uniformly
spaced at the surface in the over-riding plate (grey triangles, inset
in Fig. 1d, and panel a). We selected this particular network config-
uration as it resembles the locations of geodetic stations that might
monitor subduction zones. The estimated material property field,
as well as the associated model uncertainty, are of course highly
dependent on the observational sites. The development of scalable
approaches for the solution of the associated optimal experimental
design (OED) problem of determining optimal observation loca-
tions is an active area of research (e.g. Alexanderian et al. 2016;
Attia et al. 2018; Koval et al. 2020; Wu et al. 2023) and is be-
yond the scope of this manuscript. The 1100 x 500 km rectangular
domain contains a triangular Poisson’s ratio anomaly of v = 0.35
located in the over-riding plate. This anomaly may resemble, for
example, the presence of fluids or partial melt in the mantle wedge.
The background Poisson’s ratio is chosen to be v = 0.20 indicating
a more compressible material. The unstructured mesh, generated
by the open-source software GMSH (Geuzaine & Remacle 2009),
contains 2391 triangular cells. The mesh is finer close to the fault
discontinuity and coarser near the lateral and bottom boundaries
(Fig. 1d).

The forward mixed elasticity problem (eq. 3) is discretized using
the first-order stable triplet of FE spaces, resulting in 21 717 degrees
of freedom (DOFs) for the primary variables (stress, displacement
and rotation). The stress field o is approximated with Brezzi—
Douglas—Marini elements (14 544 DOFs). The displacement and
rotations vector fields, # and r, are approximated by using piece-
wise constant discontinuous Galerkin elements, resulting in 4782
and 2391 DOFs, respectively. We choose to discretize the Poisson’s
ratio scalar field m with linear Lagrange elements (1246 DOFs).
Zero displacement boundary conditions are applied to the left, right
and bottom boundaries, and a free surface to the top of the model.
We assume no body forces and a homogeneous shear modulus of a
nominal 30 GPa, where inversions cannot constrain absolute values
since we have no stress constraints.
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Figure 1. Comparison of the recovered Poisson’s ratio, v, structure between the (b) Tikhonov and (c) TV regularization. (a) True Poisson’s ratio structure
(blue colours, background: v = 0.2) including the triangular anomaly (v = 0.35) in the over-riding plate. The earthquake displacement is used to compute the
20 synthetic noisy (o¢g = 0.2 cm) surface displacement data (grey triangles). (d) FE mesh with a zoomed-in view of the mesh refinement around the fault. For
comparison, the triangular black dashed line indicates the shape of the material anomaly. Fault slip is depicted using the second, copper colour scale.

To model an earthquake-like signal, we kinematically prescribe a
Gaussian slip distribution on the fault interface. Given the nature of
the problem, we are sensitive only to relative displacements with a
scale set by the amplitude of fault slip. Thus, only Poisson ratio and
shear modulus variations with respect to a reference modulus can
be inferred, and not absolute values. However, we use dimensional
values with 10 m for peak slip and Earth-like length dimensions to
make actual numbers comparable to megathrust cases. The Gaussian
slip distribution has the peak slip centered at a depth of 20 km and a
standard deviation of 15 km (Fig. 1a). We adhere to the convention
where negative slip is associated with thrust faults and positive
slip is associated with normal faults. We generate synthetic surface
horizontal and vertical displacements recorded at the 20 surface
geodetic stations by solving the forward mixed elasticity problem
(Fig. 1a). We add Gaussian noise N(0, o) to these data, with a
mean of zero and a standard deviation of oy = 0.2 cm. This standard
deviation value is an average estimate derived from realistic data
noise observed at onshore geodetic stations in Japan (e.g. Hatanaka
2005; linuma et al. 2012). All computations were performed using
a single core of a standard laptop (Intel [9-9880H machine running
at 2.4 GHz with 32 GB of RAM).

To analyse the quality of the inverse solution m, we can assess
the amount of information that can be recovered from the data.

We determine the eigenvalues and eigenfunctions of the second
derivative of the cost functional J(m) (eq. 4), the Hessian H(m),
focusing on its data misfit part. After discretization, the Hessian is
generally a large, dense matrix; therefore, an explicit construction of
H for large-scale problems is typically intractable (e.g. Bui-Thanh
& Ghattas 2013; Petra et al. 2014). Each column of the Hessian
requires the solution of a pair of linearized forward/adjoint PDEs.
The Hessian H can be decomposed into the Hessian of the data misfit
H™ = g0 J+ 3", 8, [F); [F(m) — d]; and the Hessian of

the regularization term H™®. J is the Jacobian of the discretized

parameter-to-observable map F(m) evaluated at any point, [~} =

noise

él represents the data noise covariance matrix, and [ - |; is the ith
component of the vector. Although the explicit construction of H™sft
is often intractable, we can leverage the fact that its eigenvalues
typically collapse rapidly to zero. Hence, it is possible to build a
low-rank spectral decomposition of the misfit part of the Hessian
(Ghattas & Willcox 2021). In HIPPYLIB, we employ randomized
eigensolvers (Halko ef al. 2011) to estimate the eigenvalues X; and
eigenvectors v; of the Hessian misfit by solving the generalized
eigenproblem (Villa e al. 2021):

H™"y; = 3, Rv; A=y = > Ay,

(17)
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where R is the discretized regularization operator R, and » is the
number of discretized model parameters. Eigenvalues A; greater
than unity correspond to eigenvectors that can be inferred from the
data, while A; < 1 are associated with eigenvectors that are largely
influenced by the noise (Villa e al. 2021) and those modes of m
cannot be reliably recovered by the inversion.

To quantitatively compare the solutions of the inverse prob-
lem we use a metric based on the data information content of
the Hessian misfit. We call this metric LDPDH, which is the
log-determinant of the pre-conditioned data misfit Hessian, and it
reads:

N;.
1 ~ misfit 1
LDPDH = Elogdet(l—i-H )~ E;m(wx,), (18)

. S . = misf 1 misit po L
where I is the identity matrix, H" "= R H™™ R~1 is the reg-

ularization preconditioned data misfit Hessian, and A; are the eigen-
values of H™" from eq. (17). N, is the number of eigenvalues
above 1. The greater the LDPDH, the higher is the information
content that can be retrieved from the data about the model pa-
rameter. In Bayesian OED problems, this metric reduces to the
expected information gain in the linear inverse problem case (D-
optimality criterion, e.g. Alexanderian et al. 2016). In that context,
maximizing the LDPDH with respect to the station’s location is
equivalent to finding the sensor configuration that maximizes infor-
mation gain from the data. This metric is independent of the true
solution.

3.3 Inversion results with different regularization

After perturbing the synthetic surface displacements with random
Gaussian noise, we invert them for the heterogeneous Poisson’s ratio
spatial distribution using the H'-type Tikhonov (Fig. 1b) and TV
regularization (Fig. 1¢), respectively. The Poisson’s ratio anomaly is
well recovered in both cases, with the highest accuracy at the centre
of the anomaly. In particular, the Tikhonov regularization blurs the
sharp triangular edges, which are better preserved using the TV
regularization.

Nevertheless, there is a notable difference in the computational
performance of the two inversions. The inversion with the Tikhonov
regularization requires 11 iterations to reduce the L, norm of the gra-
dient by 9 orders of magnitude, using penalty weights of ;1 = 10?
and §;2 = 1073. On the other hand, the inverse problem with TV
regularization exhibits slower convergence, as expected, necessitat-
ing 39 iterations with penalty weights of y1v = 0.5, ¢ = 1077 and
8,2 = 1073. The slower convergence of the TV may be attributed to
the nonlinear term in the denominator of eqs (14) and (15), and the
use of an approximated Hessian.

In our synthetic case, we arbitrarily choose a material anomaly
with higher Poisson’s ratio than the background. This choice, as well
the selected model setup, significantly influences the variations in
surface deformation recorded by the observations such as GNSS
and InSAR. In the next section, we will investigate the effects of
varying the material properties (Poisson’s ratio and shear modulus),
and the model setup (fault dip) on the surface horizontal and verti-
cal displacements. The differences in displacements caused by the
relative contribution between the earthquake source and the hetero-
geneous medium will also be important in Section 4, where we will
perform a joint inversion for both fault slip and subduction zone
structure.

3.4 Signature of material heterogeneity and fault dip on
surface deformation

Why does the inversion for material parameters work, and what
sensitivities should we expect in general? While these questions
are accessible with formal inverse approaches, it helps to build
some intuition as to which of these heterogeneities can be inferred
through inversion. To analyse the impact of heterogeneity and fault
dip on the recorded surface displacements, we solve the forward
problem described in eq. (3). We vary the fault dip angle as well
as the values of Poisson’s ratio, v, and shear modulus, w, within
the triangular anomaly relative to the background homogeneous
structure (v = 0.20 and p = 30 GPa). To study the role of fault
dip more effectively, we consider a straight fault with a fixed length
but varying dip angles of 30°, 45° and 60°, respectively, instead
of a more curved fault geometry (see Fig. 2a). The selection of
such a wide range of fault dip angles is intended to provide a
conservative estimate of the effect of dip; realistic uncertainties
associated with slab geometry in subduction zones are usually much
smaller.

Fig. 2 illustrates the horizontal and vertical surface displace-
ments as a function of fault dip and triangular material anomaly
(shaded in light brown). In subplots (b)—(e), the light brown verti-
cal line indicates the location of the trench. The shaded grey areas
in panels (b) and (c) indicate the variations of (b) horizontal and
(c) vertical displacements assuming a fault dipping at 30° (dotted
grey line) and 60° (solid) to the left, respectively. The orange and
blue shaded regions in Figs 2(b) and (c) correspond to changes in
surface horizontal and vertical deformation caused by uniformly
varying the values of shear modulus and Poisson’s ratio in the tri-
angular anomaly, respectively. Specifically, the dashed orange line
in panels (d) and (e) represents a shear modulus of 15 GPa, while
the solid line represents 45 GPa. For the Poisson’s ratio, the solid
blue line represents 0.05, and the dashed line represents 0.35. Pan-
els (d) and (e) show a zoomed-in view of the differences in surface
horizontal and vertical displacements resulting from variations in p
and v within the triangular anomaly, compared to the homogeneous
case (v = 0.20 and u = 30 GPa) for a fault dipping 45°.

First, as expected, the changes in surface deformation caused by
material heterogeneity are significantly smaller compared to those
caused by differences in fault dip. This effect will also influence
the results of the joint inversion for both fault slip and subduction
zone structure (refer to Section 4). Second, as has also been dis-
cussed, variations in fault dip have a greater impact on the recorded
surface deformation, as shown by the grey shaded area in Figs 2(b)
and (c), which is much more pronounced than changes in material
properties. Shallower faults result in more trenchward motion and
subsidence in the overriding plate compared to deeper faults. Fur-
thermore, the peak of the uplift is more trenchward for faults with
a steeper dip angle than for shallower faults (panel c).

Regarding the changes in material properties within the triangular
anomaly, more incompressible materials result in a second region
of more trenchward motion in the western part of the anomaly, and
a more landward in the eastern portion of it (dashed blue line in
Fig. 2d). Conversely, the opposite occurs with a more compressible
material anomaly (blue solid line). A similar effect can be seen with
a weaker material (represented by the orange dashed line), although
the variations in magnitude are higher, suggesting that changes in p
primarily affect the horizontal components of the surface displace-
ment field. On the other hand, the vertical component (Fig. 2d)
is more influenced by variations in Poisson’s ratio rather than the
shear modulus (blue-shaded area). Materials with higher Poisson’s
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Figure 2. Effect of fault dip and material heterogeneity variations on horizontal and vertical surface displacements. (a) Reference model configuration with
the triangular material anomaly (shaded light brown) and straight faults with different fault dips. (b) and (c) demonstrate the changes in horizontal and vertical
surface deformations, respectively, by varying the fault dip (grey shaded area), shear modulus (orange area) and Poisson’s ratio (blue area). The shaded brown
area delineates the region of the material anomaly, while the line indicates the location of the trench. (d) and (e) A zoomed-in view of panels (b) and (c)
representing the differences in horizontal (d) and vertical (e) displacements when varying the shear modulus p (orange) and Poisson’s ratio v (blue), considering
a fault dipping at an angle of 45°, in comparison to a homogeneous background structure.

ratios lead to more subsidence compared to a homogeneous struc-
ture (represented by the blue dashed line), while lower v result in
more uplift (blue solid line). The highest uplift/subsidence occurs in
the middle of the anomaly, where the anomaly has a greater vertical
extent.

The signatures of heterogeneous shear moduli are more complex
than those of the Poisson’s ratio. In the case of a weaker material
within the triangular anomaly, there is greater subsidence in the
central part of the anomaly and increased uplift at the sides (as shown
by the orange dashed line in Fig. 2d) compared to the homogeneous
case. Conversely, for stronger p anomalies, the resulting surface
vertical displacement exhibits more uplift at the center and more
subsidence at the sides of the anomaly. Furthermore, we observe
that the influence of material heterogeneity on surface deformation
extends beyond the lateral extent of the anomaly, affecting the far-
field, particularly in the horizontal component (Fig. 2d). The impact
of material property gradients on surface displacements may also
be understood as distributed deformation sources and interpreted as
additional body forces in the momentum equation (Hsu et al. 2011;
Williams & Wallace 2018).

3.5 Role of noise and number of observations in the
inverse solution

While the forward tests show that heterogeneity effects can be sub-
tle, we nonetheless found that our framework can satisfactorily
invert for Poisson’s ratios for certain geometries. Using the TV reg-
ularization, we now further investigate the parameters that affect
resolution.

To quantify the impact of noise on the eigenvalues and the in-
verse solution, we examine how the metric LDPDH decreases with
increasing noise levels in the deformation data. The regularization
parameters are kept fixed and equal to the test above (Fig. 1). Fig. 3
illustrates the relationship between the LDPDH (eq. 18) and the
noise level in the surface data. The x-axis represents the noise level
percentage, calculated by normalizing the standard deviation of the
noise with the L., norm of the surface displacements. It is evident
that the LDPDH decreases nonlinearly as the data become nois-
ier. Panels (a)—(f) present six examples of the inferred spatial field
of Poisson’s ratio obtained through inversion by varying the noise
level. We keep the number of evenly spaced surface stations fixed
at 20 (grey triangles) and the earthquake source depth at 20 km. We
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Figure 3. Role of noise level in the inverse solution of Poisson’s ratio. The metric LDPDH is measured as a function of data noise percentage. Examples (a)—(f)
illustrate the inferred value of v (Poisson’s ratio) for various noise levels, based on 20 surface observations (showed as grey triangles in panels a and b). For
comparison, the triangular black dashed line indicates the shape of the material anomaly. Fault slip is depicted using a copper colour.

note that with noise-free data, the triangular shape of Poisson’s ratio
anomaly can be nearly fully reconstructed (panel a), with imperfec-
tion likely due to the small number of surface observations (20);
internal constraints such as from seismological or electromagnetic
imaging could be implemented as well.

Increasing the noise level in the data gradually reduces the resolu-
tion of the inverse solution at the edges of the anomaly. As the noise
increases, the difference between the background and the anomaly
diminishes. However, it is still possible to detect the geometry of
the anomaly (panels b—d). Typically, realistic values of data noise
for onshore horizontal and vertical GNSS stations range from o4 =
0.2 to 1.5 cm, respectively (e.g. Hatanaka 2005). In our model, this
corresponds to noise percentages of about 0.08—0.6 per cent (panels
b and c¢). When the noise exceeds 3 per cent, reliable recovery of the
Poisson’s ratio anomaly becomes challenging (panel f), as might be
expected, and additional constraints, for example, on the geometry
of likely anomalies, would be needed.

In addition to the noise level in the data, there are other factors
that affect the resolution of the inverse solution. One such fac-
tor is the number of surface observations. Intuitively, having more
surface stations available should provide more information gained
from the data about the Poisson’s ratio structure. To verify this hy-
pothesis and quantify the contribution of the number of stations,
we can vary the number of surface observations while keeping the

data noise level fixed at o4 = 0.2 cm, and maintaining the same
setup as before—that is, earthquake depth equal to 20 km depth and
same regularization weights as above. Fig. 4 illustrates the LDPDH
(eq. 18) as a function of the number of surface sensors, assuming
evenly spaced stations located in the overriding plate and within the
same length range as the previous tests. These results will differ if
the stations were optimally distributed rather than evenly spaced.
However, determining the optimal station configuration would re-
quire solving a Bayesian OED problem which we do not attempt
here.

Panels (a)—(f) represent six examples of the recovery of the Pois-
son’s ratio triangular anomaly from the nonlinear inversion by vary-
ing the number of surface geodetic stations. Higher LDPDH values
indicate a more reliable inference of additional eigenmodes from
the data. The LDPDH rapidly increases from nearly zero to approx-
imately 75 as the number of stations increases from 1 to 20-25, as
shown in panels (a), (b), and (c), as might be expected. However,
adding more than 25 surface stations does not lead to a signif-
icant improvement in the inverse solution. Panels (d)—(f) clearly
demonstrate that a higher number of surface geodetic sensors does
not necessarily result in a better recovery of the material anomaly.
The logarithmic-type saturation in the metric versus station number
curve indicates diminishing returns of adding more stations given
the station-anomaly configuration indicating redundancy.
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Figure 4. Role of the number of surface stations in the inverse solution for Poisson’s ratio. The metric LDPDH is examined as a function of the number of
observations. Examples (a)—(f) represent inferred values of v for different numbers of sensors, assuming a noise level of 0.2 cm. For comparison, the triangular
black dashed line indicates the shape of the material anomaly. Fault slip is depicted using a copper colour.

Fig. 5 summarizes these results along with an analysis of the
role of earthquake source depth. To perform these tests, we employ
the same model setup as Fig. 1, including the fault geometry and
mesh discretization. In panel (a) representing the spectrum decay,
we consider an earthquake originating at a depth of 20 km with
20 evenly spaced surface observations, and we vary the noise level
of the surface displacement data (Fig. 3). In panel (b), where we
analyse the number of observations, we set the data noise level to
04 = 0.2 cm and maintain the earthquake depth at 20 km. Re-
garding the earthquake source depth, we assume a data noise level
of 04 = 0.2 cm and use 20 evenly spaced surface observations.
We plot the eigenvalue decay of the regularization-preconditioned
data misfit Hessian, " (eq. 17), as a function of data noise
(a), the number of surface observations (b), and earthquake depth
(c). Darker colours represent low noise, a large number of sensors
and shallower earthquakes, respectively. The grey dotted line at A
= 1 in all three subplots represents the threshold above which the
eigenmodes associated with the corresponding eigenvalues are pre-
dominantly determined by the data (Villa ef al. 2021). Eigenmodes
corresponding to generalized eigenvalues below unity are strongly
penalized by the regularization. In the inset plots, we show the
LDPDH as a function of the three parameters.

By comparing the spread of the Hessian data misfit spectrum
with respect to the three different parameters, it becomes evident
that data noise plays the most significant role in influencing the
recovery of the material anomaly. In fact, by changing the noise level
from 0 to about 10 per cent, the eigenvalues spread several orders

of magnitude (panel a). As expected, the second most influential
factor affecting the quality of the inverse solution is the number of
surface observations (Fig. 5b), followed by the earthquake depth
(c). Regarding the latter, it is evident that shallower earthquakes
provide more valuable information about the inverse solution (refer
to the inset in panel c). In fact, the eigenvalue spread decreases
almost linearly as the depth of the earthquake source increases.
This observation is logical since surface displacements caused by
slip at shallower depths are larger and contain more information
about the structure of the subduction zone.

So far, we have considered a known fault source, which might, in
reality, be inferred from a given fault geometry and constraints other
than geodesy on slip, for example, from radiated seismic waves.
However, more commonly, we do not know the slip distribution,
and it is important to quantify trade-offs between structure and slip.
We thus proceed to discuss inversions where fault slip is solved for
simultaneously with material heterogeneity.

4 JOINT INVERSION FOR
HETEROGENEOUS STRUCTURE AND
FAULT SLIP

We build upon the nonlinear inversion method described in Sec-
tion 3, as well as the coseismic slip inversion of Puel et al. (2022).
Below, we outline the formulation of the gradient and Hessian ac-
tion expressions for the deterministic joint inversion at the infinite-
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Figure 6. Solution of the joint inverse problem. (a) True variations in the shear modulus structure, Au(m,,), and earthquake displacements used to compute
the 20 synthetic, noisy (o4 = 0.2 cm) surface data (grey triangles). (b) Recovered shear modulus structure variations obtained from the joint inversion in actual
units and normalized by the reference u, of the background. (¢) The inferred fault slip is shown as a black dashed line, compared to the true slip distribution
represented by the grey solid line. For comparison, the triangular black dashed line in panel (b) indicates the shape of the material anomaly.

dimensional level—that is, the continuous integral level—similar to
Section 3. Subsequently, we provide an example of the inverse re-
sult using a 2-D synthetic test and investigate the trade-off between
inferring fault slip and the structure of shear modulus.

4.1 Infinite-dimensional deterministic joint inverse
formulation

Our objective is to simultaneously invert surface geodetic data for
both fault slip and structure, for which we now choose shear mod-
ulus as the parameter of interest for comparison with previous for-
ward studies (e.g. Williams & Wallace 2015, 2018; Hashima et al.

2016). We consider an infinite-dimensional Hilbert space of func-
tions M = M; x M, defined in the domain 2, and sparse noisy
finite-dimensional surface displacement geodetic data d € R"obs,
Our goal is to find the optimal fault slip distribution m, € M, and
shear modulus spatial field w(m,,), with m,, € M,,, that predict the
surface deformation caused by earthquakes. Similar to the inversion
for Poisson’s ratio, we choose to invert for the argument of the hy-
perbolic tangent to constrain the shear modulus, such that j(m,) =
to[1.1 4 tanh (m,,)]. This constraint ensures that the shear modulus
remains within a specified range of values. Here, 1, represents the
mean of the chosen range, for example, 30 GPa, recalling that we
are only sensitive to relative variations of p with respect to some
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scaling u, rather than absolute values. For our example, the allow-
able range for the shear modulus variation is between 0.1 and 2.1 1.
This choice of constraining the shear modulus within a range im-
proves the well-posedness of the joint inverse problem and avoids
zero values. Furthermore, this choice is often realistic as we may
have prior knowledge of the expected range of p. The detailed ex-
pression for w(m,) does not significantly impact the results (see
Section 4.4).

To derive the gradient and Hessian expressions for this inverse
problem, we employ an analogous approach as described in Sec-
tion 3. However, in this case, we introduce two model parameters,
m,, and my, instead of just one. By utilizing the Lagrangian for-
malism (Troltzsch 2010), we can derive the adjoint problem, which
is similar to the Poisson’s ratio problem, with the exception of the
first term. In this term, we substitute m,, instead of u in the elas-
tic compliance expression (eq. 2). By taking the derivative of the
Lagrangian functional of the gradient with respect to the model
parameters (m,,, my), we obtain the pointwise gradient expression
in an arbitrary direction (7, #it;):

(G(mﬂ, ms), (ih;u ’hs)) = (Rmu(mﬂ)7 ’;’u) + (Rms (ms)’ ’hS)
Mo ()i, v .
+/Q 2p%(m,,) [" S 14v(d-2) “(“)I] T

—/ ity - [T(nr, )t nr,)]dS Vi, i) € M, (19)
r'r

where f,, is the derivative of p(m,) with respect to m,, and
Ry, (m,) and R, (m,) are the derivatives of the regularization of
the shear modulus and fault slip with respect to m,, and m, respec-
tively. To find the expression of the Hessian action in a direction
(i, m,), we need to take the derivative of the second-order La-
grangian functional with respect to the model parameters (m,,, m)

to get:

((’;’w ﬁ's)’ H(mus ms) (’;’ua ﬁ’s)) = (ﬁlus Rmm(mp.) ';’)4)

(g, Ry (my) iny)

w(my) o (m,,) — iz (my,) .
+/Q (m,) mm
[a - mtr(a)l} cTdx

M (m, )i, v .2
+/Q 202(my) [“ T 1+ vd—2) tr(”)l} Ty
Mo (my )iy, [ v 5 .
+ 203m,) ["_ TTvd—2) “(")I] T

— / ity - [T(nr, )T np,)|dS Vi, i) € M, (20)
'r

where 1, and p,,, denote the first and second derivatives of 1(m,,)
with respect to m,,, respectively. o and 7 are the solutions of the
forward and adjoint problems, respectively, and ¢ and 7 are the solu-
tions of the incremental forward and adjoint problems, respectively
(Appendix C). We observe that the expressions for the gradient and
Hessian, in this case, are more complex compared to those used
for the Poisson’s ratio inverse problem (eqs 7 and 9). This com-
plexity arises from the presence of the shear modulus parameter in
the denominator of both the shear and volumetric components in
eq. (2). The derivation of the fault slip part is straightforward in
both the gradient and Hessian expressions. These expressions can
be implemented in HIPPYLIB, although the library only requires the
variational form of the forward problem since it automatically com-
putes first and second derivative information using the symbolic
differentiation capabilities of the FENICS library. Once we have the
expressions for the gradient and Hessian action, we can apply the
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Figure 8. Comparison of fault slip solutions and variations in shear modulus structure from the joint inversion, considering different choices of the mathematical
expressions ju(m,,). Panels (a)—(c) illustrate the inferred heterogeneous material structure where 1 is constrained to vary in a range that is 0.5, 1 and 2 times
the true p range, as seen in scaled and non-dimensionalized versions of p. Grey triangles represent the 20 surface observations, while the dashed black line
indicates the shape of the true triangular material anomaly. Panel (d) shows the recovered material structure using the exponential function. Panel (e) displays
the recovery of the fault slip, with the black solid line representing the true slip used to generate the synthetic surface data. The slip results from the joint
inversion are shown as lines coloured according to the different parametrizations of u(m,, ).

inexact Newton-CG algorithm, similar to Section 3, to solve the
joint inversion.

4.2 Results of joint inversion tests

We consider the same 2-D FE mesh as the Poisson’s ratio problem
(Section 3) and test for a triangular anomaly of shear modulus in
the overriding plate of 26.5 GPa and the background structure with
reference value u, = 39.5 GPa, where Earth-like values are used
for illustrative purposes but sensitivity is only relative to ., that
is, we are solving for a ~33 per cent reduction in shear modulus

(Fig. 6a). We fix the Poisson’s ratio to be 0.25 and homogeneous
throughout the entire domain. We keep the same 20 surface stations
configuration as the Poisson’s ratio problem. To discretize the mixed
elasticity problem, we use the second-order stable triplet of FE
spaces, resulting in 57681 DOFs for the state variables (stress,
displacement and rotation). In this case, the displacement field is
approximated with piecewise linear elements. However, since we are
building the 2-D synthetic data with the same order of discretization
of the forward problem, the solution should be independent of the
discretization order.

We choose to discretize both m,, and m, using continuous piece-
wise linear Lagrange elements, resulting in 2492 DOFs. The surface
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Figure 9. Results of joint inversion as a function of variations in the fault dip where 1 inferences are provided in scales and non-dimensional versions. Panels
(a)—(j) display the inferred heterogeneous material structure, similar to Fig. 6. Grey triangles represent the 20 surface observations, while the dashed black line
indicates the shape of the true triangular material anomaly. Panel (k) shows the recovery of the fault slip. The black solid line indicates the true slip used to
generate the synthetic surface data, whereas the slip results from the joint inversion are shown with lines coloured according to different choices. The inset
(panel j) provides a view of the triangular anomaly and the faults with different fault dips, represented by coloured lines.

synthetic data are generated by prescribing the same Gaussian slip
as the Poisson’s ratio problem, centred at a depth of 20 km with a
standard deviation of 15 km and a magnitude of 10 m. The resulting
displacement field caused by this model setup is shown in Fig. 6(a).
Then, we perturb these data using the same Gaussian random noise
as in Section 3 (04 = 0.2 cm) and invert those for both the fault slip
mj and the shear modulus p(m,,). We use RY : (eq. 12) to regularize
the fault slip component and the TV regularization (eq. 13) for the
shear modulus part to better preserve the sharp edges, similarly to
the Poisson’s ratio problem. Weuse s = 1077, yrv = 0.1, y1 = 0.2
and §,> = 2 - 107* as penalty terms. The joint inversion converges
in 49 Newton iterations.

Figs 6(a) and (b) show the true variations in the shear modulus
used to build the synthetic surface data and the recovered struc-
ture from the joint inversion, respectively; we plot the variations
of 1 by removing its mean such that Au(m,) = u(m,) — ji(m,),
where fi(m,,) is the mean solution. Percentage values indicate the
same results with respect to the scaling . Panel (c) represents the
recovered fault slip m, from the same joint inverse problem. We
can see that both the shear modulus structure and the fault slip are
well recovered, with some indication of minor spurious oscillation
in the shear modulus. However, the overall anomaly is accurately
resolved, exhibiting similar variations to the true structure. Us-
ing Tikhonov-type regularization, rather than TV, we could remove
those oscillations to the detriment of inferring anomaly geometries.
In Fig. 6(b), we observe a loss of resolution in the vertical compo-
nent of the anomaly due to the surface-only data, and the top-right

edge of the triangular anomaly is not well resolved. This limitation
may be attributed to the majority of the slip being concentrated in
that region (panel a). The surface displacements are primarily influ-
enced by the fault slip rather than the heterogeneous structure (cf.
Figs 2a and b), resulting in a good fit of the inferred slip near the
surface (panel c, left), but a poor fit for the shear modulus recovery.

The successful recovery of slip near the trench in our tests is, of
course, contingent on the near-trench data (grey triangles in Fig. 6).
In the absence of these critical data, inferring the slip distribution
becomes more challenging, as indicated by significant disparities
observed in published slip models. In the next section, we will
further examine the relative contributions of fault slip and material
heterogeneity in the joint inverse problem.

4.3 Trade-off analysis between shear modulus and fault
slip

From Fig. 2, we know that the effect of the fault slip on surface
displacements is larger than the heterogeneous material structure.
Here, we aim to show how various combinations of fault slip and
subduction zone structure can produce the same surface displace-
ments. We consider the same 2-D model setup of the joint inverse
problem (Fig. 6). We solve the forward problem given a reference
earthquake of 10 m of Gaussian coseismic slip, centred at 20 km
depth and standard deviation of 15 km depth, and a triangular shear
modulus anomaly. As above, we assign ; = 26.5 GPa in the anomaly
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and u = pu, = 39.5 GPa for the background. We compute the hor-
izontal and vertical surface displacements, denoted as d™', for this
reference model at the same 20 observations as in Fig. 6(a).

Then, we slightly perturb both the magnitude of the fault slip s +
As and the shear modulus triangular anomaly « + A u, while keep-
ing the background structure and earthquake depth fixed. We then
recompute the surface displacements d. Lastly, we compare the sur-
face deformation of this perturbed model with that of the reference
model by computing the ¢, error: |d — d" | o= Z’J"’:"j (d; — d;.ef)z.
We repeat the same procedure by solving approximately 2500 for-
ward problems, considering constant perturbations of fault slip | As|
between —8 and 8 m, and Au ranging from —26 to 70 GPa. Fig. 7
shows the results of this test.

We can interpret this plot as a model space representing the
two model parameters, s and p, and it demonstrates how various
combinations of these parameters can yield identical surface dis-
placements. It is apparent that shear modulus variations are less
well constrained than the fault slip; that is, the solution of the joint
inversion is not unique, in particular for the heterogeneous medium
component, as expected from Fig. 2.

4.4 Effect of shear modulus parametrization in the joint
inverse solution

We now proceed to test the effect of how relative shear modulus
variations are parametrized. We adopt the same model setup as
described in Section 4.2. The 2-D synthetic displacements are com-
puted using the same true fault slip as mentioned earlier, and we
consider the same 20 surface observations. We use the same TV reg-
ularization for the shear modulus component and Tikhonov for the
fault slip, respectively, with identical penalty weights as above. Af-
ter polluting these data with random Gaussian noise N(0, 0.2 cm),
we perform four joint inversions by varying the range of allowable
values for the shear modulus variations. In three of these tests, we
invert for the argument of the hyperbolic tangent to determine the
shear modulus field, following a similar approach as shown in Fig. 6.
For these tests, we utilize a mathematical expression of the form
w(m,) = 22 [ + tanh (m,,)]. Here, i is set to 33 GPa, and « is
chosen as 10, 5 and 2.5 to confine ¢ within a range that is 0.5, 1 and
2 times the true range, respectively. In the last test, we invert for the
argument of the exponential function, that is, u(m,) = exp (m,),
to ensure the shear modulus remains positive. Our objective is to
compare whether reliable estimates of both fault slip and subduction
zone structure can be achieved regardless of the choice of u(m,,).
Fig. 8 illustrates the inferred fault slip (panel e) and the variations
in the shear modulus structure Au(m,) (with the mean removed)
for these tests. Panels (a)—(c) show the recovered heterogeneous
material structure by constraining u to vary between one half and
two times the true range of shear modulus. In panel (d), we slightly
modify the p(m,) expression to invert for the argument of the ex-
ponential. The inferred fault slip and the heterogeneous material
structure are quite stable, irrespective of the expressions used for
the joint inversion. Specifically, the triangular material anomaly is
accurately recovered with a similar shape as shown in Fig. 6. Fur-
thermore, the magnitude of the variations in shear modulus remains
consistent, except when the range is only half of the true Au(m,,),
as expected. When the shear modulus is allowed to vary within
a wider range the inverse solution is very similar regardless of the
mathematical expression used (panels ¢ and d). Overall, the inferred
slip is also quite similar in particular at shallow depths (left-hand
panel e), and there are only slight differences near the deeper edge

of the fault (right-hand panel). This discrepancy is again likely due
to geodetic data being limited to the surface, resulting in larger
slip uncertainties in the deeper segments of the fault interface. Our
analysis focuses only on the deterministic inverse problem. The es-
timation of the model uncertainties of both parameters associated
with this nonlinear inversion will require the solution of a Bayesian
inverse problem (e.g. Stuart 2010; Bui-Thanh et al. 2013; Beskos
et al. 2017), and will be addressed in future research.

4.5 Role of fault dip in the joint inverse solution

In all the tests we have conducted so far, we have relied on the
assumption that the fault geometry is known. We now explore the
role of uncertainty in fault geometry. To simplify the analysis, we
focus on a 2-D synthetic test similar to the one discussed previously.
Instead of a curved fault, we consider a dipping straight fault, al-
lowing us to vary only one parameter, the fault dip. We keep the
same data noise o4 = 0.2 cm as the previous tests. As our reference
model, we consider a fault dipping at 45° to the left and calculate
the 2-D synthetic horizontal and vertical displacements at the same
20 surface observations as in Fig. 6. Then, we perform multiple
joint inversions using these data, varying the fault dip angle be-
tween 40° and 50°. The results are shown in Fig. 9. Panels (a)—(j)
display the recovered heterogeneous shear modulus structure, while
panel (k) shows the inferred fault slips by varying the fault dip angle
(panel 1).

When the synthetic surface data are inverted using the reference
model (fault dip equals to 45°), both the fault slip (yellow line in
panel k) and the subduction zone structure (panel e) are accurately
recovered. Regarding the inferred slip distributions (Fig. 9k), we
can see that the slip is underpredicted at shallow depths for shal-
lower faults, while being overpredicted for deeper faults. In terms
of the variations in the shear modulus structure, shallower faults
yield poorer results compared to deeper faults, exhibiting some ar-
tifacts near the trench (panels a—c). On the other hand, deeper faults
show better recovery of the triangular material anomaly (panels
f—j). Near the trench, a trade-off between slip and shear modulus
structure is observed locally. The underestimation of the slip dis-
tribution results in the inference of weaker materials (panels a—d),
while the overestimation of slip indicates stronger material (panels
f—j). This phenomenon is further evident in Fig. 7, where the pres-
ence of stronger materials (located to the right of the yellow star)
corresponds to increased slip.

Overall, for our particular 2-D model setup, the triangular ma-
terial anomaly is well recovered within approximately £5°. We
attempted the same joint inversion for fault dips below 40° or above
50°, but inferring both model parameters proved to be more chal-
lenging. This challenge was anticipated by the observation that vari-
ations in fault dip can result in relatively large differences in surface
displacements compared to the effects of heterogeneity (Figs 2b and
¢). Thus, significant uncertainty in fault geometry renders the joint
inversion for slip and material structure ill-posed for these 2-D tests,
indicating that there are simply inherent limits in the information
that can be obtained, as in any inverse problem. In practice, relocated
seismicity, for example, may provide quite detailed information on
fault planes, and one might use other constraints, such as from ra-
diated seismic waves, to infer fault slip independently to reduce
non-uniqueness (e.g. Ide & Takeo 1997; Lay et al. 2011). Besides
putting additional a priori constraints on joint slip and shear modu-
lus inversions, it turns out that the 3-D geometry and data density of
well-recorded coseismic deformation also makes the inversion quite
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a bit more robust, as will be explored in a companion application
paper.

5 CONCLUSIONS

We developed and tested a novel technique, that employs an open-
source modelling framework and adjoint-based inexact Newton
method, to jointly invert geodetic data for fault slip and hetero-
geneous material properties, using the coseismic deformation and
inversion for Poisson’s ratio and shear modulus as a test case. This
opens up a range of new applications to infer tectonically relevant
signals and formally explore trade-offs between uncertainties in
Earth properties and fault dynamics. Poisson’s ratio anomalies for
megathrust-like settings can be satisfactorily recovered from noisy
data when the fault geometry and slip are known. The quality of our
inverse results is primarily affected by the noise level of the surface
observations, the number of available GNSS stations, and the earth-
quake source depth. Joint inversions for fault slip and shear modulus
variations may be feasible for well-instrumented earthquakes. Our
findings indicate that lateral variations in elastic strength can be re-
covered using geodetic data alone if fault geometries are reasonably
well known.

Beyond better constraining tectonic and volcano-associated dy-
namics, there is a broader need for flexible and transparent inverse
methods to identify material parameters, with potential applica-
tions outside solid Earth including in hydrology, glaciology and
virtually any field of science. While we have focused on invert-
ing static surface data from sparse GNSS stations, our approach
shows promise for integrating other geodetic constraints, in partic-
ular, InNSAR deformation time-series such as from Sentinel and the
upcoming NISAR mission, and to expand the analysis to formal in-
version of time-dependent processes, such as the complex transients
observed during the seismic cycle.
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DATA AVAILABILITY

The Jupyter notebooks and codes for reproducing the results are
available in the online GitHub repository at https://github.com/S
imonePuel/PoissonRatio-Joint-Inversions.git. We utilized FENICS-
2019.1.0 and HIPPYLIB-3.0.0 to compute all the results in this study.
These libraries can be downloaded at https:/fenicsproject.org and
https://hippylib.github.io, respectively. The unstructured meshes for
the FE computations were generated using the open-source software
GMsH (Geuzaine & Remacle 2009), and the corresponding files are
included in the online repository.
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APPENDIX A: DERIVATION OF
ELASTIC COMPLIANCE TENSOR FROM
LAME PARAMETERS TO SHEAR AND
POISSON’S MODULI

In this section, we derive the expression of the elastic compliance
tensor A from the Lamé parameters (u and 1) to the shear and
Poisson’s ratio moduli, 1 and v. We start from the expression in
Puel et al. (2022),

1 A
e
21 2 +da

Knowing that the Lamé parameters can be written as a function of
E and v, respectively:

Ao = tr(a)I] . (A1)

Ev E
=, o= —, (A2)
1+ v)(1 —2v) 2(1+v)
we can write:
Ao = 2(;\)) [a le;E) tr(a)I] ’ (A3)
Tt T
Ao =12 |:o' — %tr(a)l] (A4)
(I+v)(1-2v)

Ao = 1-E¢—v [g — 75(175')’“5”&(0)1] s (AS)
Ao = ITV [a T 2Ev+dEvtr(a)I] (A6)
Ao = 1 I:o' - 2v+dv)tr(a)l] (A7)
Ao = L I:a' - z)tr(a)l] (A8)
Ao = 5 [a e z)tr(a)I] (A9)

In particular, for the 2-D (d = 2) problems considered in this work,
the expression reads:

1
Ao = —o — —tr(a)l

A10
2% " (A10)

APPENDIX B: GRADIENT AND
HESSIAN COMPUTATIONS FOR THE
POISSON’S RATIO INVERSE PROBLEM

Here, we derive the gradient and Hessian expressions through vari-
ational calculus and the adjoint method. Using the Lagrangian for-
malism (Troltzsch 2010), we formulate an expression for the gradi-
ent G(m) at any arbitrary point in parameter space. The Lagrangian
functional for the gradient LY includes eq. (4) and the weak form
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of the forward problem (eq. 3),

Lo, u,r,m 7,0 &)=~ /(B"—d) T roise
(Bu — d)dx + R(m)

1 v(m) )
+_/§; ﬂ[ﬂ' — mtr(ﬂ')l] ctdx

+L,,.(v.-;)d;:+£as(r)-rdx
—/ uo-(rn)ds—/ s [T(nr.)(T nr,)]dS
I'p I'r

+/Q(v.a)-wdx+/gf«wdx+/ﬂas(a)-£dx, (BI)

where the second term can be a Tikhonov-type regularization which
imposes some smoothness of the solution m. T, @ and & are the ad-
joint variables for the stress, displacement and rotation, respectively.

By taking the derivative of L¢ with respect to the adjoint and the
state variables, we obtain the variational form of the forward and
adjoint equations, respectively. The latter reads:

8LG - 3LG . 8LG i
(o) + ()= (57)
R S () N
B v/f‘l 2,“ [a 1+ ])(m)(d _ 2) tr(a)l] ctdx
+/(v'&)'wdx—k/218(5)'35dx
@ Q
+/Q‘~"(V'T)dx+/ﬂas(r).;dx

+/B Toohe(Bu—d) - itdx =0
V6 € X;Viie W; Vi€ E, (B2)

where B* is the inverse mapping of the observational operator
which maps the discrete surface displacement back to the infinite-
dimensional state space, and &, & and 7 are test functions. Solving
eq. (6) gives the adjoint variables 7, @ and &. By integrating the
second term by parts, we can derive the strong form of the adjoint
problem:

A(m)t — Vw +as*(§) =0 in Q,
V.t=-BT,l (Bu—d)inQ,

noise

as(t) =0 in Q, (B3)
w=0 onIp,
T-n=0 on [y,

where the compliance elastic tensor 4(m) depends nonlinearly on
the Poisson’s ratio m (eq. 2), and as*(&) is defined as:

as’(£) = (g N ) (B4)

The infinite-dimensional gradient, which is the Gateaux deriva-
tive of the objective function J(m) with respect to m, can be derived
by taking a variation of the Lagrangian functional with respect to the
model parameter. The gradient expression in a arbitrary direction
m reads:

. . 1 V() in
G(m), i) = (R,,(m), i) — — | ——""7T (o)
(G, i) = (R, i) = 5 [ v 27"
crdx Vi e M, (B5)

where (R,,(m), fir) denotes the Gateaux derivative of R with respect
to m in the direction . v, (m) indicates the derivative of v(m) with
respect to m. ¢ and 7 are the solutions of the forward and adjoint
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problems (eq. 1 and eq. B3), respectively. The cost of evaluating the
gradient consists of one forward and one adjoint PDE solve.

For the derivation of the Hessian action, we repeat the same pro-
cess as before and construct the second-order Lagrangian functional
L™ as the sum of gradient, state and adjoint equations, respectively:

LYo, u,r,m, v, 0, &6, 0,7, i, 7,0 E)

R 1 v, (m) m
= Rm N —_— R — I: d
(B (m), ) = e /g [1+ v(m)(d — 2)]2tr(a) i

1 v(m) .
+~/Qﬂ[0'— mtr(a)[] cTdx

+/Qu-(V~%)dx+/s;as(f)‘rdx

—/ s~[T(an)(i'on)]dS—/ uy - (T n)ds

I'p
+/Q(V~a)-cbdx+/Qf-cbdx+/ﬂas(a)-édx
| B v(m) R )
+/Qﬂ[a—mtr(a)l].rdx
+/Q(V-6)-wdx+Las(&)-§dx+/Qas(r)~i'dx

+/;,.(v.,)dx+/ BT (Bu —d) - ivdx. (B6)
Q Q

To obtain the action of the Hessian in a direction iz, we take the
derivative of L with respect to m:

(i, H(m) ) = (i1, R, (m) i)
L [Vam(m) + 207 (m)(d = 2)]
2wle 14 vm)d -2)]

mmtr(o)l : Tdx
1 vy, (m) it . N
_ — |t I: +t I: dx
2u /sz [1+ v(m)d —2)]’ [l 2 @) ]
Vit e M, (B7)

where o and 7 are the solutions to the forward and adjoint problems
in eq. (1) and eq. (B3), respectively, and ¢ and 7 are the solu-
tions of the incremental forward and adjoint problems, respectively.
The incremental forward equation is given by the derivative of the
second-order Lagrangian with respect to the adjoint variables, and
reads:

Lt _ aLt AL N\ [ . N
(o) + (50) + (5 ) = [0
N
+/Qas(t) r

1 v, (m) m -
- — T (o)l Fdx
2u /Q [1+ v(m)d —2)]’ e

e o(m) o

+/Q(V-a)-&)dx+/gas(a)-§dx:0

VieX;VaoeW;VEeg, (B8)

while, by taking the variation of L with respect to the state vari-
ables, the incremental adjoint equation reads:

aLf aLH oL SN
)+ () () = [ bax
do ou ar Q

+fgas(&).,§dx

LI ) U
21 Ja [1 4 v(m)(d - 2)]
1 v(m)

7[5_

+ S S—
Q21 1 +v(m)(d —2)

+/ﬁ-(V~i)dx+fB*F;0]iseBﬁ~i:dx
Q Q

tr(&)I] cTdx

+/as(i)-i'dx=0
Q
Vo € X;Vae W;Vr e B. (B9)

APPENDIX C: GRADIENT AND
HESSIAN COMPUTATIONS FOR THE
JOINT INVERSE PROBLEM

Similarly to the Poisson’s ratio inverse problem, we can derive the
gradient and Hessian expressions by building the first- and second-
order Lagrangian functionals, respectively (Troltzsch 2010). In this
case, we need to consider the contribution of both the slip compo-
nent m, and the shear modulus structure p(m, ). The Lagrangian
functional for the gradient L ¢ includes eq. (4) and the weak form
of the forward problem (eq. 3),

noise

1
LG(a,u, rom,,mg, T, §) = 5/(Bu—d)r r-! (Bu — d)dx
Q

+R(my) + R(ms)

1 v
+/Q 2M(m“)[0 - T+ vd—2) tr(a)I] cTdx

+/Qu-(V~r)dx+/Qas(r)~rdx

—f uO‘(rn)ds—/ mg - [T(an)(ran)] ds
I'p

T'r

+/S;(V~¢r)-wdx~|—/¥f-wdx+/gas(a)-de, (C1)

where d is the problem dimension (2-3-D). 7, @ and § are the adjoint
variables for the stress, displacement and rotation, respectively. By
taking the derivative of L with respect to the adjoint and the state
variables we obtain the variational form of the forward and adjoint
equations, respectively. The latter reads:

LG aLG ALY
(Goo)+ (Gan)+ (57)
1 - v o .
:/QZM(MM)[U_ vd 2 tr(6)1] : Tdx

+/Q(V~&)~wdx+/gas(&)-£dx

+/Q,~,.(v.r)dx+/gas(r)-idx

+/ BT\ (Bu—d) itdx =0
Q
V6 € X; Vit € W; Vi € E, (C2)

€202 Joquieoaq 90 uo 1sanb Aq | L0GEEL/8.LIZ/9EZ/RI0ENIB/WOS"dNO"d1WapED.//:SA)Y WOy papeojumod



where B* is the inverse mapping of the observational operator
which maps the discrete surface displacement back to the infinite-
dimensional state space, and &, & and 7 are test functions. Solving
eq. (C2) gives the adjoint variables 7, @ and &. The strong form of
the adjoint equation reads the same as eq. (B3) when A(m) is sub-
stituted by A(m,,). Note that the adjoint equation does not depend
on the fault parameter m,.

By taking the derivative of the Lagrangian functional of the gra-
dient with respect to the model parameters (m,,, m;), we obtain the
gradient expression in a arbitrary direction (i, #it,):

(GOmy,, my), (i, 1)) = (Ry, (m), i) + (Ry (my), dit)
Mm(mu)’hﬂ v .
-l-fQ 202(m) [0 — 1+v(d—2)tr(a)1] cTdx

—/ mg - [T(an)(r an)] ds Y(m,, mg) e M, (€3)

'r

where pu, is the derivative of pu(m,) with respect to m,, and
Ry, (m,)and R, (my)are the derivatives of the regularization of the
shear modulus and fault slip with respect to m,, and m, respectively.

To find the expression of the Hessian action in a direction
(m,,, my), we need to build the second-order Lagrangian functional
L of the joint inverse problem. This is composed of the sum of the
gradient expression (eq. C3), state and adjoint equations, respec-
tively, and reads:

Lo, u,r,m,,m, T, 0,8 6,0, w,, g, T,0, &)
= (Ry, (m,), iin,) + (R, (my), i)

/'Lm(mu)’;’u v .
—|—/Q 202(my) [0' iy o —2) tr(a)I] ctdx

_/ ditg - [T (nr, )z nr,)] dS

Iy

1 v N
+/Q zu(mu)[a — T vd—2) tr(a)I] cTdx

—|—/Qu~(V-%)dx+/§;as(i')~rdx

_/ my - [T(nrr)(% an)] ds — / ug - (f n) ds

I'p

+fQ(V-a)~cbdx+/gf":’dx+/gas(0)'édx

1 . o
+/sz 2/¢L(mﬁ)[or S 14vd-2) tr(6)1] : T dx

+/(V-&)-wdx+/ as(&)-l;‘dx—i—/ as(t) - rdx

Q Q Q

+f - (V- 'r)dx—i—/ BT, \.(Bu—d) - iidx. (C4)
Q Q

By taking the derivative of the second-order Lagrangian L with

respect to the adjoint variables (7, , £), we can solve the incremen-
tal forward equation to find the incremental state variables (6, #, F).
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The incremental forward problem reads:
oL" N oL n oL g
» T V@ e
It dw 9E

_/ N);z(mu)’hu [0’— v
=)o 22y T Tw@ =)

tr(o)I] : #dx

_ f i, - [T(nr,)(% nr,)] dS

r'r

T v o
+/92M(mu)[a—1+v(d_2)tr(a)1].rdx
+/9&~(V-f)dx+/gas(i)-idx

+/(v.&).cbdx+/as(a).§dx=o
Q Q

VieX;Voe W;VEcE. (C5)
The incremental adjoint equation is derived by taking the varia-

tion of L with respect to the state variables (o, u, r) to find the
incremental adjoint variables (7, @, §) reads:

oLt n oL n oL
—, 0 — — 7
do u ar
:[ /’Lm(mu)fn;t [6’— v
2u*(m,,) 14+v(d-2)

tr(&)I] cTdx

1 . % ~ LA
—|—/Q ZM(m,L)[a — T tr(a)I] cTdx

+/i¢-(V~%)dx+/ B*T, .\ Bii - itdx
Q Q
+/as(&).édx+f(v-&)-é;dx

Q Q

+/as(i’)-i‘dx=0
Q

V6 € X; Vi € W; Vi € EB. (C6)

Lastly, the expression of the Hessian action in a direction
(m,, fny) can be derived by taking the derivative of the second-
order Lagrangian functional with respect to the model parameters
(m,,, my) to get:

(Ot i), H ) Gty i) = Gt Ro () )

+("h.§s Rmm (mS) ,hs)

+/ /’L(mu)ﬂmmgmu) - an(mu) i
Q 1= (mIL)

[6 - mtr(a)l] cTdx

llvm(mu)'hu v A
+./;z 20 (m,,) [67 TFvd—2) tr(a)l],rdx
o ()i T v 1
+/;2 202 (my) [a 7 Tvd—2) tr(a)I] cTdx

— ftg - | T(nr, )(T nr,) | dS Y(in,, mg) € M, (C7)
fom L ]

Tr

where w,, and p,,, denote the first and second derivative of 1u(m,,)
with respect to m,,, respectively. o and T are the solutions to the
forward (eq. 3) and adjoint (eq. C2) problems, respectively, and &
and 7 are the solutions of the incremental forward (eq. C5) and
adjoint (eq. C6) problems, respectively.
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