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Introduction

The last fifty years since the establishment of plate tectonics as geology’s unifying theory
have seen major achievements in our characterization of surface deformation and Earth’s
internal structure, as well as the establishment of geodynamic models that are capable of
explaining and predicting planetary evolution. Many of the transformational advances
in the field relied on an integration of multi-disciplinary Earth science data and analog
and numerical models. Yet, there are numerous outstanding challenging research ques-
tions remaining in Tectonic Geodynamics including a comprehensive understanding of the
spatio-temporal dynamics of plate boundary evolution, the thermo-chemical evolution of
continental lithosphere in light of mantle convection including reading time-dependent
surface topography, and developing a robust framework for predicting the style of terres-
trial planetary heat loss.

The related interdisciplinary challenges will only increase in importance during the
next decades when solid Earth dynamics will have to be integrated in a systems-level un-
derstanding of our planet, including within the context of anthropogenic global change.
Sealevel, for example, depends on ice sheet stability, which in turn hinges on the visco-
elastic response of the lithosphere and asthenosphere, where the key transport property
is mantle viscosity, formerly only of interest to specialists in earthquake and mantle dy-
namics.

As another example, there are multiple signatures in the rock record or in sedimentary
basin sequences that can tell us about the effects of subduction on surface deformation,
providing as of yet incompletely deciphered clues for understanding the seismic cycle
and earthquake hazard. In turn, that geological record can be used as a constraint for the
history of trench motions and subduction, which sheds light on the dynamics of mantle
convection. Yet, traditionally those deep processes have been treated separately from
surface tectonics.

Our ambition here is to provide a basis to explore the fundamental connections be-
tween Earth’s deep interior dynamics and surface deformation over the planet’s history.
We adopt a new approach where global geodynamic convection models are integrated
with Earth structure and plate tectonic observables for an improved understanding of
planetary evolution. We seek to cover aspects of the fields of tectonics, structural geology,
geodynamics, geodesy, and structural seismology in one volume.

The book is intended to help engage undergraduate and graduate students from the
fields of geology and geophysics to overcome the traditional yet entirely unhelpful divi-
sions between those documenting the kinematics and structure, and those exploring the
dynamics of the lithosphere and mantle. We hope that students and disciplinary experts
working on such problems alike will benefit from a new exposure of the links between
observations, and how they can be utilized for an integrative model of the solid Earth
system.

This treatise is built on three major parts. The first is an introduction to the solid
Earth system (chapter §1, where the § symbol refers to sections). It briefly reviews some
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of the fundamental geophysical and geological observations of the solid Earth from an
exploratory perspective. We do so as if we were viewing our planet for the first time,
but we also touch upon some of the actual historical developments that brought us to the
present-day geodynamical view.

The second part (§2-§4) illustrates the physical laws and some of the observational
approaches we use to quantify the solid Earth. This part starts from continuum mechan-
ics (§2), reviews concepts of rheology and application to Earth’s materials (§3), and then
combines the two to explore the principles of transport of mass, momentum, and heat,
ending up with mantle convection (§4).

The third part of the book discusses the surface expression of deep Earth dynamics
which is where the preceeding theory can be applied to understand the ever evolving
geology of our planet. In this part, we explore the forces generated by mantle convection
and the role of mantle flow including for plate motions and topography (§5), the role of
mantle plumes (§6), the generation (§7), lateral translateion (§8), and recycling (§9) of the
lithosphere, orogeny (§10), and the long-term evolution of our planet (§11).

No prerequisites

We do not expect familiarity with advanced math and have taught versions of this class
with geology, physics, and engineering students, some without any geoscience or little
calculus exposure. To help with the quantitative side, this book also includes an extended
appendix, a fourth part to be consulted along the way. Besides some more detailed back-
ground theory for the main chapters (§B), we provide an informal math review (§C), and
discuss coordinate systems (§C.4), as well as harmonic, Fourier, and spherical harmonics
analysis (§C.6), and some basic stats (§C.7) in the appendix. Readers whose calculus and
linear algebra is a bit rusty or did not get the chance to study those topics might want to
peruse these sections. When math concepts arise in the text, we call out the relevant sec-
tions. In a class setting, those would be opportunities to introduce math refreshers along
the way, as we have done in our practice.

We also make use of call out boxes with smaller font which explore specific examples
or mathematical or physical details for the interested reader. These boxes can be skipped
upon a first read but are meant to illustrate concepts further and should provide useful
background.

Practical exercises

This volume comes with practical exercises which sometimes require the use of a com-
puter, and will often be easier to solve with a plotting program (though many exercises
may as well be graphed on paper, and this can help with intuition). For practicals such as
exercise 4, it might be best to use a free plotting software such as Gnuplot (2023), or a more
advanced tool like MATLAB or the open-source, free alternative Octave (Eaton et al., 2023)
to make plots.

We recommend Gnuplot because it is perfect for simple plotting of functions, 1-D curve
fitting, and similar routine tasks. MATLAB is much more powerful, and more flexible,
but it is not free, and a bit harder to make high quality figures off the bat. For those,
we recommend GMT (Wessel et al., 2019) or the use of Python with its Matplotlib (2023)
package, for example. Practical exercise 8 requires an installation of the free teaching and
research tool SEATREE (Milner et al., 2009).
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Format, notation, and unit conventions

Units are generally in système international (SI), i.e. metric, system with seconds, s, meters,
m, kilogram, kg, kelvin, K, for example, unless it is more instructive to express them as in
common use in the Earth sciences, such as velocities expressed in cm/yr instead of m/s,
temperatures in degrees Celsius, ◦C, and yr is used interchangeably with a as a unit, but
a indicates time in the past. See §C.1.1 for commonly used unit prefixes, and Table A.1 for
some common constants and material parameters.

Mathematical symbols are denoted by a for scalars, a for vectors with their com-
ponents a = {ax, ay, az}, for example, and A for tensors and matrices (§C.3). Com-
puter programs and math functions implemented in programming languages are given
in typewriter font. Partial derivatives (§C.2.2), e.g. with respect to x, are typically de-
noted by ∂

∂x , but sometimes abbreviated as ∂x to save space. For the time-derivative, we
sometimes use ẋ = ∂x

∂t , and ẍ for the second derivative. We use the symbol ≈ for approx-
imate values, e.g. of material parameters, and ∼ for order of magnitude approximations
(i.e. expected to be good within a range of 0.1. . . 10 only). The ∝ symbol indicates pro-
portionality with, or “scaling” dependence on, a set of parameters. Those do not have to
be a complete list of dependencies, and if taken as ∼, those equations might not even be
accurate to within an order of magnitude.

Map projections

Since the Earth is a spheroid, no geographic projection can represent both angular and
area relationships accurately for all regions of a map. We use different projections in
this book when representing global datasets, with our projection choices driven by the
points we want to make. For example, for geopotential fields, where it may be instructive
to guess continental mass distributions such as for the moment of inertia, we strive to
consistently use equal-area representations, such as the Hammer projection of Fig. 1.6.

When showing features such as topography, we often use compromise-style projec-
tions such as Eckert-IV, as in Fig. 1.1, or Robinson, to make “things look right”. That is,
we seek to not have as much area distortion as, e.g., the “classic” Mercator map, whose
typical region selection often also unduly shrinks the southern hemisphere, and always
makes high latitude regions look way too large. However, we also want to not squish
regions close to the poles too much. For regional maps, depending on the geographic ex-
tent, we do sometimes use Mercator projections, since they are true in terms of angles, and
sometimes the Albers conic-equal area projection for regions of large longitudinal extent.
Beauty is in the eye of the beholder.
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Abbreviations

Here are some commonly used abbreviations, for reference:
APW apparent polar wander
APM absolute plate motion
BC boundary condition
BSE bulk silicate Earth
CMB core-mantle boundary
CPO crystallographic preferred orientation (used interchangeably with LPO)
CW clockwise
CCW counter-clockwise
DRX dynamic recrystallization
DMM depleted MORB mantle
DP Drucker-Prager (criterion)
ETAS epidemic type aftershock sequence
FSE finite strain ellipsoid
GBS grain boundary sliding
GIA glacial isostatic adjustment
GNSS Global Navigation Satellite Systems (often used interchangeably with GPS)
GPS Global Positioning System
HSC half-space cooling
IC initial condition
LIP large igneous province
LHS left hand side (e.g., of an equation)
LPO lattice preferred orientation (used interchangeably with CPO)
LLSVP large, low shear-wave velocity anomaly
LVV lateral viscosity variations
MC Mohr-Coulomb (criterion)
MCM (global) mantle circulation model
MLD mid-lithospheric discontinuity
MORB mid ocean ridge basalt
NNR no-net rotation (reference frame)
NR net rotation
ODE ordinary differential equation
OIB ocean island basalt
PDE partial differential equation
PGR post-glacial rebound
RHS right hand side (e.g., of an equation)
RMS root mean square
RVV radial viscosity variations
SI système international (metric units)
SLS standard linear solid
TBL thermal boundary layer
TPW true polar wander
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Part I

Introduction to the solid Earth system
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Chapter 1

An exploration of basic solid Earth
structure and dynamics

The Earth sciences have always been interdisciplinary and often the biggest advances
arise when observations from different disciplines are combined in new ways to constrain
a theory for how things work. The establishment of the integrative model of plate tecto-
nics is such an occasion and the big story in the solid Earth geosciences. As conceived orig-
inally, plate tectonics is a kinematic description for how the surface of the Earth deforms
and moves horizontally, without specifying anything about the driving forces (McKenzie
and Parker, 1967; Morgan, 1968; Le Pichon, 1968). However, those forces were quickly re-
connected to the fact that plate tectonics is the surface expression of mantle convection, as
had been suggested ∼40 years earlier (Holmes, 1931).

Because of radiogenic heat production within the mantle, Earth is not simply cool-
ing and contracting, but the planets surface is shaped by its internal evolution. Mantle
convection controls the cooling of our planet, and with it nearly all tectonic and volcanic
activity, including the earthquakes and volcanic eruptions that contribute to shaping the
surface on, and the climate in which, we live. However, in practice, there are still many
open questions, and there are a number of important observations, such as those relat-
ing to continental dynamics and plate boundary evolution, which have so far resisted
integration into a proper, comprehensive dynamic theory.

We proceed to review some of the fundamental geophysical and geological observa-
tions for Earth, with a focus on global scales, as if we were exploring a foreign planet
remotely. We then discuss the Earth’s thermo-chemical structure, often explored jointly
with seismological constraints, and then turn to a dynamic description of tectonic activi-
ties on which we will follow up on throughout the remainder of the book.

1.1 Topography

When viewed from space, the outer terrestrial planets are strikingly different. The famous
Earth-as-a-blue-marble photo taken during the Apollo 17 mission emphasized our special,
perhaps precarious, state with water oceans covering much of the planet, and a temperate
atmosphere with clouds and prevailing wind currents generated by the interaction of
solar heat influx, rotation, and the hydrological cycle. There is evidence for water having
been available in fluid form on Earth’s surface over billions of years (Mojzsis et al., 2001),
yet why and how this stable condition was maintained is, in fact, not entirely clear.

The early sun was much fainter than at present-day such that our oceans would have
likely been permanently frozen in the Archean (Feulner, 2012). While there were periods
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a) Earth

b) Venus

c) Mars

Figure 1.1: Topography of Earth (a; bedrock elevation, removing ice for Greenland and Antarctica;
Amante and Eakins, 2009), Venus (c; Magellan, Pioneer Venus, and Venera missions), Mars (d; Mars
Global Surveyor), where datasets for b)-c) were expanded from spherical harmonics (Wieczorek,
2015) (up to degree 720, when available). On left, Eckert-IV projection; on right, van der Grinten
projection, scaled with the square of the object radius. See Fig. A.4 for power spectra and geoid
anomalies.
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1.1. TOPOGRAPHY

of near-global glaciation in Earth’s history (Hoffman et al., 2017), those episodes were tem-
porarily restricted, and for the most part, a self-regulatory climate feedback mechanism
appears to have been at work, thanks in part to plate tectonics (Walker et al., 1981): If the
atmosphere gets too hot, rock is more readily eroded by surface processes. Weathering
transports carbon into the oceans, where it forms sediments that are subducted back into
the mantle. This pathway draws down atmospheric CO2, and so reduces the atmospheric
greenhouse effect. This will reduce temperatures, and with it the strength of weathering,
and as a consequence, less carbon gets transported into the mantle. Due to the sustained
convective and tectonic outflux of CO2 from the interior of the Earth, e.g. from volcanism,
carbon dioxide concentrations increase in the atmosphere, leading to warming.

Such long-term climate regulation, and the existence of oxygen or any other atmo-
spheres, are not guaranteed for terrestrial planets, as our sister planet Venus shows. The
atmosphere of Venus is extremely hot, thanks to runaway greenhouse effects due a high
CO2 and sulfur rich atmosphere, and there are no oceans or other surface water. Plate tec-
tonics is absent, perhaps because of the absence of water, or high temperatures, or both.
Heat from Venus’ mantle is transported mainly though a more or less stagnant surface
that appears to show episodic reworking. Mars has a more temperate atmosphere but
is likewise frozen tectonically, indicating that Earth is unique in our solar system (§11.4).
Surface conditions in terms of temperature, availability of water, and the carbon cycle
are thus linked with the internal evolution of a planet, and somehow interact to lead to
habitable conditions, at least for Earth.

If a space craft remotely exploring planets in our solar system were to use a radar in-
strument, an explorer could then peek through the atmosphere to reveal the planets’ sur-
face elevation with respect to some reference. Figure 1.1 shows topography for the three
Earth-like planets using the same type of colorscale, centered on the reference (sealevel
for Earth). Thanks to space exploration, we have learned much about the surface geology
of Mars, which shows the remnants of fluid water and wind-driven transport processes,
but is at present characterized by a hemispheric dichotomy with southern highlands, and
northern lowlands. This feature is related to the internal dynamics of Mars’ mantle, and
there are remnants of extensive volcanism, including Olympus Mons, the highest topo-
graphic feature of all terrestrial planets. We know that Mars’ surface is relatively static
because there are a number of impact craters which can be used for dating.

Venus’ surface is comparatively younger, and shows features of reorganizations, in
particular near-circular features, coronas. Earth shares the general planetary age of∼4.6 Gyr
with the terrestrial planets that formed from silicic and iron types materials in similar
fashion during the formative eon of the solar system. The last, planet shattering event for
Earth was the impact of a Mars-sized object which led to the formation of Earth’s moon.
However, compared to Mars, Earth’s surface is much younger. While there are rocks of
∼3.8 Gyr age preserved in Earth’s continents, there are few signs of impact craters, indi-
cating tectonic reworking and active surface processes. In particular, Earth’s oceans are
underlain by seafloor which is at present nowhere older than ∼200 Ma.

One way to analyze topography is by computation of fractional or cumulative topog-
raphy histograms, hypsometric curves (Fig. 1.2). Such analysis brings out the aforemen-
tioned global features, for example Venus has a slightly skewed, but overall nearly nor-
mally distributed topography. Earth shows clear peaks at the average continental and
oceanic elevations of ∼100 m and ∼ −4500 m, respectively. This dichotomy is profound,
and is the result of thermo-chemical mantle convection. Oceanic plates are continuously
generated and recycled with a lifetime of∼100 Ma. Continents are created mainly through
fractionation at subduction zone arc volcanism, and subduction-driven accumulation of
proto-continental fragments, e.g. created by plumes.
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Figure 1.2: a) Fractional histogram of elevation for planetary topography from Fig. 1.1. b) Cumu-
lative distribution function of elevation in area (i.e. hypsometric curve) (y axes clipped) for objects
as in a).

1.1.1 Isostasy

The bulk difference in oceanic and continental elevation of Fig. 1.2 can be explained by
the floating equilibrium of different crustal columns. Airy (1855) first proposed that

Earth’s crust lying upon the lava can be compared with perfect correctness to the state
of a raft timber floating upon water.

This idea was based on 1730s survey results by Pierre Bouguer from the Andes, and in
the 19th century in India including by George Everest close to the south Himalayas. Both
studies showed that the plumb line deflection at the base of the mountain was less than
expected from the extra mass above sealevel. One way to explain this is there was a
negative mass anomaly at the base of the mountain due to the “substitution of a certain
volume of light crust for heavy lava ” (Airy, 1855), as for a floating iceberg.

This is the principle of isostasy which says that a crustal density column should be in
an (Archimedes) floating equilibrium over long time and lengthscales (Fig. 1.3). If this
isostatic equilibrium holds, the pressure due to the overburden of a crustal column, p, has
to add up to the same everywhere at some compensation depth, Z, i.e. p(Z) = const. every-
where. Pressure arises from the forces pushing inward on an object from all directions,
normalized by the surface area of the object.

How can we link this assumption about force balance to topographic or structural
observables? When considering forces, it is often useful to start with Newton. His second
law says that force, expressed as a vector (§C.3) pointing in some direction, F (units N),
is mass m (units kg) times acceleration, g,

F = mg, (1.1)

where acceleration, g, is a temporal change in velocity (units of m/s2). Eq. (1.1) means
that it takes a force to change the rate of motion of an object due to inertia.

If g is the gravitational acceleration, i.e. the pull due to gravity, e.g. of our planet, then
eq. (1.1) allows us to infer the weight of an object. If that object is our mantle column
considered for the floating equilibrium, with area A and volume V on top of the compen-
sation depth is m = ρV = ρhA, with density

ρ =
m

V
, (1.2)
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crust, ρ
c

mantle
lithosphere, ρ

l
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a

lc
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p = const. @ compensation level, Z

ridge
reference, H

Z

Figure 1.3: Isostatic balance column for
load components from a crustal layer with
thickness lc and density ρc, and a mantle
lithosphere with thickness ll and density
ρl (total lithospheric thickness L = lc+ ll),
floating over an asthenosphere of density
ρa. The pressure p at the compensation
depth Z is constant for a floating equi-
librium, where the overburden pressure
pL, eq. (1.3), is computed for a column of
height h = Z + t. Isostatic topography, t,
is relative to a spreading center reference
height H where where lc = ll = 0.

and topography z and h = t + Z (Fig. 1.3). The weight of that crustal column is thus
F = mg = ρghA, with the amplitude, or length/norm, of g, g = |g|, (eq. C.14). The
pressure (force per area, units of N/m2 or Pa) is therefore

pl = ρgh =

∫
dzρ(z)g(z) (1.3)

where the integral (§C.2.4) replaces the product if ρ and/or g(z) are functions of depth.
This lithostatic pressure is identical to the hydrostatic pressure in a fluid at rest.

Let us assume that the crust is part of the thicker lithosphere (Greek lithos (λίθος)= stone,
here: strong) which is a mechanical term that encompasses the relatively slowly deform-
ing, cold surface regions of the Earth. It sits on top of the asthenosphere (Greek asthenos
(ἀσθενής)= without strength, weak) which can flow so that things equilibrate. The time-
scales for this equilibration after load removal, e.g. due to erosion or deglaciation at the
surface, or removal of dense layers by tectonic processes, depends on the creep behavior
of the underlying mantle and the wavelength of perturbations (§4.1.7.1).

Assuming that density is constant with each layer following Airy, this yields a balance
for a column floating at topography ziso under a cover of air (Fig. 1.3, and see exercise 2).
Comparing the lithospheric and reference column in Fig. 1.3, we can write the pressure at
the compensation depth Z and asthenospheric density ρa as

g (ρclc + ρlll + (Z + t− lc − ll)ρa) = gZρa

(ρc − ρa) lc + (ρl − ρa) ll + tρa + Zρa = Zρa

t =
ρa − ρc
ρa

lc +
ρa − ρl
ρa

ll. (1.4)

Any asthenospheric layer below ll thus cancels out irrespective of the actual choice for
Z. However, this is only the case under the assumption that there are no asthenospheric
density variations. Those complicate analysis of the non-isostatic residuals and consider-
ations of the origin of topography (§5.2.1).

Allowing for water coverage, we can write the isostatic elevation of the lithosphere
relative, e.g., to a spreading center reference level,H , where lc = 0 and ll = 0, by definition,
as

ziso = fw ((f1lc + f2ll)−H) (1.5)
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with

f1 =
ρa − ρc
ρa

, f2 =
ρa − ρl
ρa

, and fw =

{
ρa−ρw
ρa
≈ 1

1.45 for ziso < 0

1 for ziso ≥ 0,

where ρw the density of water, with H ≈ 2.6 . . . 2.7 km (§4.2.3.2, §7.2.4). With ll = 0 or no
lithospheric variations, eq. (1.5) shows that high topography at constant crustal density
has to be balanced by thicker crust such that the depth to the base of the crust is variable
(Airy, 1855).

Alternatively, the depth from sealevel to the base of the crust or lithosphere, P , can be
chosen to be the same as the compensation depth, P = Z. In this case, floating equilibrium
for variable surface topography can also be achieved if the crustal density, ρP , is variable,
e.g. reduced underneath high topography. This sort of compensation is attributed to Pratt,
who in Pratt (1855) attempted to explain the Himalayan plumb line measurements with
variable crustal density, akin to this line of reasoning. If compensation were to happen at
constant crustal thickness, the same kind of balance shows that the required density is

ρP = ρ0
Z

Z + t
, (1.6)

where ρ0 is the reference density at the spreading center. If a lithospheric column is per-
fectly in Airy or Pratt isostasy, it is called fully compensated.

Granitic continental crust is lighter, i.e. less dense, than the basalt (extrusive) and gab-
broic (intrusive) oceanic crust which is also underlain by relatively denser, colder con-
vective boundary layer, and thus mainly thermally controlled, lithosphere. These bulk
differences explain much of the topography of Earth (Fig. 1.2) as a mix of mostly Airy
for the continents and Pratt isostasy for the oceanic lithosphere. There, we can apply the
half-space cooling model to explain much of the deepening of the seafloor away from mid
oceanic spreading centers, one of the major achievements of geodynamics (§4.2.3.2).

Besides plate-scale features in the oceans and the continent-ocean difference, a curious
alien observer of our planet’s topography might further identify linear chains of islands
on the seafloor (Fig. 1.1a), and might make the connection to hotspot volcanism and mov-
ing plates (§6). They would also see that the suboceanic mountains show mid oceanic
ridges in the Atlantic but more subdued slopes within the Pacific. They might suggest
different types of oceanic crust production, which we know to be due to slow and fast
spreading, respectively (§7.2). Along the spreading centers, there are characteristic offsets
by transform faults, another hallmark of Earth’s style of plate tectonics and indicative of
the generation of strike-slip type motion by some means of strain-localizing rheologies
(§4.4.4). Continents reflect a much longer geological record of more complex processes,
with the high plateau of Tibet and the Andes being prominent topographic features, and
other orogens, such as the North American Cordillera being more subdued, with evidence
for water and wind-driven surface transport processes and erosion.

Even from such global-scale comparative, qualitative assessments of the outer terres-
trial planets, it is thus clear that not only the surface morphology of planets, but also their
mass and energy transport processes, including climate and perhaps life, depend on inte-
rior dynamics through mantle convection. The latter is expressed, within our solar system
only for Earth, as plate tectonics at the surface. However, the internal feedbacks are not
limited to those expressed by the mantle at the surface. At its base, mantle convection
controls core cooling, and hence magnetic field generation through the convective geody-
namo operating in the liquid outer core (§1.4.1). The heatflow imposed on the core by the
mantle may matter for the types and stability of the magnetic field directly, and indirectly
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1.2. GEOPOTENTIAL FIELDS: GEOID AND GRAVITY

Figure 1.4: Cartoon illustrating the defini-
tion of the geopotential surface of the geoid
and its deflection from a reference ellipsoid
shown with dashed lines (Fig. A.3). In-
ternal density anomalies, such as due to a
dense and light anomaly (blue and red, re-
spectively), have a static and dynamic re-
sponse on the geoid. Static, since the ex-
cess mass of a positive geoid anomaly means
one has to move further away to experi-
ence the same gravitational pull, eq. (1.21).
If the anomaly introduces flow, the result-
ing stresses will also deflect the surface and
core-mantle boundary, and those ondula-
tions lead to additional, dynamic effects on
the geoid on timescales of ∼ Myr (§5.4).
Another time-dependent effect on the geoid
is due to glacial isostatic adjustment, on
timescale of melting, ∼ 26,000 yr for the last
glacial maximum (§4.1.7).

through regulating inner core freezing. The field in turn may play a role for sustaining an
atmosphere by shielding planets from solar radiation, another example of systems-level
feedbacks.

1.2 Geopotential fields: Geoid and gravity

If our aliens are able to put satellites into orbit around Earth and track their orbits pre-
cisely, as we have done for Earth, Mars, and Venus (Fig. A.4), they would be able to de-
termine models of the spatial variation of the gravitational attraction one experiences in
different places. Those variations arise due to internal density anomalies (Fig. 1.4) and will
lead to subtle fluctuations in the distance between the satellite and the planet, as exploited
by terrestrial space craft missions GRACE and GRACE-FO by having two satellites follow
each other through the ups and downs of their orbits.

Newton’s first law states that the force, F , between a satellite of massm and the planet
of mass M is given by

F = G
mM

r2
er, or F = |F | = G

mM

r2
(1.7)

where r is the distance between the objects (their centers of mass, assumed as points), er a
unity vector, i.e. |er| = 1, pointing in the direction between the objects’ center of mass, and
G the gravitational constant (one of nature’s less well constrained fundamental constants,
Table A.1). Since the gravitational force is also given by Newton’s second law, eq. (1.1),

g = |g| = GM

r2
(1.8)

holds, which defines the gravitational acceleration, g, for the satellite, or for any observer
at the surface of a homogeneous sphere with radius R such that g = GM/R2. Eq. (1.8)
means that the gravitational attraction of the planet is locally fully described by g, it is
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only the actual force (eqs. 1.1 and 1.7) that depends on the test mass m, e.g. of the satellite,
that we are considering.

After things have settled down after planetary formation, any planet’s mass distribu-
tion will mainly be layered, since denser material sinks to the bottom in the gravitational
field, e.g. to form a predominantly iron core and silicic-type mantle. However, things get
more complicated because there might be lateral variations of density, e.g. due to internal
convective dynamics (Fig. 1.4). To capture these complexities, along with the possibility
of having a rotating planet, we can express the gravitational force through a potential, U ,
which at a distance r0 from the center of the planet is defined as

U = G

∫
M

dM

r
+

1

2
ω2
Er

2
0 cos2 λ, (1.9)

where
∫
M indicates integration (∼ summation, §C.2.4) over all masses at distance r from

the center of mass of the planet. The second, rotational term of the RHS of eq. (1.9) ac-
counts for the centrifugal force due to spin. The latter increases from zero at the poles
(latitude λ = 90◦) to maximum at the equator (λ = 0), and Earth’s angular velocity is
ωE = 7.292, 115 · 10−5 rad/s. In contrast to the vector g, U is a scalar; the value of U
depends on location, but there is only a single number defining it at that location which
is part of the motivation for introducing U . U is hence a scalar field, like topography ex-
pressed on a topo map.

Also in contrast to eq. (1.1), eq. (1.9) has a 1/r dependence, and bringing things back
from U to g shows why. It takes work to move an object from U(r0) to U(r0 + dr) radially
within the potential; that change is dU = −gr dr, and we can recover g from the radial
derivative of U (§C.2.2)

gr = −∂U
∂r

, or, more generally g = −


∂U
∂x

∂U
∂y

∂U
∂z

 = −∇U, (1.10)

i.e. the gravitational attraction is a vector that aligns with the gradient of the potential
field, U . The g vector points away from the steepest gradient, measured by the gradient
operator,∇ (which is a vector, §C.5). For a non-rotating, homogeneous sphere, U = −GM

r ,
which also follows from integration of eq. (1.8). One can show that eq. (1.10) is a sufficient
condition for the gravitational force, eq. (1.1), to be conservative.

On global scales, we can then use the geoid to describe variations in gravitational pull.
The geoid is a constant gravitational potential surface, and defined to coincide with the
average sea surface height in the absence of . yr timescale oceanographic fluctuations,
i.e. sea surface equipotential, or sea surface height (Fig. 1.4). In continents, the geoid would
be the level of water in an imaginary set of interconnected canals, ignoring any extra pull
from any surrounding mountains.

We will call the best-fitting spheroidal approximation to the geoid the reference geoid,
or reference ellipsoid, which describes the oblate approximation to the shape of the Earth
(Expanded details 1). Since the ellipsoid, oblate geometry dominates the actual geoid, one
typically makes a correction before analysis of geoid anomalies. The best-fitting spheroidal
shape that is observed for Earth is different from that expected for a spinning planet with a
1-D Earth structure, the hydrostatic geoid. This means that there is a dynamic contribution
to the equatorial bulge (§5.4 and §A.4).
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Figure 1.5: Examples of spherical harmonic basis functions (§C.6.2), with degree, `, and order, m,
showing the a`m 6= 0, b`m = 0, cosmφ-type of contributions, or the Yl−m spherical harmonics,
eq. (C.39), in a projection centered on φ = π. The m = 0 type functions are called zonal, there is no
longitude dependence. Wavelengths of features λ ∼ 40, 000 km/`, eq. (1.14). Hammer equal area
projection.

Expanded details 1: Spheroid, geoid, moments of inertia, and gravity anomalies

Within the interior of the Earth, we can express the total gravitational potential W as a Poisson equation

∇2W = −4πGρ+ 2ω2, or ∇2V = −4πGρ for a non− rotating object (1.11)

where ρ is density and ∇2 is the Laplacian, {∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2} (§C.5). At and above the
Earth’s surface, the RHS of eq. (1.11) is zero, because ρ = 0, reducing it to the Laplace equation, written in
spherical coordinates (§C.4)

∇2V =
1

r2
∂

∂r

(
r2
∂V

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂V

∂θ

)
+

1

r2 sin2 θ

∂2V

∂φ2
= 0. (1.12)

The solution to this equation can be written as a series expansion with degree `

V =
1

r

∞∑
`=0

Cl
(a
r

)`
P`,0(cos θ), (1.13)

where θ is co-latitude (§C.4), P`,0 order m = 0 Legendre polynomials, eq. (C.40), and C` coefficients,
similar to a spherical harmonic expansion (Fig. 1.5, §C.6.2), albeit a zonal one where there is no depen-
dency on longitude (m = 0). Spherical harmonics also arise in the solution of normal mode or quantum
mechanics equation, and are in general super useful to characterize the spectral content of global fea-
tures (§1.5).

The equivalent feature length, D, or half wavelength, λ, on the surface of the Earth is (§C.6.2)

D =
λ

2
=

πRE√
`(`+ 1)

≈ πRE
`
≈ 20, 000 km

`
. (1.14)

If we consider an oblate squashed spheroid, which is a special case of even long-axes, a = b, ellip-
soid,
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y

x

z

a

c b = c

θ
λ

r

with long axis a along the equator (distance from the center), and shorter axis c to the pole aligned with
the rotational axis of symmetry, V , and we keep only the first three terms of eq. (1.13), this simplifies to

V ≈ GM

r

(
1− 1

2

(a
r

)2
J2
(
3 sin2 λ− 1

))
,

where J2 is a constant combining the C and Legendre terms (cf. the ` = 2,m = 0 plot of Fig. 1.5), and V
is the potential seen outside the Earth, e.g. by the moon. The rotating potential within the spheroid is

U =
GM

r

(
1− 1

2

(a
r

)2
J2
(
3 sin2 λ− 1

)
+

1

2

(
ω2r3 cos2 λ

GM

))
. (1.15)

One can show (e.g. Stacey and Davis, 2008, sec. 6) that

V = −GM
r

+
G

r3
(C −A)

(
3

2
cos2 θ − 1

2

)
,

where A and C are the spheroid’s moment of inertia (units: kgm2) around the (long, aligned with a) x
and (short, aligned with c) z axis

A =

∫
M

dM
(
y2 + z2

)
and C =

∫
M

dM
(
x2 + y2

)
, (1.16)

(B, the moment around y, is the same as A for rotational symmetry around z), and

J2 =
C −A
Ma2

= 1.082, 626× 103. (1.17)

The relevance of this equation is that our alien (or ourselves for other planets) can determine J2 from
remote observations of the gravitational potential, and eq. (1.17) links this to properties that depend on
the internal density distribution of the object, e.g. the fractionation into a core and mantle.

The reference geoid, U0, which we might use for navigation, is the closest approximation to the geoid
that can be fit by a spheroid. It follows that, at the poles where r = c and at the equator where r = a,

Upole
0 = −GM

c
− GMa2

c3
J2 and Uequator

0 = −GM
a
− GM

2a
J2 −

1

2
a2ω2.

The flattening, or ellipticity, of the reference geoid is

f =
a− c
a

=
3

2
J2 +

1

2

a2cω2

GM
≈ 1

298.258
, (1.18)

where f is from a higher accuracy expansion, and f and J2 values from Stacey and Davis (2008). With
a = 6, 378.136 km and c = 6, 356.751 km, a− c ≈ 21.39 km.

The observed flattening is actually slightly larger than that expected theoretically for a rotating,
hydrostatic Earth, fH = 1/299.829 (Nakiboglu, 1982) and fH = 1/299.981 (Chambat et al., 2010). This
becomes significant when interpreting geoid anomalies for glacial isostatic adjustment (§4.1.7.2) and
as a constraint for mantle convection (§5.4), since the observed hydrostatic bulge, a − c, is 113 m larger
than what is expected from a hydrostatic Earth (Chambat et al., 2010); different corrections are shown in
Fig. A.3.

The distance from the center of the Earth to the spheroidal reference geoid is (Stacey and Davis, 2008)

r = a

(
1 +

f(2− f)

(1− f)2
sin2 λ

)
≈ a(1− f sin2 λ). (1.19)
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1.2. GEOPOTENTIAL FIELDS: GEOID AND GRAVITY

Averaging of eq. (1.19) leads to the mean radius of the Earth,RE (Table A.1). With the ratio of centrifugal
and gravitational attraction

m =
ω2a3

GM
= 3.46775 · 10−3,

we can also derive a reference gravitational acceleration on the reference geoid as

gλ = ge

(
1 +

(
5m

2
− f − 17

14
mf

)
sin2 λ+

(
f2

8
− 5

8
mf

)
sin2 2λ

)
gλ = 9.780, 327(1 + 0.005, 302, 4 sin2 λ− 0.000, 005, 9 sin2 2λ) m/s2.

The actual geoid varies from the spheroidal form (Fig. 1.6a), but U is still commonly expressed as spher-
ical harmonic expansions similar to eq. (1.13). The equivalent, local gravity anomalies are tiny fractions of
gλ, and deviations from some reference value are usually measured in units of mGal (Fig. 1.6b), which
is 10−5 m/s2 in SI units. Modern gravimeters used for surveying have relative µGal sensitivity, i.e. of
order 10−9 of g. The most straightforward way of converting observed gravity values, gobs, to anomalies
at some height h above the reference geoid is by means of the freeair gravity anomaly, ∆gF (Fig. 1.6b).
From eq. (1.1), gravity changes with radial distance as

∂g

∂r
=

∂

∂r

GM

r2
= −2GM

r3
= −2g

R

such close to the reference surface at r = R we can write

∆gF = gobs − gλ +
2g

r
h = gobs − gλ + γFAh, (1.20)

with γFA ≈ 0.3086 mGal/m. Therefore, ∆gF corrects for the decrease of gravitational pull away from
the reference height as if there were air in betweenR andR+h. The Bouguer anomaly assumes that there
is a laterally infinite slab of material with density ρB instead of air in between; with ρB = 2670 kg/m3,
an equivalent γB = 0.1967 mGal/m.

A geoid anomaly ∆U = U − U0 relates to a vertical distance of the geoid to the reference ∆N by

∆U = −g0∆N.

If a region is under isostasy, eq. (1.3) ensures that density anomalies down to the compensation depth Z
(Fig. 1.3) balance such that ∫ Z

0

∆ρ(z) dz = 0,

and this can be achieved in numerous ways. However, the geoid anomalies need not be zero since those
depend on the dipole moment of the density distribution, (Turcotte and Schubert, 2002, sec. 5.12)

∆N = −2πG

g

∫ Z

0

z∆ρ(z) dz. (1.21)

If a crustal column of density ρc, thickness lc, and topography t is in Airy compensation floating in a
mantle of ρa, then (Turcotte and Schubert, 2002, sec. 5.13)

∆NA
t>0 =

πG

g
ρc

(
2lct+

ρa
ρa − ρc

t2
)

or ∆NA
t<0 =

πG

g
(ρc − ρw)

(
2lct+

ρa − ρw
ρa − ρc

t2
)
, (1.22)

where the second equation account for water coverage with ρw. For Pratt isostasy at a constant crustal
base depth Z = P and using eq. (1.6) are

∆NP
t>0 =

πG

g
ρ0Zlc or ∆NP

t<0 =
πG

g
(ρ0 − ρw)Zlc. (1.23)

Local topography variations of O(1 km) of isostatic crust thus correspond to O(10 m) geoid variations.
Fig. 1.6a shows spreading centers have, in general, no systematic positive geoid anomaly, meaning that
they are lacking an active, hot mantle push component. However, there are long-wavelength, large ∆N
variations of the geoid; those are dynamically supported by the deep mantle (§5.4).

Figure 1.6a shows geoid anomalies with respect to the expected hydrostatic shape of
the Earth. This satellite-based geoid anomaly map reveals that the geoid is in reality
quite a bumpy landscape for Earth. Latitudinally, globally most positive anomalies are
found around the equator, and the poles show negative anomalies. This pattern might

DRAFT 13



1.2. GEOPOTENTIAL FIELDS: GEOID AND GRAVITY

Figure 1.6: EGM 2008
(Pavlis et al., 2012)
geopotential model up
to spherical harmonic
degree L = 512 (§C.6.2).
a) Non-hydrostatic
geoid anomalies, δG,
corrected following
Chambat et al. (2010) (cf.
Fig. A.3). b) Equivalent
free-air gravity anoma-
lies (cf. Fig. A.3d). c)
Medium wavelength
(` = 10 . . . 80, cos2-
smoothed), band pass
filtered free-air grav-
ity anomalies as often
used to infer admit-
tance based dynamic
topography, δz (e.g.
δz ∼ δg/50 km/mGal;
Craig et al., 2011). See
Fig. A.4 for a comparison
of topography-geoid
spectra for terrestrial
planets.
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be expected if the planet were to continuously reorient its excess density in the mantle
and crust with respect to the spin axis such that the major moment of inertia, eq. (1.16), is
oriented with excess mass moved to the equator. This way of shifting the entire mass of
the Earth, including its surface, with respect to the rotation axis is called true polar wander
(TPW). Mantle convection as well as glacial isostatic adjustment further change the geoid
on a range of timescales (§4.1.7.2 and §5.4).

Without constraints about the internal structure of the planet, our alien could not make
a hydrostatic correction, but they could nonetheless explore, e.g. the correlation between
topography and the geoid (§A.4), and muse as to the mechanisms of generation of the
anomalies at different wavelengths (§3.1.2). When viewed in light of the interpretation
of the oceanic topography, the alien may note that there is no clear relationship between
spreading centers and geoid highs, for example, which we now interpret as implying that
spreading is predominantly passive, i.e. not driven by active, hot upwellings. There are
large positive geoid anomalies in places which we now associate with the main drivers of
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1.3. INTERNAL STRUCTURE, TEMPERATURE, AND COMPOSITION OF EARTH

plate motions, subducted slabs, and deep mantle anomalies, but their proper interpreta-
tion relies on more sophisticated models of internal dynamics (§5.4).

Given that geoid anomalies are typically expanded as spherical harmonics (eq. 1.13,
Expanded details 1), it is straightforward to manipulate the field. For example, freeair
gravity anomalies, eq. (1.20), at the reference level can be obtained from the geoid’s spher-
ical harmonic coefficients by multiplying them, at a given spherical harmonic degree `, by
g
R(`− 1). The resulting freeair anomalies (Fig. 1.6b) therefore lock much rougher, or more
detailed, than the geoid, since the derivative operation of eq. (1.10) is equivalent to mul-
tiplying by a wavelength-dependent factor, cf. eq. (1.13). The ` − 1 factor emphasizes the
higher frequency power, eq. (C.42), of freeair anomalies compared to the geoid. Tectonic
analysis often uses gradients of the freeair anomalies to further enhance local variations,
but note that the true information content in all those gravity “products” as in Fig. 1.6 is
exactly the same.

Expressing gravity in a harmonic basis also allows filtering by wavelength. At the
shortest wavelengths, ` & 100, a strong lithosphere will be able to support surface topog-
raphy by flexure rather than isostasy, leading to large freeair gravity anomalies that are
well correlated with topography (§3.1.2). On longer than flexural wavelengths, isostatic
adjustment over geologic timescales will lead to small gravity anomalies and decorrela-
tion with topography, and for ` . 20, we expect mantle dynamics to matter (§5.4).

While any direct interpretation of gravity anomalies is highly dependent on a range
of assumptions, mid-wavelength freeair gravity (Fig. 1.6c) is sometimes used to identify
“anomalous”, that is uncompensated, topography. There are a number of features in this
map we will return to (§5.2), such as the W-E tilting of Arabia, indication of mantle sup-
port of the Atlas mountains of NE Africa, a marked depression in central Africa, and a
characteristic pattern of freeair highs and lows along subduction arcs.

1.3 Internal structure, temperature, and composition of Earth

The USSR landed a number of short-lived probes during the Venera program starting in
1970, but our geophysical analysis of Venus so far is based on topography, geopotential,
and inertial dynamics. However, given the more temperate climate, our enterprising alien
might be tempted to link appearances with internal qualities and deploy sensors on Earth.
Besides gravity, deep sounding estimates typically depend on electromagnetic or acoustic
wave propagation, with the deepest and most detailed imaging achieved by listening to
seismic waves using seismometers. Outside our planet, astronauts have deployed four
such instruments on the Moon (Toksöz et al., 1974; Nakamura, 1983), and a single sensor
has recently greatly advanced our knowledge of the interior of Mars (Lognonné et al., 2020;
Khan et al., 2021). What can our alien say based on seismic wave propagation?

1.3.1 1-D structure of Earth as seen from seismology

Seismic waves are vibrations of the Earth where mechanical and kinematic energy gets
transported away from a source, such as an earthquake or explosion, through an out-
wardly propagating wave front where material gets locally and transiently deformed.
While more complicated in practice, we can think of this seismic wave by considering a
raypath that is orthogonal to the wavefront. That raypath will find the fastest path be-
tween source and receiver. If velocity increases with depth in the planet, the ray will thus
not go straight from one side of the object to a recorder on the other side, but instead
dive downward first and then be bent upward. This refraction is governed by Snell’s law
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Figure 1.7: Layer averaged, 1-D
Earth models showing density, ρ,
compressional, vP , and shear wave,
vS , velocities from the long-period
PREM (Dziewoński and Anderson,
1981) and shorter-period AK135
(Kennett et al., 1995) seismic models,
and for the mantle only from a min-
eral physics prediction for pyrolite
(HeFESTo computation; Stixrude and
Lithgow-Bertelloni, 2011, 2022) and the
geotherm of Fig. 1.11. PREM layer
depths for 25 km (nominal crustal
thickness) and 220 km (not globally
observed), as well as actual major
phase transition depths of 410 and
660 km (670 in PREM) (Fig. 1.12) are
indicated; note log-scale for depth.

 25

 100

 220

 410

 660

 2890

 5150
 6371

 2  4  6  8  10  12  14

 2  4  6  8  10  12  14

crust

mantle

outer core

inner core

d
ep

th
 [

k
m

]

velocity [km/s]

density [g/cm3]

PREM vP
PREM vS

PREM ρ

AK135 vP
AK135 vS

AK135 ρ

pyrolite vP
pyrolite vS

pyrolite ρ

if velocities are layered, and differences in arrival time from a known source can be used
to infer velocity with depth. A wave may also be reflected at a sharp contrast, such as a
compositional layer, where the energy of transmission through an interface depends on
the impedance, the product of wave speed and density. This provides constraints on the
depth of the interface and the nature of the contrast.

Acoustic waves through air are of volumetric (bulk) compressional type, but in an
elastic solid, compressional, P , and shear, S, waves exist. If we think of them as propagat-
ing through a planet as rays, we call them two types of body waves. Their respective wave
speeds correspond to different types of solutions of the wave equation (§B.1) and depend
on different mechanical (elastic) properties and density as

vP =

√
K + 4

3µ

ρ
and vS =

√
µ

ρ
(1.24)

where µ, K, and ρ are the shear modulus, incompressibility (§3.1), and density, respec-
tively. Because K,µ > 0, → vP > vS , which means that the P wave arrives first, and
motivates the names of primary and secondary wave. The different wave types provide
complementary constraints about the subsurface, e.g. since K and µ have different depen-
dence on properties such as temperature and melt (§3.6.1). For wave propagation, vP is
like light-speed for remote detection, no information can arrive earlier than P . Earthquake
rupture propagation typically happens at . vS , but the related co-seismic deformation can
be transmitted remotely near-instantaneously by gravity signals traveling at light speed
(Vallée et al., 2017).

Based on their understanding of wave propagation, the analysis of refraction and re-
flection from a large amount of body wave records would then allow our alien to infer a
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1-D model of vP and vS for the Earth (e.g. AK135 in Fig. 1.7). For Earth, the interpreta-
tion of wave speeds in terms of solid and fluid structure has an interesting history (Brush,
1980). Wiechert (1897) proposed the existence of an iron core in a rocky shell, but the
discovery of the core can be attributed to Oldham (1906). The depth of the core-mantle
boundary (CMB) was placed at 2900 km depth by Gutenberg (1913). The CMB is one ex-
ample where the differences in K and µ dependence of wave speed, eq. (1.24), jumps out:
A fluid cannot sustain shear, and the absence of shear wave arrivals once bent raypaths
reach a certain depth in the deep Earth lead to the discovery of the fluid outer core, where
µ = 0→ vS = 0 (Oldham, 1906; Jeffreys, 1926). The inner core was discovered by Lehmann
(1936, paper title: “P”), and the general layers as seen in Fig. 1.7 established in the Earth
model by Bullen (1947). This is not to say that we fully understand the internal structure
and dynamics of the Earth even on large scales. For example, there are indications of
an anisotropically distinct innermost inner core, and such inner core heterogeneity core
remains to be fully linked to planetary evolution (Ishii and Dziewoński, 2002; Pham and
Tkalčić, Nature Comm.).

Properties on Fig. 1.7 are shown on a log-scale for depth since the most interesting
changes in velocities within the mantle happen in the upper ∼700 km, on which we focus
here. Figure 1.7 also shows the Preliminary Reference Earth Model (PREM; Dziewoński and
Anderson, 1981), which is mainly based on normal modes. Modes are global planetary os-
cillations which are excited by large earthquakes and can be described with spherical har-
monics, like quantum mechanical orbitals, as the vibrations at various natural frequencies,
eigenfunctions, combining to a range of possible oscillations. The surface displacements of
spheroidal oscillations look like the examples of Fig. 1.5, but there are also toroidal types
of oscillations, associated with twisting of the Earth. Higher frequency (larger `) normal
modes localize deformation at the planet’s surface, and their superpositions can also be
identified as surface waves.

As the name implies, those require a free surface to vibrate. The displacement types of
surface waves can be further divided into waves that oscillate in the horizontal, orthog-
onal to the propagation path (Love waves). Those require sphericity or a velocity increase
with depth to exist, and consist of horizontally polarized shear, SH waves and surface
underside reflections of those (multiples). Rayleigh waves oscillate in the vertical and are
a combination of P and SV waves and can exist on any free surface including a half-
space. Love waves propagate faster than Rayleigh waves in the uppermost mantle, i.e.
vSH > vSV , an example of the polarization-dependence of wave speeds, seismic anisotropy
(§5.6).

1.3.2 Pressure and mass within the Earth

Since wave speeds depend on elastic moduli and density, eq. (1.24), the 1-D models of
Fig. 1.7 provide further constraints for our alien’s assessments of Earth’s internal mass
distribution, and thus pressure conditions (Fig. 1.8). Whatever their density model, when
ρ is integrated from the core up to radius r to obtain the mass underneath

M(r) = 4π

∫ r

0
ρ(r)r2 dr and ME = M(RE) =

4π

3
R3
EρE , (1.25)

the total mass of the Earth, ME , needs to match the orbital constraints (§1.2). The mean
density of Earth, ρE = 〈ρ〉, for an equivalent sphere is ρE ≈ 5513 kg/m3. When plotted
against depth, M(r), yields the first curve in Fig. 1.8, which tells the alien that only ∼
1
3 of our planet’s total mass ME ≈ 5.972 · 1024 kg is within the core, even though its
iron-dominated composition has ∼ 3 times the density of mantle rocks which is 〈ρm〉 ≈
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Figure 1.8: Left: Density
ρ (mean density ρE) and
mass, in terms of total, ME ,
below a given depth, as a
function of depth. Density
jumps at phase transitions
are important for mantle
convection, and likely over-
estimated in case of the
670 km for PREM (cf. §9.11;
Shearer and Flanegan, 1999).
Right: gravitational accel-
eration relative to the sur-
face gE = 9.807 m/s2,
and pressure. All based
on integration of ρ(z) from
PREM (Dziewoński and An-
derson, 1981) as in Fig. 1.7,
cf. eq. (1.7) and eq. (1.25).
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4454 kg/m3. The mantle and crust contributeMm ≈ 4·1024 kg (67%) andMc ≈ 2.8·1022 kg
(0.5%), respectively. These numbers matter for the assessment of composition and origin
of the planet.

The gravitational acceleration due to the mass within an object is given by eq. (1.7).
Figure 1.8 shows that g(r) in the core roughly displays the linear increase that would be
expected from M ∝ r3. However, the reduced densities of the mantle lead to a∼ constant
g within the mantle, with a volume-averaged mean value of 〈gm〉 ≈ 10.007 m/s2, close
to the surface value. The alien can then also use eq. (1.3) to find the pressure conditions
throughout the Earth (Fig. 1.8). For the upper mantle, p increases by∼ 3.1 GPa per 100 km;
depths z in [km] can be converted to p in [GPa] and vice versa as

p ≈ −0.04809 + 0.03077z + 7.30972 · 10−6z2 or z ≈ 2.98129 + 31.698p− 0.15771p2.

which are rough approximations (e.g. Fig. 1.7; at the surface, p should be zero for z = 0).

1.3.3 Complexities in the 1-D model

Considering shallow seismic wave speeds (Fig. 1.7), our alien notices that there is a sharp
jump at ∼25 km. This is the assumed depth of a global crust-mantle interface for PREM,
the Moho, first inferred by Mohorovičić (1910) based on P -wave refraction from a single
earthquake. The Moho marks a compositional change, from the basaltic and granitic type
crust of oceanic and continental lithosphere, respectively, to the peridotitic, i.e. olivine
and pyroxene dominated, mantle. PREM also divides the crust between an upper and
lower part, whereas AK135 only has a single crustal layer of 18 km thickness. For the
lithosphere, such global averages mean little, as discussed next.

1.3.3.1 The lithosphere and its topography

Using detailed regional seismological constraints, one finds that oceanic crust is of roughly
constant thickness of ∼ 7 km (Fig. 1.9b). This indicates that the fractionation process at
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Figure 1.9: a) Bedrock-
equivalent topogra-
phy (Hirt and Rexer,
2015), eq. (1.26), up to
degree ` = 200, and
smoothed by a cos2

filter. b) Crustal thick-
ness from an update
of the CRUST1 model
(Laske et al., 2013) with
regional studies (from
Faccenna and Becker,
2020), filtered as for
b). c) Lithospheric
thickness model based
on seismic tomogra-
phy and the method
of Steinberger and
Becker (2018), their
mean model with an
attempt to remove
subduction zone ef-
fects (see Steinberger
and Becker, 2018).
Note that lithospheric
thickness estimates
are highly uncertain,
in particular close to
orogens.

mid oceanic ridges is overall sampling an underlying upper mantle of fairly constant
temperature (§7.2.3). There are, however, important local deviations, e.g. due to volcanic
pulses leading to oceanic plateaus, as well as regional or temporal fluctuations of upper
mantle temperature.

Within the continents, crustal thickness can be highly variable between ∼ 10 . . . 75 km
(Fig. 1.9b). Comparison of long-wavelength topography and crustal thickness estimates
from seismology (Figs. 1.9a and b) leads our observer to expect that Airy isostasy does,
in fact, broadly hold in continents. Particularly in continents, the depth of the lithosphere
(or “plates”) is hard to define (Fig. 1.9c) since, to first order, the lithosphere is a mechan-
ical layer. However, in oceanic lithosphere, the thermal, half-space cooling model can
explain much of the surface topography through Pratt-type density variations (§4.2.3.2).
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Figure 1.10: a) Relationship
between crustal thickness
(Fig. 1.9c) and rock equivalent
topography (eq. 1.26, Fig. 1.9a).
Bar whisker plots (min and
max as error bars, 25% and
75% quartiles as boxes) and
black line are for the median
at 2.5 and 5 km thickness bin
width, respectively, and the
blue line is a linear best-fit. The
f1,2 values, eq. (1.5), are for an
equivalent H ′ = −1.8 km and
ll = 100 km (ll = 97.5 km is
the mean of Fig. 1.9d). Dark
blue, dashed line corresponds
to f ′2 = −0.015 which better
matches the roughly linear
regions at lc ∼ 20 and ∼ 60 km.
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A process difference between oceanic and continental lithosphere is that, once continental
lithosphere is formed, it is then mainly floating at the surface because of compositional
effects. This is partially because of its thick crust, and partially because of melt depletion
of its mantle lithospheric part in particular for old, cratonic regions (§7.3). Some conti-
nental material gets recycled into the mantle, but continental lithosphere is typically not
subducted wholesale.

Partly as a consequence of such compositional heterogeneity, upon closer inspection,
isostatic balance is often not exactly true. Figure 1.10 shows a global scatter plot for crustal
thickness vrs. rock equivalent topography, zret. The latter removes water layers following
eq. (1.5)

zret = zbed +
ρw
ρc
∆W (1.26)

where zbed is the bedrock elevation, and ∆W the water layer thickness. Average values
for continental crust are around ρc = 2670 kg/m3 and ρw = 1030 kg/m3 (ocean), and
ρi = 917 kg/m3 for ice (Fig. 1.9a).

There is an overall, broadly linear, isostatic trend (Fig. 1.10), but there is also large
scatter, and potentially different tectonic domains with different scalings (Gvirtzman et al.,
2016; Ingalls et al., 2016). In particular, typical continental elevations of∼500 m correspond
to a wide range of crustal thicknesses, which motivates the exploration of the sources of
non-isostatic elevation. We can compute the deviation between actual topography and an
isostatic model topography, ziso; this difference here defines residual topography. As per
eq. (1.5), a change in crustal and lithospheric thickness, respectively, is expected to lead to
isostatic elevation changes according to

∆zc = fwf1∆lc or ∆zl = fwf2∆ll, (1.27)

and the best-fit values of Fig. 1.10 are f1 ≈ 0.12 . . . 0.17 and f2 ≈ −0.02. Those corre-
spond to plausible density values of, e.g., ρa = 3034 kg/m3 and ρl = 3095 kg/m3. This
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emphasizes that ∆lc has ∼ 10 times the effect of ∆ll, albeit with larger uncertainties for ll
(§5.2.1).

1.3.3.2 The asthenosphere

Below the Moho, the PREM model has another discontinuity at 220 km (Fig. 1.7), the
Lehmann discontinuity. This depth and property jump is mainly a somewhat arbitrary
choice of this particular model, and the velocity jump is not globally systematic. However,
1-D seismic velocities show a dip around ∼100. . . 300 km depth particularly underneath
oceanic plates, and regionally, there are sharp velocity contrasts at similar depths. Those
may in some way (e.g. thermally, by means of partial melt variations, or mechanically) be
associated with the transition between the lithosphere and the asthenosphere, sometimes
referred to as the lithosphere-asthenosphere boundary (LAB; Fischer et al., 2010).

As mechanical terms, the L and the A are associated with relatively strong and weak
parts of the mantle, deforming within mantle convection. Our alien might thus study fluid
dynamics and the deformation behavior of rocks in their laboratory by subjecting them to
different deformation rates and varying pressures and temperatures. Depending on their
patience, they might have to extrapolate their results over vast orders of magnitude since
Earth’s deformation is quite slow on experimental timescales. However, it is thought that
the strength contrast between the asthenosphere and lithosphere is mainly achieved by
temperature-dependent creep behavior of peridotitic mantle material (§3.8.6 and §4.2.3.2),
with some contributions from composition and volatile variations. We can then associate
the tectonic plates with the lithosphere, and the only compositionally distinct layer in
Fig. 1.3 would be the crust. Figure 1.9c shows one, seismology-based estimate of litho-
spheric thickness, based on the link between temperature and seismic velocity. However,
there are many uncertainties, and the thickness estimate depends on which constraints
are used to define the LAB (Rychert et al., 2020).

While the resistance of the mantle to flow in a slowly creeping, solid state fashion, its
viscosity, increases with depth, much of the mantle is relatively low viscosity compared to
the lithospheric plates, by several orders of magnitude (§5). We could thus associate the
asthenosphere with the rest of the mantle. However, the term is more commonly referring
to the depths of ∼ 100 to ∼300 km, where seismic velocity are actually slightly decreasing
with depth (see vS in Fig. 1.7 at ∼ 200 km), the low velocity zone of the upper mantle.

Most of seismic wave propagation happens elastically with tiny, reversible, elastic de-
formation of the rock through which the wave passes. However, dissipative processes
lead to a reduction of wave amplitudes with distance besides the purely geometric spread-
ing of energy. Such damping, or attenuation, of wave motion is frequency-dependent (it
increases with shorter periods), and also depends on depth and material properties (§3.6).
Attenuation estimates thus provide additional constraints on the subsurface state (e.g.
temperature, fluids, and melting), but this requires interpreting amplitudes rather than
travel times which is more complex as an inverse problem. That said, asthenospheric
depths are found to be highly attenuating. The origin of this and the decrease of velocities
with depth in the asthenosphere remains debated; it is probably not purely temperature
and pressure causing this change, but small fractions of partial melting and anelastic pro-
cesses close to the melting temperature likely contribute (Stixrude and Lithgow-Bertelloni,
2005; Takei, 2017).
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Figure 1.11: Adiabatic (i.e. con-
stant entropy, no heat exchange)
geotherm, accounting for latent
heat due to phase transitions
(Fig. 1.12), eq. (1.42), from Kat-
sura (2022) for dry pyrolite, com-
pared to seismology-based esti-
mates from Brown and Shankland
(1981), and pyrolite estimate as
used for Fig. 1.7 (Stixrude and
Lithgow-Bertelloni, 2011, 2022).
For the latter, potential tempe-
rature, i.e. the intersection of
the adiabat with the surface, is
chosen as 1377◦C. Also shown
is a nominal adiabatic gradient,
eq. (1.33), of 0.3◦/km.
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1.3.4 Thermal background state of the mantle

Our alien thus cannot understand seismic structure without also figuring out internal
temperatures. Below the low velocity zone from ∼ 200 km to the core-mantle bound-
ary, we are seeing a monotonous increase in both vP and vS . Why is not obvious from
eq. (1.24). Pressure increases with depth because of the overburden of overlying rock lay-
ers (Fig. 1.8), this squeezes mass into a tighter volume. Temperature also increases because
of this pressure effect by means of adiabatic compression (Expanded details 2), but as Fig. 1.7
shows, the effect of pressure overwhelms that of temperature, and density does increase
with depth in the mantle. Since velocities increase rather than decrease, this means that
the increase of the elastic parameters with depth due to pressure is even greater.

An adiabatic process, or isentropic process, is one where there is no exchange of heat
with the surrounding medium. The mantle adiabat describes the background increase of
temperature within the mantle with depth only due to the effects of pressure. Using ther-
modynamics, one can show that this gradient can be linked to seismological properties; it
works out to be ∼ 0.3◦C/km (Expanded details 2). This approach allows our alien to add
temperature to their Earth model (Fig. 1.11). The adiabatic gradient alone would predict
an increase of temperature throughout the mantle of ∼1000 K.

Dynamically, the 1-D average temperature within the mantle, the geotherm, is also ex-
pected to reflect the thermal boundary layers (TBLs) that arise due to mantle convection and
show much stronger temperature gradients, ≈ 13.5◦C/km for the top ∼100 km (§4.3.3).
In fact, lithospheric plates and their motions are part of the top, cold thermal boundary
dynamics of convection. Assuming an asthenospheric temperature of 1350◦C below the
plates (Table 1.1), using this as the TBL temperature difference, and assuming symmetry
between the top and bottom layers, adds ∼2700◦C to the adiabatic increase, so they ex-
pect a core-mantle-boundary temperature of ∼ 3700◦ C. Table 1.1 lists some additional
constraints on the mantle geotherm which are overall consistent with the high end of
our convective plus adiabatic estimates. For the mantle, the symmetry between top and
bottom TBL that purely bottom heated, isoviscous convection would produce is an over-
estimate and we expect the lower TBL to have a smaller temperature contrast because of
significant internal heating (§4.3.5.1 and §6.3)
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Table 1.1: Temperature constraints (modified from Jaupart et al., 2007) with median± one standard
deviation recomputed for Dalton et al. and Brown Krein et al. for the same ridge segments; (in
parentheses: only considering the median cluster for Brown Krein et al., 2021); cf. Fig. 1.11. For
half-space cooling, see §4.2.3.2, eq. (4.110).

boundary/region depth [km] T [◦ C] reference

asthenospheric (potential) temperature

half-space cooling (HSC) ∼ 5 1365±10 Carlson and Johnson (1994)
petrological 50 1314±36(12) Brown Krein et al. (2021)
petrological, vS , HSC ∼ 100 1383±40 Dalton et al. (2014)

phase transition anchor points (Fig. 1.12)

olivine-wadsleyite 410 1490±45 Katsura et al. (2004)
post-spinel 660 1600±50 Katsura et al. (2004)
post-perovskite 2884 3730±200 Hernlund et al. (2005)

Expanded details 2: Thermodynamics of the adiabatic mantle temperature gradient

The Maxwell equations of thermodynamics can be written for the change of the enthalpy, H , type of
energy, defined as internal energy, U , plus the product of pressure, P , and volume, V , H = U + pV .
We can write the change in temperature, T (always in units of K for thermodynamics) due to change in
pressure at constant entropy, S, as (

∂T

∂p

)
S

=

(
∂V

∂S

)
p

. (1.28)

With mass m = ρV , the total heat produced, ∆Q, relates to the change in temperature and entropy as

∆Q = mcp∆T = V ρcp∆T = T∆S (1.29)

for a reversible process, with heat capacity at constant pressure, cp, which is defined through the limit
case of the amount of heat ∆Q needed to raise temperature by ∆T at fixed pressure

cp = lim
∆T→0

(
∆Q

∆T

)
p

, (1.30)

where cp ∼ 1000 J/K/kg. The change in volume relates to change in temperature as

∆V = αV ∆T,

with thermal expansivity α, which links temperature and volume, or density, variations at constant pres-
sure as

α =
1

V

(
∂V

∂T

)
p

= −1

ρ

(
∂ρ

∂T

)
p

; dρ = ρα dT or d ln ρ = −α dT (1.31)

A typical value for the mantle is αm ≈ 2 · 10−5 K−1 (§3.6.1).
Plugging in those two relationships, we can rewrite eq. (1.28) for the increase of T with p as(

∂T

∂p

)
ad

=
αT

ρcp
. (1.32)

For a hydrostatic fluid, dp = ρg dz, such that the adiabatic gradient of temperature with depth is(
∂T

∂z

)
ad

=
αgT

cp
. (1.33)

DRAFT 23



1.3. INTERNAL STRUCTURE, TEMPERATURE, AND COMPOSITION OF EARTH

This change in temperature is purely due to compressibility, and gradients are of order 0.3 K/km in
much of the mantle, with values of ∼ 0.6 K/km in the shallowest depths (Fig. 1.11).

Assuming homogeneity, we can integrate eq. (1.33) from the surface, potential temperature, TP (0), to
a temperature at depth, T (z), and simplify (§C.1.2, §C.2.4)∫ T

TP

dT ′

T ′
=
αg

cp

∫ z

0

dz′ → lnT − lnTP =
αg

cp
z → T

TP
= exp

(
gα

cp
z

)
. (1.34)

Eq. (1.34) can be viewed as a way to correct some upper mantle temperature at depth, T , to its surface
value, Tp, due to an adiabatic upwelling, without exchange of heat, i.e. constant entropy. Figure 1.11
shows that the actual adiabatic temperature profile does not follow this exponential shape because ma-
terial parameters are depth dependent, and phase transitions add additional complexity.

Eq. (1.33) is a combination of thermodynamic parameters and g, but we can further link the gradient
to seismic parameters to build a planetary model. The Grüneisen parameter, γ, relates changes in volume
to the properties of the crystal lattice, and can be written as

γ =
αKS

ρcp
=
KS
ρcp
α

, (1.35)

where KS is the bulk modulus, or incompressibility (cf. eq. 3.6), denoted by subscript S for constant
entropy,

KS = ρ

(
∂P

∂ρ

)
S

= V

(
∂p

∂V

)
S

. (1.36)

The γ parameter is thus a non-dimensional incompressibility, and γ ≈ 1 . . . 1.1 throughout the mantle.
We can then rewrite eq. (1.32) as (

∂T

∂P

)
ad

=
γT

KS
(1.37)

or eq. (1.33) as (
∂T

∂z

)
ad

=
γgT

φ

where φ is the seismic parameter

φ = v2B =
Ks

ρ
= v2P −

4

3
v2S (1.38)

with the bulk sound velocity, vB , cf. eq. (1.24) (§3.6.1). These relationships provide the desired link be-
tween seismic constraints (Fig. 1.7) and thermal properties, and can be used to integrate temperature
down the adiabat. The Grüneisen parameter is often assumed to be ∼ constant within the mantle
(Fig. 1.11), and also arises in Birch’s (1952) Adams-Williamson equation of state which states that

1

ρ

dρ

dz
= − αg

cpγ
. (1.39)

If we plug the definition of Ks into eq. (1.37), we can also relate temperature and density change as

dT

T
= γ

dρ

ρ

or, after integration of both sides,

T = T0

(
ρ

ρ0

)γ
,

where subscript zero refers to the values at zero pressure.
One can also define an Anderson-Grüneisen parameter, γT , based on the change of expansivity as a

function of volume change
α

α0
=

(
V

V0

)γT
, (1.40)

where γT has been suggested to be ∼ 5 (e.g. discussion in Katsura et al., 2004), but also see Fig. 1.11.

1.3.5 Composition and mantle phase transitions

Given their knowledge of thermodynamics and seismic constraints, our alien has thus
assembled a density, pressure, and temperature model of our planet. What is Earth made
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out of, though, i.e. which compositions fit the isostatic topography variations, as well as
the bulk mass and the depth-dependence as seen in their reference model?

They could drill, but that is tough (since T and p increase significantly with depth), and
none of our deep drilling efforts has penetrated the Moho yet. They could also conduct
experiments using different compositions, but what speeds up the search is the consider-
ation of comparable objects. For Earth, we consider two types of meteorites as represen-
tative. In very broad strokes, iron type meteorites for the core, which is made out of iron
and some lighter element (Li and Fei, 2005; Hirose et al., 2013, sulfur, carbon, oxygen, and
hydrogen have been suggested), and silicic type meteorites (carbonaceous chondrites) to
define the bulk silicate Earth (BSE; McDonough and Sun, 1995; Palme and O’Neill, 2005, §6.6).

Overall, mantle composition is like a peridotite rock. From the BSE, convection has ex-
tracted the oceanic and continental crust (§6.6), leaving a relatively depleted upper man-
tle component sampled by spreading centers, a mid ocean ridge basalt (MORB) reservoir.
From dredged samples, one can estimate the depleted mid-ocean-ridge mantle (DMM; Work-
man and Hart, 2005), and estimate a hypothetical pyrolite material to match DMM, e.g. by
mixing a fraction fb of basalt produced with the (1− fp) fraction of depleted harzburgite
residuum, fb ≈ 0.2 (Xu et al., 2008). Such fb values are broadly consistent with seafloor
creation rates and operation of plate tectonics over &3 Gyr (Phipps-Morgan and Morgan,
1999).

Figure 1.7 compares thermodynamic estimates for pyrolite with the seismic models;
there is overall a good fit, within uncertainties (Cammarano et al., 2005). However, turned
around, seismic models do not provide sufficient constraints to resolve some of the more
subtle questions, e.g. as to the degree of compositional variations from a mean bulk com-
position (Mattern et al., 2005; Stixrude and Lithgow-Bertelloni, 2012). There is also significant
uncertainty about BSE composition itself. All of this means that we have a good overall
understanding of the rocky mantle composition, and what happens when fractionation
modifies it. Yet, questions such as to the degree of internal heating in the lower man-
tle, and the degree to which compositional anomalies matter for mid mantle convection,
remain open.

With these caveats in mind, we can return to the sharp increases in velocities and den-
sity seen in the transition zone (Fig. 1.7), typically defined to be below the asthenosphere,
& 300 km and . 700 km. In between, PREM identifies jumps at 410 km and 670 km, where
the lower boundary is closer to 660 km according to more modern estimates. Those jumps
are, to first order, not related to any compositional change, but rather a transition of the
same, pyrolitic material to closer packing due to phase transitions (Fig. 1.12). The pressure
at which a phase transition occurs (and hence the depth) depends on the temperature via
the Clapeyron slope

Γ =
dp

dT transition
(1.41)

which can be negative or positive for what are often termed endothermic and exothermic
reactions because the latent heat required or gained by the phase transition is given by

∆Tlat =
T∆V Γ

cp
, (1.42)

where ∆V is the volume change associated with the transition. Our alien can use labo-
ratory experiments to explore if their compositional model shows the right kind of phase
transitions at the correct pressures and temperatures.

For olivine which controls the major seismic discontinuities (Fig. 1.12), one can esti-
mate ∆V = −2.09 · 10−6 m3 and Γ = 3.7 MPa/K for the olivine-wadsleyite transition (at

DRAFT 25



1.4. PLATE MOTIONS AT PRESENT AND IN THE PAST

0

10

20

30

40

50

60

70

80

90

100

p
ro

p
o

rt
io

n
 [

%
]

0 250 500 750 1000 1250 1500 1750 2000 2250 2500 2750

depth [km]

pyrolite

ol
iv

in
e

w
ad

sl
ey

it
e

ri
n

gw
oo

di
te

po
st

p
er

ov
sk

it
e

ga
rn

et

bridgmanite

ferropericlase

calcium perovskite

cp
x

op
x

plagioclase

spinel

orthopyroxene

HP clinopyroxene

clinopyroxene

garnet

calcium perovskite

olivine

wadsleyite

ringwoodite

bridgmanite

post−perovskite

ferropericlase

Figure 1.12: Phase proportions and density for a pyrolite mantle composition along the adiabat
of Fig. 1.11 based on HeFESTo (Stixrude and Lithgow-Bertelloni, 2011, 2022) with major phases la-
beled. Dashed vertical lines indicate nominal 410 and 660 km major upper mantle phase transition
depths (cf. Fig. 1.7); the wadsleyite→ ringwoodite transition at 520 km has a more subtle seismic
signature. Cpx = clinopyroxene (∼ clinoenstatite, depending on composition), opx = orthopy-
roxene (∼ enstatite). Old names: wadsleyite = β-spinel, ringwoodite = γ-spinel, ferropericlase =
magnesiowüstite, bridgmanite = perovskite. See Fig. A.2 for harzburgite and basalt.

410 km), which gives ∆T410 ≈ 60 K. Further transition to ringwoodite (at ∼ 520 km, but
more smeared out), happens at ∆V = −0.86 ·10−6 m3 and Γ = 6.9 MPa/K which leads to
∆T520 ≈ 43 K. For the post-spinel transition from ringwoodite to bridgmanite at 660 km,
∆V = −3.02 · 10−6 m3 and Γ & −2 MPa/K, such that ∆T ≈ −34 K (Katsura et al., 2004).

The effect of latent heat on the adiabat should thus be noticeable at upper mantle
scales (Fig. 1.11), but those temperature differences do not drive any convective anoma-
lies, as they are laterally constant. Phase transitions are, however, important as anchor
points for determining the geotherm. They could identify the depth of the transitions
from seismology (Fig. 1.7), and then associate those depths with the temperature at which
those transitions happen (Table 1.1). The silicate-perovskite bridgmanite transforms to
post-perovskite at depths close to the deepest mantle discontinuity, D”, above the core
mantle boundary (Fig. 1.12), providing additional constraints on heat flow from the core
and deep mantle dynamics.

Dynamically, phase transitions are relevant for mantle convection as well as regional
and possibly global tectonics because they serve to either enhance of impede convective
motions, by means of deflecting boundaries and their density contrasts depending on Γ
for lateral temperature variations from the background (§4.4.2), such as within sinking
slabs (§9.4).

1.4 Plate motions at present and in the past

We have seen that many of the structural observations for Earth do not make much sense
without a theory that explains internal mixing of the mantle as well as the horizontal
tectonics reflected in surface topography. One observation from the outline of continental
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Figure 1.13: Global plate motions (MORVEL56; Argus et al., 2011) in the spreading-aligned refer-
ence frame (cf. Fig. 1.19) and seismicity from Engdahl et al.’s (1998) catalog, with color indicating
earthquake depth.

shelves (Fig. 1.1a) is that some of the coastlines, e.g. between North America and Europe,
and South America and Africa, look like a good match, as if they had once been assembled
earlier in one larger landmass.

This match was noted by Ortelius (1596) in his map compilation, and later linked to the
existence of the same plant fossils on now distant continents (Snider-Pellegrini, 1858). Such
links between now separated continents then led Suess (1885) to suggest a connected land-
mass which he called Gondwanalanda, and the dispersal of continents from the mega-
assembly of Pangea (or Pangaea) is, of course, the main story within Wegener’s (1912) the-
ory of continental drift. Wegener successfully integrated a range of observations about the
match between geological units, the record of paleo climates, fossils, and the match of
landforms. Unlike earlier frameworks, e.g., the contracting Earth theory developed by
the influential, North American geologist James Dwight Dana in the 19th century, conti-
nental drift had something to say about horizontal motions and a wide range of tectonic
processes.

As a cause for the motions of continental drift, Wegener initially considered a range of
forces for plowing continents (“sial”) through the oceanic crust (“sima”) (Wegener, 1915),
including tidal forcing due to the Moon, and polflucht, a pull toward the equator by the
Eötvös force which arises due to centrifugal forces and the gravitational potential of a
flatted Earth. These forces are real, but too tiny to drive motions as was argued, for exam-
ple, by Jeffreys’s (1924) impactful quantitative analysis and defense of a contracting Earth
theory. The absence of a sufficiently large forcing mechanism that would fit the general
understanding of material behavior to move continents explains why Wegener did not
see his drift hypothesis accepted before his death in 1930.

It was only in the last, 4th edition of his book where Wegener (1929) also mentions
convection of the sima as a possible mechanism but cautions that there are concerns that
viscosity was too high for creeping flow. For the convection idea, he references Kirsch
(1928) who discussed the earlier work by Holmes who identified the right mechanism:
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Figure 1.14: First map of the Atlantic seafloor from 1949 (Tharp, 1999), published in Heezen et al.
(1959).

mantle convection driven by radiogenic heating of the mantle. After establishing an ab-
solute timescale of the age of Earth based on radioactive decay (Holmes, 1913), Holmes
explored the implications of radioactivity in a series of papers, with the link between con-
vection and tectonics most completely spelled out in Holmes (1931). The convection idea
was then expanded upon by Pekeris (1935) and Hales (1936), and it also features in du Toit’s
(1937) book promoting the idea of Wandering Continents, where Du Toit had earlier made
major contribution on the interpretation of geological evidence for continental drift, refin-
ing Wegener’s reconstructions and analysis.

Yet, it still took more than 30 years to arrive at the theory of plate tectonics, subsuming
continental drift as part of plate motions. Runcorn (1962) revisited some of the arguments
and suggested that mantle convection was the driving force of continental drift, with no
mention of the 1930s studies. Unlike Holmes (1931), Runcorn (1963) also used analysis of
the geoid to infer that spreading centers are not caused by active upwellings, which we
noted above.

Why continental drift was originally rejected (Oreskes, 1999), and how the theory of
plate tectonics was established makes for a fascinating story of a controversial but even-
tually successful scientific revolution (Oreskes and LeGrand, 2001) which we cannot fully
recount. One advance arose from detailed mapping of the seafloor which increased af-
ter World War II, and led to refined maps of bathymetry, originally revealing some of the
features shown on Fig. 1.1a.

Starting from maps generated in 1949, Marie Tharpe was the first to identify mid At-
lantic rift valleys and suggest that they are extensional features where oceans are spread-
ing apart (Fig. 1.14) but her adviser, Heezen, was an adherent of another competing the-
ory, the expanding Earth explanation (Carey, 1975). The correct interpretation of bathy-
metric features is usually attributed to Dietz (1961) and Hess (1962), who suggested that
oceanic crust did indeed diverge in spreading centers, and was subsumed in subduc-
tion zones. Bullard et al. (1965) further advanced kinematic analysis by using numerical
methods to best-fit continental outlines around the Atlantic, refining Wegener’s (1922) re-
constructions.

Another advance was the increase in seismological instrumentation that was partially
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Figure 1.15: Paleomagnetic pole positions over
time for North America, 1: Upper Tertiary, 2:
Cretaceous, 4. Permian, 5. Carboniferous, 6.
Silurian, 7: Cambrian (Fig. A.1), with approxi-
mate APW path as solid line, and European re-
sults plotted with thinner line. Pole 8 and 9 are
from Tasmanian and the Deccan traps, respec-
tively (from Irving, 1956).

motivated by nuclear test detection in the 50s. Such advances in planetary monitoring
clarified the global distribution of earthquakes and lead to refined seismicity maps such as
Fig. 1.13. It is clear that earthquakes are not uniformly distributed, and might be expected
for a homogeneously contracting Earth. Instead, seismically imaged deformation falls
within relatively narrow zones which we now identify as plate boundaries. Moreover, as
was already noted by Wadati (1935) and Benioff (1949), earthquakes deeper than∼ 100 km
are even more geographically limited, and only found in the places where oceanic plates
subduct. Such seismicity data, as well as to the style of earthquake faulting (§2.7.3), was
integrated into a modern, earthquake-source centric understanding of plate tectonics by
Isacks et al. (1968).

1.4.1 Seafloor spreading and seafloor age

However, the earliest piece of geophysical evidence for continental drive and the major
advance to establish plate tectonics were magnetic methods. Our alien’s space probes
would have measured Earth’s magnetic field and determined that it looks mainly dipo-
lar from the outside, as if there were a bar magnet in the inside (Gilbert, 1600). How-
ever, based on their understanding of physics, they would have inferred that static, rem-
nant magnetization could not be the actual cause, for one because the regular structure at
atomic level needed for this gets destroyed once temperatures are higher than the Curie
temperature, ∼ 600◦C, and the interior of our planet is much hotter than that (Fig. 1.11).

Based on their experiments and knowledge about the interior, they would have in-
ferred that the magnetic field must be generated by convection in the outer, liquid iron
core (Larmor, 1919). Turned around, the existence of magnetic fields can tell us about
planetary structure and evolution through the dynamo’s geometrical and energetic re-
quirements. Given the nature of turbulent outer core convection, magnetic fields there
are spatially complex and changing across many timescales. Based on what we know
from numerical models, the magnetic field complexity is, however, mainly confined to
the core, and fields are predominantly dipolar in the exterior, particularly when averaged
over 1000s of years (Roberts and King, 2013; Wicht and Sanchez, 2019). The organizing ef-
fects of rotation on a vigorously convecting fluid moreover likely assures that the dipolar
component of thise geodynamo is aligned with the rotation axis (Expanded details 3 and
11).
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One dramatic feature of the geodynamo is that the polarity of the dipolar field re-
verses at irregular, chaotic time intervals (Matuyama, 1929), with reversal periods of or-
der ∼0.5 Myr (Fig. A.1; Expanded details 3). Together with radiometric dating, paleo-
magnetic anomalies, when rocks cool below the Curie temperature and freeze in a field
different in orientation or strength from present-day, can thus be used to establish a geo-
logical timescale for the Cenozoic (Larson and Hilde, 1975; LaBrecque et al., 1977). Moreover,
considering the orientation of the frozen, paleomagnetic, field in a sample allows inferring
the location with respect to a magnetic pole at time of freezing from the declination and
inclination angles of anomalous magnetism. If the magnetic pole remains aligned with the
rotation axis when chaotic field changes are averaged over short-term (. 1000 yr) fluctu-
ations, the spin axis can serve as a reference. This geocentric axial dipole hypothesis (GAD)
(Hospers, 1954; Opdyke and Henry, 1969) is thus fundamental for paleomagnetism.

Irving (1956) compiled estimates of the magnetic pole location over time for different
continents (Fig. 1.15), and showed that the respective paleo-latitudes were consistent with
paleo climate signatures. This means that the continents likely moved with respect to
the magnetic and rotation pole, apparent polar wander (APW), rather than the other way
around, TPW. He also noted that paths were different for different continents, and could
be made to match better if “relative movement of the continents in the past has occurred”
(Irving, 1956).

Irving’s paper originated from graduate work at Cambridge where he had earlier
worked with Runcorn as an undergrad, but Irving’s thesis was not accepted by the Ph.D.
examiners. Runcorn had earlier been skeptical of moving continents but converted to a
continental drift view in the 1956 when he also suggested that the APW paths for North
America and Europe could be made to align if the continents moved with respect to each
other (Runcorn, 1956). Those two studies provided the first geophysical evidence in sup-
port of Wegener’s continental drift, yet were largely ignored for decades.

The other major discovery based on magnetism that transformed the acceptance of
drift, and led the way to the more general, plate tectonic framework, was the discov-
ery of magnetic anomalies within the oceanic basins. These patterns were found to be
symmetric with respect to the mid-oceanic topographic ridges, again enabled partially by
better magnetometers for the detection of submarines after WW-II. Independently, Vine
and Matthews (1963) and Morley and Larochelle (1964) put the pieces together and identified
these symmetric anomalies as falling on each side of what are oceanic spreading centers.
The anomalies are created by magnetization following the current magnetic field during
cooling below the Curie temperature of the crust during seafloor production. Depending
on the field polarity over time, this remnant magnetization is then superimposed on the
current field. Back in time, this can record magnetic field anomalies overs 10s of Myr
like the magnetic tapes of yore, and that the timing based on magnetic anomalies actu-
ally corresponds to rock ages was later confirmed by dating of basaltic samples from the
ocean floor. This seafloor spreading hypothesis convinced all but the stubborn few that the
continents had actually separated in the Cenozoic, forming new ocean floor.

Figure 1.16 shows seafloor age as inferred from magnetic anomalies. From the dis-
tributions of ages across the spreading centers within the Pacific and Atlantic basins, for
example, it is clear that the East Pacific Rise has been producing new seafloor at higher
rates than the mid Atlantic ridge over the last ∼ 10s of Myr (since velocity is distance per
time, and the distance from the spreading center to reach constant age is larger for the
Pacific). The rate of spreading, vs, follows from the gradient of seafloor age,∇τ , and the
radius of Earth, RE , as

vs =
RE
|∇τ |
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Figure 1.16: Seafloor age estimated from magnetic anomalies (Seton et al., 2020). Colorscale is
clipped, the actual maximum age is inferred to 340 Ma in a small region in the Mediterranean.
Median and mean ages are≈ 55 and≈ 64 Myr, respectively, and resolution limited by the magnetic
reversal timescale (Fig. A.1).

not just at current spreading centers with τ ≈ 0, but everywhere, meaning that Fig. 1.16
carries a record of spreading rate fluctuations and hence plate reorganizations back to ∼
140 Ma (Conrad and Lithgow-Bertelloni, 2006). By comparison with bathymetry (Fig. 1.1a),
it is then also confirmed that faster spreading is associated with smoother topography
of the spreading center, such that the term mid-oceanic “ridge”, which implies a typical
rift-graben structure, really only applies to slower spreading centers (§7.2).

Expanded details 3: Rikitake dynamo, magnetic field creation, and chaos

a) b)

Figure 1.17: a) Conversion of mechanical energy from spinning a metal disk at angular velocity Ω into
magnetic field, B, energy by means of driving electric currents, q, via Lorenz forces, eq. (1.43), and
amplifying any existing, co-axial field through the blue coil current via Ampère’s law, eq. (1.44), i.e.
homopolar dynamo action. b) Two-disk, coupled dynamo (Rikitake, 1958).
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Simple conceptual models can give us a feeling for how convection in the electrically conductive,
liquid outer core generates the Earth’s magnetic field. Consider a metal disk that is driven at angular
velocity Ω (Fig. 1.17a) as an analog for helical outer core convection currents organized by the rotation
of the Earth (Expanded details 11). If there is an initial magnetic field that is aligned with the spin axis,
Bi (units: T, Tesla = NsC−1m−1), then the electrons in the disk with charge q (units: C, Coulomb) will
experience a Lorenz force of

FL = qv ×Bi, (1.43)

which by means of the three finger rule for the cross-product (§C.3.3) drives the electrons outward
from the axis to the edges of the disk, establishing a current through the blue wire which is meant
to have sliding contacts to remain fixed in space while the disk is spinning. Because there is now this
counterclockwise current of strength I (units: A, Ampère, equivalent to 6.241, 509, 074·1018 electrons/s,
as it turns out) in the loop (Fig. 1.17a), this current induces itself a magnetic field by Ampère’s law∫

around the loop

Bq dl = 2πRBq = µ0I, (1.44)

where R is the radius of the loop, Bq = |Bq|, and µ0 the magnetic permeability of free space,

µ0 = 4π · 10−7 N/A2. (1.45)

The I-induced Bq points up (due to the current aligning with the right hand rule as if B were a spin
vector), thus parallel to Bi, and hence reinforces the original field, allowing for homopolar dynamo action.
Importantly, the dynamo also works if Bi is aligned in the opposite direction originally (check!). For
actual core convection, vorticity of fluid flow plays a role akin to the spinning disk but field lines also
get folded, including by the so-called α and ω effects (Roberts and King, 2013).

Rikitake (1958) took it one step further and analyzed the equations for an anti-symmetrically con-
nected set of two disks (Fig. 1.17b), for which the governing equations are

L1
dI1
dt

+R1I1 = Ω1MI2; L2
dI2
dt

+R2I2 = Ω2NI1

C1
dΩ1

dt
= G1 −MI1I2; C2

dΩ2

dt
= G2 −NI1I2,

where L and R are the self-inductance (units: H, Henry = Weber/Ampere, where a Weber, Wb, flux has
units of Volt·s, Wb = Vs = NmA−1; 1 Wb/m2 = 1 T) and resistance (units: Ohm, Ω = kgm2s−3A−2) of
the coils, and C and G the moment of inertia and disk driving forces, respectively. 2πM and 2πN are
the mutual inductance between coil II and I, and vice versa. If we assume symmetry with L = L1 = L2,
R = R1 = R2, M = N , C = C1 = C2 and G = G1 = G2 and introduce non-dimensional variables for
system state and time

x = {x, y, z}, with x =

√
M

G
I1, y =

√
M

G
I2, z = fΩ1, and t′ =

√
GM

CL
t, with f =

√
CM

GL
,

we have two parameters left, a and m, with

a = f(Ω1 −Ω2) and m = R

√
C

LMG
> 0.

The problem is then fully described by a 3-D set of nonlinear, coupled ordinary differential equations
(ODEs) with ẋ = f(x, t) = {fx, fy, fz} or

dx

dt′
= f(x, t), and fx =

dx

dt′
= −mx+ yz, fy =

dy

dt′
= −my + (z − a)x, fz =

dz

dt′
= 1− xy. (1.46)

Depending on a andm, eq. (1.46) produces a range of solutions, including stable oscillations (Fig. 1.18a),
and more interesting behavior including metastability, switching between different periodic orbits, and
folding over in phase space during the period-doubling road to chaos (Feigenbaum, 1978) for small changes
in parameters, here m (Fig. 1.18b).

Figure 1.18a shows the equivalent coil I field against time for a low-Ω1 fluctuating solution (orange)
that is irregular, but strictly periodically repeating, and in one of the interesting high Ω1 regime (blue).
There are temporal fluctuations throughout, but for extended periods of time, x > 0 or x < 0, which
means that the B field’s polarity will flip in irregular time intervals. In this simple analogy, this would
be akin to the actual geodynamo reversing its polarity. Figure 1.18b shows x(t) in 3-D; the fluctuations
without crossing x = 0 correspond to tracing near-periodic orbits in the left or right “wing” of the blue

32 DRAFT



1.4. PLATE MOTIONS AT PRESENT AND IN THE PAST

attractor, and the jump, akin to a field reversal, between the two wings happens at irregular times. The
system is predictable, in principle, but has sensitive dependence on initial conditions, a hallmark of
deterministic chaos, the butterfly effect (Lorenz, 1963). Chaos in this context means a system with positive
Lyapunov exponent, λ, which governs how two states, x1 and x2, that are initially separated by some
distance r0 = |x1 − x2| in phase space evolve over time,

r(t) ∝ ro exp(λt). (1.47)

It is the period doubling folding behavior of periodic orbits (red and orange in Fig. 1.18b), and the 2.5. . . 3
dimensionality of strange attractors that requires 3-D phase space, and hence 3-D ODEs, and together
with the nonlinearity of eq. (1.46) allows for chaotic behavior.

While the Rikitake system is fun and instructive, it does have little to do with actual geodynamo
action in the core, aspects of which are further discussed in Expanded details 11. Fully self-exciting,
consistent dynamo computations were first realized in the 90ies (Kageyama et al., 1995; Glatzmaiers and
Roberts, 1995; Kuang and Bloxham, 1997). Computations have since improved in realism, although the
core’s true parameter space remains out of reach, posing fundamental challenges in the interpretation
of models and their dependency on boundary conditions (Roberts and King, 2013; Wicht and Sanchez,
2019). It remains debated, for example, to what degree spatially variable CMB heat flux imposed by the
mantle is able to affect field generation, and so possibly leads to deviations from the rotationally aligned
dipole field (Olson, 2016).
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Figure 1.18: Solutions of the Rikitake (1958), double-disk dynamo (Fig. 1.17b). a) Non-dimensional cur-
rent x (equivalent to the field induced by coil I) against time, t′, and b) all state variables {x, y, z} = x in
phase space, i.e. at each instance, x(t) is represented by a point. Orange (also shown in a), red, and dark
red are strictly period, period-4, and chaotic orbits for a = 0.1 andm = 0.4, 0.426, and 0.44, respectively,
as examples for period-doubling. In blue is a high Ω1 solution for a = 10 and m = 2. The blue object in
b) is a strange attractor that captures the deterministically chaotic behavior seen in a). It attracts any initial
x0 to spend time on it eventually, and never leave. It is strange because the shape has fractal properties,
and is somewhere between 2 and 3-D. To obtain the solutions, the set of eq. (1.46) is solved numerically.
A standard approach is to use Runge-Kutta with step size control (Press et al., 1993, sec. 16.1), and a
range of more sophisticated implementations are found in MATLAB, or in python/SciPy (e.g. Rossant,
2018, chap. 12.3), for example.

1.4.2 Current plate motions

With evidence for continental drift from paleomag, seismicity locations and earthquake
deformation styles, improved bathymetry, and the interpretation of seafloor magnetic
anomalies in place, the kinematic theory of plate tectonics was ready to be established
in a few short years. Wilson (1965a) identified transform faults as important kinematic
constraints for plate motions, and McKenzie and Parker (1967), Morgan (1968), and Le Pi-
chon (1968) developed plate motion models, and with it the rules of plate tectonics, which
are still used to construct modern plate motion models (Fig. 1.19). Those say that the
Earth’s surface is subdivided into plates which are moving rigidly according to Euler
poles (§2.2), that area is conserved, and that all deformation is focused in infinitely nar-
row plate boundaries. The distribution of shallow seismicity in Fig. 1.13 already shows
that this is a questionable assumption in some continental regions, but most oceanic litho-
sphere can be classified as such fairly reasonably.

Once plate boundaries are defined, e.g. from seismicity, in a somewhat arbitrary pro-
cess, Euler vectors can be determined by combining constraints from magnetic anomalies
and APW paths for rates, as well as transform faults and earthquake slip vectors for direc-
tions. Such long-term models are appropriate for average motions over the last ∼ 3 Myr
(Minster and Jordan, 1978; DeMets et al., 1990), and for modern models, geodetic constraints
can also be used for relative motions (Argus et al., 2011). Space-geodesy based relative
velocities determined over decadal scales generally match geological rates (Dixon, 1991;
Gordon, 1995) which is one of the more recent amazing findings. Deviations between short
and long-term crustal velocities are mainly due to intraplate deformation and the seismic-
cycle (§2.4), but there are also some suggestions for slight changes in plate motions over
the last few Myr (Calais et al., 2003; Iaffaldano and Bunge, 2015).

Figure 1.19 shows the velocities of a modern plate tectonic model for geologically re-
cent times, the present-day. The background shading of velocity amplitudes makes the
rigid rotation around Euler poles apparent (§2.2). Any direct geophysical or geological
constraints on plate velocities are relative, meaning that one always has to specify the ref-
erence frame in which velocities are shown. For tectonic problems, it is often useful to
hold one plate fixed and consider relative motions, e.g. across plate boundaries to under-
stand partitioning into long-term fault slip.

However, on global scales, it is not clear which plate that should be, which is why
several absolute plate motion (APM) reference frames are in use. Around the time of the
establishment of plate tectonics, it was suggested that ocean island basalts, generated in
hotspot volcanoes away from plate boundaries such as Hawaii and Iceland, are caused by
hot mantle plumes from the deep mantle, and that those plumes are relatively station-
ary (§6; Wilson, 1963; Morgan, 1971). This assumption allows constructing an APM model
using a hotspot reference frame (§6.4), but other choices for APMs are possible. For a given
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Figure 1.19: a) Current plate motions for the 56 plates of MORVEL56 (Argus et al., 2011), see Fig. A.5
for the geometry and plate names. a) Velocities (gray vectors) in the spreading-aligned reference
frame (Fig. 1.20). Background shading is magnitude, and legend denotes the mean velocity. b) As
in a), but in a no-net-rotation (NNR) reference frame (i.e. the ` = 1 toroidal component, §C.6.2.1, is
set to zero). c) Poloidal velocities (sources and sinks only, no spin), background shows the poloidal
potential, V , eq. (C.45). d) Toroidal velocities (no sources, only spin/strike-slip) for ` > 1 (no net
rotation, §5.6.2), background is the toroidal potential, W , eq. (C.45). See Fig. 1.21 for power spectra,
and Fig. A.6 for speed statistics.

relative motion model, those APM choices can be uniquely distinguished by their amount
of wholesale motions of the entire lithosphere, net rotations, which would be, e.g., with re-
spect to a mean mantle fixed reference. The model shown in Fig. 1.19a minimizes the
misfit between relative spreading and absolute plate motions, and is broadly consistent
with a range of constraints including hotspots (Fig. 1.20). As a result, the Antarctic plate is
relatively stationary. The net rotation component of this reference frame is a typical west-
ward spin, roughly aligned with the Pacific plate motion, as can be seen by comparison
with the no net rotation APM of Fig. 1.19b and Fig. 1.20.

APM choices are important when features such as trench motions are considered, for
example (§9.10.1). However, one robust inference is that oceanic plates move significantly
faster than continental ones, regardless of reference frame (Fig. 1.19). More specifically, it
is those plates that have significant subduction zone boundaries attached that move faster,
and this is one major indication that the pull due to sinking slabs is the most important
plate driving force (Forsyth and Uyeda, 1975, exercise 7).

There are other interesting features in plate kinematics. For example, we can decom-
pose the horizontal velocities into those that correspond to sources and sinks only, and no
spin, the poloidal velocity field, vp (Fig. 1.19c), and one which is purely of strike-slip and
spin type, and has no sources or sinks, the toroidal velocities, vt (Fig. 1.19d). Mathemati-
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Figure 1.20: Net rotation (NR) component of different absolute plate motion (APM) models. a)
NR Euler pole location and amplitude, some with uncertainty estimates, for different APM mod-
els. B06: geodynamic model (Becker, 2006); MM07(-M): (moving) hotspot reference frame based
on the Morgan and Phipps-Morgan (2007) catalog. SL2013SVA and SKS-5: anisotropy match based
on the surface wave model of Schaeffer and Lebedev (2013) (Fig. 5.19) and a smoothed SKS split-
ting compilation (Fig. 5.18); APM spreading direction alignment; ON05: Indo-Australian hotspot
model (O’Neill et al., 2005); HS3: Pacific hotspot model (Gripp and Gordon, 2002), modified from
Becker et al. (2015). b) Velocity amplitude contours at 1 cm/yr interval for the net rotation com-
ponent of three of the models from a) with the sense and amplitude of motion at the maximum
latitude shown as vectors.

cally, these conditions can be expressed as zero curl and zero divergence

∇× vp = 0 and ∇ · vt = 0, (1.48)

respectively (§C.6.2.1). The poloidal field with mean velocity of 〈|vp|〉 ≈ 3.3 cm/yr high-
lights the generation of seafloor in the spreading centers and consumption in subduction
zones, by construction. This horizontal motion component is associated with bringing
up hot asthenosphere to cool, and recycling the cold boundary layer back into the man-
tle. The toroidal field, in contrast, has no such heat transport function, yet it is a signifi-
cant component of plate tectonics, with global mean 〈|vt|〉 ≈ 1.8 cm/yr, i.e. ≈55% of the
poloidal velocities.

Expressing velocities in vector spherical harmonics (§C.6.2.1) allows us to analyze
their wavelength dependent contribution to these RMS velocity values (Fig. 1.21). Both
poloidal and toroidal velocity spectra are dominated by the longest wavelengths, with
undulations between ` = 4 . . . 9 corresponding to the signature of large plates like the
Pacific (Fig. A.6). The velocity spectra can be well approximated by a `−β decay with
β ≈ 2.9 for both poloidal and toroidal fields, respectively, for the present-day motiuons
of Fig. 1.21. The reason is predominantly geometrical (O’Connell et al., 1991): the rules of
plate tectonics with infinitely thin plate boundaries lead to discontinuous velocity fields,
and a β = 3 type of decay is the power spectrum of a step function on the sphere.

The ratio between the toroidal to the poloidal power, TPR, is variable for the long
wavelengths, associated with the current plate geometry, but hovers steadily at ∼50%
overall. Figure 1.21 also analyzes the TPR ratio for a geodesy based plate model which
allows for intraplate deformation, and this is seen to mostly further enhance the TPR,
meaning there appears to be even more shear motion if continental regions are allowed
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Figure 1.21: Poloidal
(green) and toroidal (cyan)
power, eq. (C.42), and the
ratio of the two (TPR, dark
orange), for MORVEL56
(Fig. 1.19a) and Kreemer
et al.’s (2014) deforming
motion model (light or-
ange, Fig. 2.14b), with
step-function spectrum of
`−3 shown for reference.
Dark red is the median
TPR for the reconstruction
of Müller et al. (2016) for
times younger than 140 Ma,
average TPR is ≈ 51%.

to deform (§5.5). Random Euler vector associated plate motions for a typical boundary
geometry would produce significantly larger than the observed ∼50% toroidal power
(O’Connell et al., 1991), and one might expect convection to minimize toroidal motions for
a given geometry since only the poloidal field is associated with vertical heat transport.
Why Earth’s style of plate tectonics has the obsserved kind of toroidal power is somewhat
unclear. In part, it may be because toroidal flow actually minimizes the overall viscous
dissipation on a spherical planet (Bercovici, 1995b). For sure, toroidal flow is a hallmark of
lateral viscosity variations and strain-localization (§4.4.3.1).

1.4.3 Plate motion reconstructions

Recent plate motion models capture many kinematic and dynamic features. For exam-
ple, most earthquakes are found in plate boundaries, and are the short term expression
of elasto-brittle behavior that can, over long times, be captured by the continuous plate
motions. Most volcanoes are found over subduction zones, including those around the
Pacific in the ring of fire (§9.1). There are thus important links between solid Earth dynam-
ics and decadal-scale hazard assessment, besides understanding the long term evolution
of our planet’s climate and sealevel.

Plate tectonics does, however, really come into its own when one considers the tem-
poral evolution of plate boundaries (Dewey, 1969), including the formation of mountains
in orogeny (Dewey and Bird, 1970). Once the kinematic understanding was established, it
was then possible to put a range of geological observations into context with a celebrated
example being the Cenozoic history of the western margin of North America (Atwater,
1970).

One of the links back from plate tectonics to Wegener’s continental drift was put forth
by Wilson (1966) who noted that the Atlantic might have opened and closed in a cyclic
fashion. Argand (1924) had suggested something similar earlier, closure of the proto-
Atlantic to form the Caledonides by continental collision, work apparently missed by
Wilson. We now recognize such continental dynamics – oceanic lithosphere interactions
as Wilson cycles, part of a continuous reorganization where oceanic basins open and close,
and continents assemble and disperse. Nothing on our planet is ever truly stationary.

Those geological reorganizations also involved several supercontinental assemblies
before Pangea, every ∼500 Myr or so (Hoffmann, 1988; Condie et al., 2015). Supercontinen-
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Figure 1.22: Simplified map of the last orogenic events recorded in continental lithosphere. Gond-
wana, Rodinian, and Nunian orogenies happened at ∼0.7, 1.3, and 1.8 Gyr, respectively, and cra-
tonic refers to ages older than ∼3 Gyr (cf. Fig. A.1; polygons from Hasterok et al., 2022). Purple,
blueish, and orangeish groups roughly correspond to Archean, Precambrian, and Phanerozoic
basement.

tal dynamics are usually associated with orogenic episodes, some of huge spatial extent
(Fig. 1.22). The well-documented precursors of the last supercontinent Pangea (∼320 Ma,
Fig. 1.23) are Gondwana (∼700 Ma) and Rodinia (∼1250 Ma), with the prior amalgama-
tions of Nuna (∼1750 Ma) and Kenorland (∼2700 Ma) less well constrained (§10.10; Hoff-
man, 1997; Nance et al., 2014). Not coincidentally, this sequence spans the∼3 Gyr that plate
tectonics might have been active. How these cycles are integrated into mantle convection
and within global sediment and volatile fluxes remains to be fully explored (§11.1).

Reconstructions of the evolution of plate tectonics can to some extent rely on the same
sources of geophysical and geological constraints that are used for present-day plate mod-
els: magnetic anomalies for spreading rates, fracture zones for relative motions, and pale-
omagnetic poles for continental motions (Fig. 1.23). However, the crucial seafloor record
gets consumed progressively, meaning that the fraction of the oceanic lithosphere that
has to be reconstructed, oceanic world uncertainty (Torsvik et al., 2010a), reaches 100% at
∼150 Ma. Plate reconstructions reaching further into the past mainly rely on paleomag-
netic constraints for continental motions, making seafloor age reconstructions, in particu-
lar, uncertain (Rowley, 2008). Paleomagnetics can only ever constrain the latitude directly
because of the rotational symmetry of the magnetic field, meaning that longitudes are
highly uncertain and subject to many assumptions (Torsvik et al., 2014). Moreover, while
much of the paleomagnetically inferred motions of the relative magnetic pole are only ap-
parent, true polar wonder (TPW) due to redistribution of external and internal masses is
a thing. If the axes of Earth’s moment of inertia become close, TPW can, in fact, be rapid
(Kirschvink et al., 1997; Evans, 2003), and some of the fast motions of continents in the past
might actually include TPW episodes (Steinberger and Torsvik, 2008).
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Figure 1.23: Plate reconstructions from Matthews et al. (2016), corrected following Torsvik et al.
(2019), and modeled seafloor age (Karlsen et al., 2021). See Fig. 1.16 for present-day seafloor age,
and note that there is no record of any seafloor for times earlier than 200 Ma, and even at 100 Ma,
∼50% is reconstructed.
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Figure 1.24: Analysis of the seafloor
age reconstructions of Müller et al.
(2008a) in terms of the variations of
area per age distributions for four
different time steps in the Cenozoic
(§4.4.4); note that error bars may un-
derestimate true uncertainties. The
intercept identifies the seafloor pro-
duction rate,∼ 3 km2/yr (from Becker
et al., 2009a). Similar fluctuations are
seen in convection models and are ex-
pressions of Earth’s style of heat loss
which involves the interactions be-
tween the supercontinental cycle and
mantle convection (§4.4.4.3).
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While geometrical supercontinental reconstructions are thus progressively more un-
certain the further back in time before Pangea one goes, the kinematics and plate bound-
aries for the rest of the globe are even more uncertain, and have to be reconstructed based
on geological constraints, often in an ad hoc fashion. Figure 1.23 shows one plate recon-
struction for the last 400 Ma, along with modeled seafloor age. The Laurentia and the
Gondwana landmass are separated at 400 Ma and assemble into Pangea at &310 Ma,
where the reconstruction allows for a strong TPW component of plate velocities (Fig. 1.23).
Pangea then starts to break up at ∼175 Ma, leading to the progressive closure of the
Tethyan ocean subsequently.

We will return to many of the features seen in this global view, such as the fast motion
of the Indian subcontinent at ∼50 Ma (§10.9.3), and reorganization of the western Pacific
(§9.10.1). Besides the Tethyan subduction, most of the active subduction zones have been
around the Pacific, similar to the present-day (§9.11). When the toroidal–poloidal power
ratio is computed for these reconstructions, the temporal variations of the TPR character
are significant, but the median TPR remains at a ∼ 50% level, with 0.53 average for the
last 140 Ma and a spectral decay of β ≈ 2.9 and ≈ 2.8 for the poloidal and toroidal field of
the reconstruction of Fig. 1.23 (Fig. 1.21).

The mean value of the present day seafloor age is ≈ 64 Ma with an intriguing “tri-
angular” distribution of age per area (Fig. 1.24). A simple convective boundary layer
analysis (§4.3.3) would indicate that seafloor older than some cutoff age should always
be unstable and subduct, leading to more of a rectangular distribution. How the Earth’s
sphericity and the interactions between the supercontinental cycle and mantle convection
interact in detail to form oceanic lithosphere remains debated. It is an important question,
since young oceanic seafloor transports most of the internal heat, and the age distribution
affects the storage capacity of oceanic basins, and hence sealevel (§4.2.3.2).

While global, kinematic reconstructions’ currently seek to capture the Neoproterozoic,
going back to 1000 Ma (Merdith et al., 2021), the kinematic uncertainties are substantial.
This is in particular true for net rotations (Tetley et al., 2019), but also relative plate motion
models still need to be made consistent with geodynamic constraints. One way to provide
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such links for the last few ∼ 200 Ma is by means of examining deep Earth structure,
another imaging technique our alien would try to move beyond 1-D.

1.5 Seismic tomography – 3-D mantle structure

Like a CAT scan, seismic mantle tomography techniques invert differences in seismic
wave arrival times from the ones expected for a 1-D background (Fig. 1.7) for lateral
variations of velocities, v, from the mean, 〈v〉, establishing a 3-D model of wave speed
anomalies (Fig. 1.25; Dziewoński et al., 1977; Woodhouse and Dziewoński, 1984). Such imag-
ing has revolutionized our understanding of how plate tectonics is embedded in mantle
convection.

Tomography tells us about seismic wave speed variations, eq. (1.24), which laterally
can be caused by both compositional and thermal variations. While effects such as phase
transitions and depth-dependent temperature derivatives of elastic moduli complicate
things (§3.6.1), we can often relate relative velocity anomalies, δvS , to temperature or den-
sity variations, to first order, e.g. for the mid mantle with (§C.2.1)

δvS =
vS − 〈vS〉
〈vS〉

=
∆vS
〈vS〉

= d ln vS , by
d ln ρ

d ln vS
∼ 0.25, or ∆T ∼ 100K× d ln vS [%].

(1.49)
Considering the left column of Fig. 1.25 for δvS , 100 km depth maps show clear signa-

tures of surface geology and tectonics. Continental lithosphere is seen as cold and strong,
and spreading centers show up relatively slow, or hot. This is because the average cuts
through the half-space cooling related thickening of the oceanic lithosphere (§4.2.3.2). At
250 km depth, the spreading center signature is mostly gone; the map indicates that sub-
oceanic regions may be overall hotter and weaker than sub-continental ones, but there is
indeed no general, hot anomaly underneath spreading centers at asthenospheric depths.

Tracing fast, cold anomalies forming a curved geometry west of the Pacific and a lin-
ear feature underneath the Americas from ∼ 500 to ∼ 2000 km, those anomalies appear
associated with whole mantle scale subduction. Tomographic models of slab penetra-
tion into the lower mantle led to a near uniform acceptance of whole, rather than purely
upper mantle, convection in the late 1990s (§6.6; van der Hilst et al., 1997; Grand et al.,
1997). One can account for slabs sinking into the mantle at the past location of subduction
zones (Fig. 1.23), and such a vertical slablet-descend based model captures much of the
tomographically imaged structure (Ricard et al., 1993). While tomography thus provides a
“snapshot” of the present-day, it represents, in fact, the mantle memory of plate tectonics
for the last ∼ 200 Ma. However, the details of how slabs make it through the transition
zone, and hence the interpretation of lower mantle anomalies and the duration of mantle
memory, remains debated (§9.11).

At lowermost mantle depths, the δvS model of Fig. 1.25 shows two large domains of
slow velocity anomalies (Dziewoński et al., 1977; Masters et al., 1982). To cautiously avoid
attribution to causes, those domains are often referred to as large, low shear wave veloc-
ity anomalies (LLSVPs; Garnero et al., 1998). Some of the anomalies in these regions are,
however, most likely associated with compositional variations, meaning there is likely
a thermo-chemical pile kind of complement at the CMB to the continental lithosphere
anomalies at the surface (§6.4).

A related observation from Fig. 1.25 is that δvS and δvP tomography show different
views of the mantle, and eq. (1.24) suggests that comparative analysis may provide us
with clues as to the degree of thermal vrs. compositional control. That is true, but one
reason that such analysis is complicated is that, unlike a CAT scan, we have little control
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Figure 1.25: Global tomography for shear waves, vS (SMEAN2 composite; Jackson et al., 2017), and
vP (Fukao and Obayashi, 2013; Obayashi et al., 2013), % relative to PREM (Fig. 1.7), note variable
colorscales, and see Fig. 1.26 for depth variation of heterogeneity.
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Figure 1.26: Wavelength and
depth-dependent distribu-
tion of heterogeneity for the
SMEAN2 model (Fig. 1.25).
Colored panel shows spectral
power per degree and unit
area using a logarithmic scale.
Right plot shows total RMS
of the velocity anomalies,
δvRMS . Horizontal dashed
lines denotes major discon-
tinuities at 410 and 660 km
depth.

on the imaging source and receiver locations. Earthquakes are predominantly found in
narrow zones (Fig. 1.13), and placement of seismic sensors on the ocean floors remains
tricky. This means that different regions of the mantle, at different depths, are more or
less well resolved in different kinds of tomographic models, with transition zone depths,
and the Indian ocean region being problematic, broadly speaking (Mégnin et al., 1997;
Ritsema et al., 2007).

Moreover, while body waves and normal modes are two aspects of the same spectrum
of seismic oscillations (Dahlen and Tromp, 1998, chap. 12), this distinction matters because
seismograms are typically analyzed by focusing on measurements of body waves, surface
waves, and normal modes individually. In particular, fundamental mode surface wave
measurements provide good constraints for the upper ∼300 km of the mantle, but are
mainly sensitive to δvS . Surface waves are hence not used in the construction of the P
wave model of Fig. 1.25, explaining its poor resolution in the upper mantle away from
subduction zones where body waves travel mainly vertically. In turn, shear wave models
are typically less well resolved than P wave models in the vicinity of upper mantle slabs,
meaning that compromises in analysis need to be made (Lu et al., 2019). That said, the
difference in LLV structure at the CMB in δvS and δvP is real on long wavelengths, and
at least partially related to a chemical origin (Masters et al., 2000; Ni et al., 2002; Hernlund
and Houser, 2008). We should, however, not think of the compositionally heterogeneous
domains as being restricted to the LLSVPs, or have the smooth, distributed geometry
long-wavelength tomography implies (§6.6).

There are a number of other complications in mantle imaging, such as the existence
of radial and azimuthal seismic anisotropy which leads to important trade offs, some of
which will be discussed in the remainder. However, on the longest wavelengths, ` . 15,
we can consider the mantle’s shear wave structure as now being well imaged, at least in
terms of patterns if not amplitude (Becker and Boschi, 2002; Ritsema and Lekić, 2020).

Often, it is helpful to not just analyze the specific structures in tomography such as
in Fig. 1.25, but to consider the general, stochastic character of the model, e.g. by analyz-
ing the depth and wavelength-dependent power of anomalies (Fig. 1.26). Tracking the
RMS variations with depth, we see that the mid-mantle anomalies are relatively subdued,
as might be expected given that they sit between the thermo-chemical boundary layers
of mantle convection. Tomographic amplitudes and even more so their wavelength-
dependence are affected strongly by the assumptions made in the inversion of the seismic
data, e.g. as to smoothness of the model. Regularization and damping choices are needed
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Figure 1.27: Radial correla-
tion function measuring the
correlation between different
depths z1 and z2 in the
SMEAN2 model of Fig. 1.25a
and Fig. 1.26 (center; cf. Tack-
ley et al., 1993; Puster and Jor-
dan, 1997). Left panel shows
the correlation between z1 and
z1 + ∆z for ∆z = 100 and
250 km, right panel the dis-
tance ∆z for which the cor-
relation between z1 and z2 is
a given correlation of 0.9 and
0.6, respectively.
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for the mixed-determined inverse problem that arises because of variable spatial ray cov-
erage.

However, one robust feature of tomography is that the spectrum is, like plate motions,
dominated by long wavelength features, with a powerlaw decay of ∼ 1/`2 between 2 ≤
` . 15. Moreover, the ` = 2 contribution, associated with the circum-Pacific slabs in
the mid mantle, is strong throughout the mantle (Masters et al., 1982; Dziewoński et al.,
2010), with some break in spectrum at ∼ 600 . . . 1000 km depth that may be indicative
of slab mass transport dynamics (§5.4 and §9.11). Having a long-wavelength dominated
signature in mantle heterogeneity is not what would be expected from simple thermal
convection which would have more of a high-frequency contribution (§4.4.3.1). However,
tomographic spectra are consistent with the tectonic plates organizing mantle convection
toward longer wavelengths, and comparable ` = 2 signatures are generated by global
visco-plastic mantle convection computations (§4.4.4).

Another way to analyze tomography from a stochastic perspective is by computing
radial correlation functions which measure the degree to which structure is vertically coher-
ent (Fig. 1.27). Such estimates are helpful in determining the degree to which convection
is affected by phase transitions, for example. For the example in Fig. 1.27 and many other
tomographic models, there are indications that the region & 660 km does show a drop in
radial correlation, but not to the extent that would indicate permanently layered convec-
tion at the transition zone or larger mantle depths (Jordan et al., 1993; Tackley, 2002). We
will revisit constraints from seismic tomography throughout the remainder of this text, in
particular when discussing subduction dynamics (§9).

However, for now, we take a step back and discuss some of the continuum mechanics,
rheological, and fluid dynamical basics that are needed to proceed to explore the links
between tectonics and the Earth’s interior more quantitatively. Our alien, of course, knows
all of this since physics is universal, so we bid them adieu.
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Chapter 2

Continuum mechanics of the solid
Earth

In order to understand the processes that shape our planet’s surface geology and its evo-
lution over time, and to formulate a theory that can link observations to dynamics, we
need a description of both deformation and driving forces. Continuum mechanics (§2)
provides such a framework, and the study of rheology, i.e. how and why materials de-
form (§3) offers the constitutive laws which link kinematics and dynamics.
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Figure 2.1: Lithospheric deformation for Tibet from earthquake moment tensors (Fig. 2.12, gCMT
catalog; Ekström et al., 2012) Kostrov summed, eq. (2.47), on 1◦× 1◦ bins using events < 70 km,
along with crustal velocities (GPS compilation of Kreemer et al., 2014, in a Eurasia fixed frame,
profile used for Fig. 8.14). Moment tensors scale with the log of strain and are colored by the
mean, normalized horizontal strain εhm = (εEE + εNN ) /2/|εh| with {E,N,U} the East, North,
and Up axes. Positive and negative εhm thus indicate extension and contraction, respectively, with
strike-slip deformation for εhm ≈ 0.
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2.1. CONCEPT OF A CONTINUUM

2.1 Concept of a continuum

Continuum mechanics methods are of widespread use in the solid Earth sciences even
if most rock outcrops and seismic sections demonstrate that the lithosphere is not a con-
tinuum, but rather consists of a range of material heterogeneities. Each can deform by
ductile and brittle deformation, including through formation of large-scale faults, and
smaller-scale joints and cracks. Those fault surfaces can have sharp steps in deforma-
tion over short distances, and are examples of discontinuities, typically dealt with by other
approaches such as fracture mechanics.

Treating the material as a continuum, i.e. a substance that behaves according to some
smooth, average behavior, is often more convenient and useful than focusing on the
micro-scales. For example, consider the tectonic deformation in Tibet as seen from the
style of earthquake faulting and geodetic measurements of crustal velocities (Fig. 2.1).
If we are interested in deformation on the scale of the whole orogen, over long times,
we can consider summing up focal mechanisms for some average deformation behav-
ior. Each earthquake entering that summation represents slip on a discrete fault governed
by rupture dynamics, processes in which we might be interested in for other questions.
However, in bulk, the coseismic deformation adds up to something more similar to what
is indicated by the crustal velocity vectors in Fig. 2.1.

Those are derived from interpretation of displacement timeseries from Global Navi-
gation Satellite Systems (GNSS) positioning based on campaign repeat measurements or
permanent stations. GNSS was formerly known as Global Positioning System (GPS) be-
cause, back in the 90s, the U.S. GPS system was the only game in town, and now several
international systems are in place or about to be deployed. The measurement is based on
knowing the locations of satellites at all times and then making an accurate measurement
of distance to receiver which provides a location as long as more than three satellites are
in view.

While GPS is ubiquitous these days, the technology is remarkable, not only because of
its numerous unintended scientific and commercial uses, but also, e.g., in that Einstein’s
general relativity time effects have to be taken into account for the distance measurements
between known satellite orbit and unknown local site which form the basis for position.
The latter can be down to ∼mm level horizontal accuracy for geodetic-grade positioning
and antennas on global scales. Errors on the verticals are larger, partly because those
are more affected by hydrological and climatic effects, but for continuous sites operating
longer than a few years, ∼ 3 mm level precision can be reached.

When considering the crustal velocity estimates within the continental interior from
GNSS in Fig. 2.1, it is intuitive that, for some questions, we might then want to seek to
represent chunky tectonics by a silly-putty like flow.

The concept of a continuum thus relies on averaging over appropriate length scales:
large enough to average over the smaller-scale heterogeneity, to be able to capture bulk
transport, e.g., of heat energy, and sufficiently small to account for spatial variations in
the state variable describing transport, temperature, and the bulk properties which affect
transport, conductivity. The averaging also often has to be done over sufficiently diverse
orientations, because anisotropy of transport or material parameters might arise, e.g., due
to sedimentary sequences or progressive deformation forming textures. Considering the
stick-slip seismic cycle of slow, elastic loading of the medium surrounding the fault, and
catastrophic slip during an earthquake, it is clear that timescales matter as well. A plate
boundary will appear as continuously slipping over millions of years at plate tectonic
velocities, but will be mostly locked if observed in-between earthquakes on the timescales
of the seismic cycle.
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Rock deformation behavior is complex, and the 4.6 Gyr evolution of our planet’s
thermo-chemical convection has contributed to the history-dependent heterogeneity of
continental lithosphere due to fractionation and past orogenies, for example. Given these
spatio-temporal features, we should not expect any single mechanical description to hold
for every problem we might consider. Rather, some approximations, such as that of the
continuum, will hold over a range of spatio-temporal scales only, and those will be de-
pendent on the questions asked, which may, at times, be tricky to figure out.

One example of such complexity is the long-standing discussion if lithospheric de-
formation should be treated according to small tectonic plates stick-slipping against each
other, or as a continuous, viscous fluid (Fig. 2.1). If held in abstract, this debate is mislead-
ing, since those two views are only “end members”, i.e. more or less useful simplifications,
or rather straw men, since clearly neither applies for all problems. Moreover, it is often
impossible to image all discrete, micro-scale structures, such as cracks and their frictional
heterogeneity, or to predict the development of faults, since those can likewise nucleate at
small, sub-scale material impurities. This means that even if micro-to-macro treatments
are feasible, there is always a stochastic element, and hence some averaging and upscal-
ing, homogenization, involved.

Considering geodynamic models, problems sometimes arise if the modeling approach
is based on continuum mechanics, but then a transition to discontinuous behavior arises,
e.g. in the case of shear localization where ever-thinning zones of deformation may form
for certain rheologies. Capturing this transition to a discontinuous state requires finer
and finer numerical resolution, and a “true”, i.e. analytically correct, limit case might not
exist for a given problem. In this case, one can introduce additional physics to regularize
the setup, move to a different computational approach, or live with the problem, as long
as mesh dependent length-scales are not interpreted. The Earth is more heterogeneous
than simple models, and often naturally takes care of issues arising from mathematical
simplifications.

Again, such problem may often be boiled down to length scales. Some approximate
physics representations of reality may not have any inherent length scale, which means
that the results will always depend on the artificial length scale that is introduced by any
numerical method via the gridding, i.e. the spacing of whatever finite representation of the
problem is chosen. Adding different physics or deformation behavior may add a real (or
at least known) length scale, making things resolvable and well-behaved. Alternatively,
one may be faced with intrinsic length scales in reality, such as bedding planes or dis-
tributed impurities, and then at least qualitatively associate numerical length scales with
the natural heterogeneity length scales. Such discussions were at the core of arguments
regarding the generation of irregular seismicity from simple friction-laws, for example,
and are not always easy to resolve.

Such philosophical musings aside, we will approach the problem of tectonic and man-
tle deformation mainly with a continuum approach, ignoring the effects of discontinuities
for now. Later, we will comment briefly on averaging approaches and fault modeling.

2.2 Displacements, velocities, and reference frames

Let us consider some continuous, possibly deforming object which we seek to describe
before and after some modification of the object. We can track a particular spot in that
object, defined by a vector x (§C.3), from its original location x0 to a new site, after mod-
ification, x = x0 + u, where u indicates displacement. Sampling many different x before
and after, we see that u describes a vector field, i.e. the displacements can be variable as a
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a)
b)

Figure 2.2: a) Analysis of motion vectors of the North Pacific deduced from focal mechanisms to
find the best-fit Euler pole for rigid motions on the surface of a sphere (from McKenzie and Parker,
1967). b) Tectonics of a sphere and finding the Euler pole for relative motions between blocks 1
and 2 from transform faults (from Morgan, 1968).

function of where we are in space, u(x). For small, or infinitesimal deformation, or strain
it does not matter (much) if we consider the original, x0, or deformed set of coordinates,
x, do define u. The distinction between reference frames is, however, important if large,
finite strain is considered (§2.5). Displacements can be visualized by plotting vectors on a
map and then considering lateral vector differences to infer strain. If there are no spatial
variations in u(x), there is no strain, and the object was merely moved from one place to
another without shearing or squishing it, by translation (sideways) or rotation (spin).

The time-dependence of deformation is naturally determined by the time-derivative
of the displacements, and

v(x) = u̇(x) =
∂u(x)

∂t

defines the velocity field, v. Just like spatial variations in displacements define strain, spa-
tial variations in velocities define strain-rates. When considering if v changes accordingly
on scales where sphericity matters, it important to realize that rigid motion on the sphere
is described by a rotation around an Euler vector, ω (Fig. 2.2), whose magnitude ω = |ω| is
an angular velocity. This means that a velocity v at Earth’s surface with x = r, where r
has its base at the Earth’s center with |r| = RE , is given by

v = ω × r and v = |v| = |ω||r| sin c = ωRE sin c, (2.1)

from the definition of the cross product (§C.3.3), where c is the spherical angle between
ω and r, and RE the average radius of the Earth (Expanded details 1, Table A.1). Fast,
oceanic plates have O(ω) ∼ 1◦/Myr which yields v ∼ ωRE ∼ π

180·106 yr
6371 · 103 m ∼

11 cm/yr. Likewise, if we take ω to be the spin of the Earth, then eq. (2.1) gives the
global, rotational velocity in space at co-latitude c, with maximum at the equator ωERE ∼
1700 km/h (§1.2).

The corresponding velocity fields described by eq. (2.1) can appear to show strong
gradients in map view if the area of interest is close to the Euler pole where ω pierces the
surface of the Earth even if there is no actual deformation at all (Fig. 1.19). Determining
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rigid plate velocities from Euler vectors as per eq. (2.1) is best done in Cartesian coordi-
nates, but v then often needs to be converted to geographic, spherical coordinates for map
projection, taking into account that the spherical coordinate system basis vectors depend
on location (§C.4), or using spherical trigonometry (eq. C.31). How velocity vectors look
on large scales on a map will also depend on the map projection where a Mercator map
preserves angles (e.g. with respect to North), but other (e.g. true to area) projections will
have North bent strongly toward the poles. You just cannot do it all in 2-D.

Further, when analyzing velocity data, it is important to always identify or ask about
the reference frame. Most actual velocity measurements such as from geodesy will only
yield relative location information directly, and then via repeat measurements, e.g., ve-
locity of a micro-plate with respect to fixed neighboring plate, or leveling height change.
On global scales, one may chose a no net rotation reference frame (Fig. 1.19), often used
in geodesy, or seek tectonic markers inferred to be stationary in a planetary, deep mantle
reference, such as hotspots assumed to be overlying relatively stationary plumes. Such
hotspot reference frames intriguingly often carry a net spin, or net rotation (§1.4.2), i.e.
wholesale motion of the surface of the Earth with respect to the mean mantle, compared
to a reference frame that has no such motions (§5.6.2).

2.2.1 Reference frames for considering continued deformation

If we consider velocities in a fluid moving about, then we are often interested in trans-
port of properties, such as temperature anomalies in convection, or nutrients in ocean
circulation. For consideration of transport, two choices of reference frame are possible.

2.2.1.1 Lagrangian frame

In this frame, we take the point of view of going along for the ride on a fluid parcel that
moves through a fixed reference frame, like markers on the sides of the river which pass
us by on our boat. We can describe motions of a continuum by a set of particles identified
by their original position at time t = 0, x, which are then later found at position r(x, t) at
t > 0, where r is the position in a fixed reference frame, and r(x, 0) = x. Fluid motion is
given by the particle velocity

vL(x, t) =
∂r

∂t
. (2.2)

2.2.1.2 Eulerian frame

For this, we consider some fixed reference frame, e.g. inertial, fixed within the planetary
body, or the sides of the river. We do not move but observe at set of points r, and this is
often helpful for computations, though conceptually slightly more involved than vL. We
are interested in transport through a fixed position r, and we evaluate velocities always
at the same locations, vE(r, t), where vE is the velocity of a particle at r and time t. This
state of mind yields the same information as tracking all the parcels within the fluid x,
but the velocities vE and vL are not the same.

Typically, we refer to vE , unless otherwise specified, but we can quantify any quantity
q, e.g. temperature, in a moving fluid in the Eulerian, qE(r, t), or Lagrangian, qL(x, t),
descriptions, and those relate as

qE(r(x, t), t) = qL(x, t)
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Figure 2.3: a) Illustration of elongation, or normal strain. b) Illustration of shear-strain.

because the particle x is at r(x, t) at time t, by definition. Differentiating this equation by
time, we get via the chain rule (§C.2.2, q depends on t directly, and through r) in 1-D

dq(r(x, t), t)

dt
=
∂q

∂t
+
∂q

∂r

∂r

∂t
=
∂q

∂t
+ vx

∂q

∂r
or in 3-D

∂qE

∂t
+ vE ·∇rq

E =
∂qL

∂t
, (2.3)

where ∇r is the spatial gradient with respect to r, with the gradient operator ∇ (cf.
eq. 1.10, §C.5), and the left hand side (LHS) of eq. (2.3) defines the total derivative or mate-
rial derivative that quantifies all contributions to temporal change in a Eulerian reference
frame (usually we omit the superscript E):

DqE

Dt
=
∂qE

∂t
+ vE ·∇rq

E . (2.4)

This highlights that fluid will flow through the Eulerian reference frame, and if there
are spatial gradients in the transport properties of interest (e.g. temperature), those will
be advected, i.e. moved by flow, through the frame of observations if velocities vE , are
not zero. In the Lagrangian frame, temporal changes in the property of interest due to
advection are zero, by definition, as we move with the fluid, and only other processes,
such as diffusion of temperature, will lead to temporal changes.

2.3 Strain

How can we actually characterize the deformation as defined by gradients, i.e. spatial
variations, of displacements or velocities? Those kinematic properties are what can be
mapped in the field by structural geology, providing clues on how the Earth has de-
formed. If we are concerned with why this deformation happened, we need to consider
the stresses (or tractions, i.e. forces resolved over some area) that drive the deformation.
While perhaps a more intuitive way to think about Earth behavior, stresses are hard to
measure directly (impossible, strictly speaking), and usually we infer stress based on some
strain measurement, such as from the focal mechanisms used for Fig. 2.1.

Strain describes changes in shape of a continuum that led to deformation, which may
or may not be reversible. Such strain is associated with changes in shape. For example,
one may consider a rod of original length L0 which is stretched in the same direction to
some new length L (Fig. 2.3a). This kind of strain is called elongation, extension, or normal
strain, and we can define the strain as the deformation, i.e. the change in length, with
respect to the original length as

εn =
L− L0

L0
=
∆L

L0
=

L

L0
− 1, or s = 1 + εn =

L

L0
. (2.5)
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Figure 2.4: Sketch for the derivation
of the infinitesimal strain tensor.

where s is the stretch. Any strain is given by change in spatial dimension over original
spatial dimension; strain is thus unit-less, or non-dimensional, and often expressed in %
for the small, theoretically infinitesimal, strains on which we focus here. Finite strains are
by definition of order unity or more (§2.5).

Another way to deform a solid is by means of shearing (Fig. 2.3b), i.e. deforming an
originally square (cube) shaped object into a parallelogram (parallelepiped). We can then
use the angles between the originally orthogonal axes and the new, sheared sides α and
β to quantify the shear strain. In particular, the engineering shear strain (twice our shear
strain) is

γ = α+ β. (2.6)

In a general, 2-D setting (Fig. 2.4) we can consider a mixture of normal and shear
strains by considering two points xA and xB separated by δx0 after their deformation
from the original locations xA0 and xB0 by means of displacements u corresponding to the
A and B locations,

xA = xA0 + u(A) and xB = xB0 + u(B).

If the displacement is the same at location A and B, we are dealing with a rigid body
motion, the spatial relation of A and B has not changed before and after deformation. For
any spatial changes in displacement, we need to evaluate du = u(B)−u(A). For this, we
can estimate δx, i.e. the new separation of A and B in x direction, from

δx = xB − xA = xB0 + ux(B)−
(
xA0 + ux(A)

)
= ux(B)− ux(A) + δx0.

Using the definition of the normal strain, eq. (2.5),

εn =
δx− δx0

δx0
=
ux(B)− ux(A)

δx0
. (2.7)

In continuum mechanics, we seek to the describe properties at a single point, meaning
we should try to get rid off A or B in eq. (2.7). For this, we can consider how different
ux(B) could possibly be from ux(A). If u(x) is a smooth function, then the answer to this
question from calculus is a Taylor expansion, eq. (C.10), of ux(B) aroundAwith some small
distance δx0 = B −A. Taking only the first two terms of eq. (C.10)

ux(B) ≈ ux(A) +
∂ux(A)

∂x
(B −A) = ux(A) +

∂ux(A)

∂x
δx0,
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i.e. ux is assumed to change linearly from A to B, with slope of ux given by the derivative,
∂ux/∂x (§C.2.1), such that

εn ≈
ux(A) + ∂ux

∂x (A)δx0 − ux(A)

δx0
=
∂ux
∂x

. (2.8)

We can use this equation to define the normal strain in x direction, assuming infinitesi-
mally small δx0, and in analogy in y, and define

εxx =
∂ux
∂x

and εyy =
∂uy
∂y

.

These are the normal components, in i direction, of what turns out to be the strain-tensor,
ε, and those are given by the gradients of the ui displacements in that i direction. Taking
only the linear term of the expansion, eq. (2.8), will work only for small strains, and will
also break down if there are discontinuities in the displacement field. If there are jumps in
u, such as across a fault, the derivative goes to∞, and the continuum description is bye
bye. Deformation might also exceed the small strain limit, where it matters if we check
∂u/∂x at A or B, making the analysis more complicated (§B.4).

How about the shear angles α, β, and γ? For small strains, the angle α between the
originally vertical δy0 branch of the test square between point A and C and the deformed
parallelogram limb at the new locations can be computed from (Fig. 2.4, §C.1.3)

tanα =
xC0 + ux(C)− xA0 − ux(A)

yC0 + uy(C)− yA0 − uy(A)
.

We now use the same linear (Taylor) approximation for ux(C) and uy(C) around A to get

tanα =

∂ux
∂y δy0

δy0 +
∂uy
∂y δy0

=

∂ux
∂y

1 +
∂uy
∂y

, and likewise tanβ =
∂uy
∂x

1 + ∂ux
∂x

.

If angles α and β are small, then tanα ≈ α (another series expansion, good to within 0.1%
for α ≤ 10◦), then we can sum things up for eq. (2.6)

γ ≈
∂ux
∂y

1 +
∂uy
∂y

+
∂uy
∂x

1 + ∂ux
∂x

.

If the gradients in u are small with respect to unity (∂ui/∂xj � 1), then

γ =
∂ux
∂y

+
∂uy
∂x

,

because x/(1 + x) ≈ x for small x (good to within 0.1% for x < 3.2%). We then define the
physics-convention shear-strain as

εxy =
γ

2
=

1

2

(
∂ux
∂y

+
∂uy
∂x

)
,

and, in general, we arrive at the definition of the infinitesimal strain-tensor

ε = εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, (2.9)

54 DRAFT



2.4. STRAIN RATES

with i = 1, . . . N for N -D problems. ε is the first tensor we encounter; it can be written in
matrix, or array, form, for example in 3-D, {x, y, z}, as a 3× 3 matrix

ε =

εxx εxy εxz

εyx εyy εyz

εzx εzy εzz

 =

εxx εyx εzx

εxy εyy εzy

εxz εyz εzz

 = εT .

Tensors are mathematical objects defined based on their mapping abilities (§C.3.8), and
their rank, r, has to be one higher than the rank of the objects they work on. Displacements
u are vectors with Np elements and rank p = 1, therefore, ε has to have rank r = 2 and
N r elements, 3× 3 for 3-D.

Because of eq. (2.9), εij = εji, i.e. the strain is a symmetric tensor, meaning that only six
independent out of the nine matrix elements have to be specified, {εxx, εxy, εxz, εyy, εyz, εzz}.
Care has to be taken for actual computations since there is no agreed-upon way to sort the
tensor entries into a six component vector. Symmetric matrices possess special properties
including the existence of a principal axes system (§C.3.6). Given that ε relates to physical
quantities, gradients in displacements, the matrix entries of ε also cannot simply take any
value, but compatibility equations have to be satisfied (§B.3).

The sum of the diagonal elements of ε (i.e. the trace of the tensor, §C.3.4.4) corresponds
to a change in volume, V . This is called the dilation, or dilatancy, often denoted with the
symbol ∆

∆ = tr(ε) =
∑
i=1,3

εii = εii =
∆V

V0
=∇ · u =

∂ui
∂xi

=
∑
i

∂ui
∂xi

, (2.10)

where we used the Einstein summation convention that repeated indices imply summation
(§C.3.2),∇ is the gradient (§C.5), and used vector notation for∇·u to make the connection
with “sources” and “sinks” of the displacement vector field u(x) (cf. eq. 1.48). We can then
define a deviatoric strain tensor, ε, by removing the isotropic strain

e =
1

3
∆ =

1

3
tr(ε) (2.11)

and with the Kronecker δ, δij , which is unity for i = j, and zero else (§C.3.2)

εij = εij − eδij . (2.12)

2.4 Strain rates

If we consider the time-derivative of the strain, then strain-rates result. Just like the dis-
placements, u, deform a solid body from an unstrained to a strained state (from which
it may or may not recover after load removal), velocities, v, keep deforming a body at a
displacement rate,

v =
dx

dt
=

d (x0 + u)

dt
=

du

dt
,

(because the reference location, x0, before deformation with the displacements u is con-
stant by definition). This typically makes most sense when considering a fluid which we
can shear and usually continue shearing.

We can consider the most general form of spatial variation in the velocity field, dv(x),
from the total derivative (i.e. the sensitivity to all of the dependencies) as a sum of partial
derivatives (§C.2.1)

dv =
∂v

∂x
dx+

∂v

∂y
dy +

∂v

∂z
dz = G · dx,
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where dx = {dx, dy, dz} and G the deformation rate tensor which is the transpose (§C.3.4)
of∇v, the velocity gradient matrix,

∇v =


∂vx
∂x

∂vy
∂x

∂vz
∂x

∂vx
∂y

∂vy
∂y

∂vz
∂y

∂vx
∂z

∂vy
∂z

∂vz
∂z

 ; G = (∇v)T =


∂vx
∂x

∂vx
∂y

∂vx
∂z

∂vy
∂x

∂vy
∂y

∂vy
∂z

∂vz
∂x

∂vz
∂y

∂vx
∂z

 . (2.13)

We can decompose any matrix, including G which itself does not have particular sym-
metry properties, into a symmetric, ε̇, and anti-symmetric part, Ω, such that

G =
1

2

(
G + GT

)
+

1

2

(
G − GT

)
= ε̇+Ω. (2.14)

The symmetric part is the infinitesimal strain-rate tensor

ε̇ =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
, (2.15)

and is analogous to the strain tensor ε, and by definition ε̇ij = ε̇ji (it is also the symmetric
part of∇v). In analogy to eqs. (2.11) and (2.12), we can define an isotropic dilation rate,

d∆

dt
= ∆̇ =

3∑
i=1

∂vi
∂xi

= tr (ε̇) =
∑
i

ε̇ii = ε̇ii (2.16)

and will often use the deviatoric strain-rate tensor, ε̇, or ε̇′, i.e. without any volume change,
defined as

ε̇ij = ε̇′ij = ε̇ij −
∆̇

3
δij . (2.17)

For an incompressible material, ∆̇ = 0, hence

∇ · v = 0, (2.18)

ε̇ = ε̇, and, for example, ε̇33 = − (ε̇11 + ε̇22), and permutations. This is useful when
considering fluid flow in the mantle which can often be approximated as incompress-
ible (Expanded details 21). A horizontal velocity field which is divergence free, such that
eq. (2.18) holds, is called solenoidal, and has no sources or sinks, such as the toroidal veloc-
ities in Fig. 1.19d (§C.6.2.1).

The vorticity tensor, spin tensor, or rotation rate tensor, is the anti-symmetric part of G,

Ω =
1

2

(
∂vi
∂xj
− ∂vj
∂xi

)
=

 0 −ωz ωy

ωz 0 −ωx
−ωy ωx 0

 , (2.19)

i.e. the negative of the anti-symmetric part of ∇v, and Ωij = −Ωji by definition which
means that there can only be three independent elements in Ω. The same decomposition
is also possible for the strain, of course (§B.2), which leads to the deformation gradient
tensor, D, eq. (B.7), in analogy to G. Like for strain, only spatial gradients in velocities,
and not the velocities themselves, matter for deformation, quantified by the strain-rate
tensor ε̇.
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a) b) c)

Figure 2.5: Special cases of finite strain as defined by the principal strain axis lengths of the finite
strain ellipsoid, {X,Y, Z}, eq. (2.23), which characterizes the total deformation of a unit sphere
after rotation into a principal axis system (§B.4). a) Pancake-like flattening (X = Y � Z), here
{X,Y, Z} =

{
3, 3, 1

10

}
; b) intermediate, plane-strain case (X/Y = Y/Z), here

{
3, 1, 1

3

}
; c) uniaxial,

axially symmetric, cigar-shaped extension (X � Y ≥ Z), here
{

3, 2
3 ,

2
3

}
.

Ω measures rigid body motions, spinning without deformation, block rotations in struc-
tural geology, such as the motions of solid plates according to Euler vectors (Fig. 1.19). The
local curl of the velocity field (§C.5) relates to Ω and the angular velocity ω, eq. (2.1), as

ω =

ωxωy
ωz

 =
1

2
∇× v = −1

2
∧Ω =

1

2


∂vz
∂y −

∂vy
∂z

∂vx
∂z −

∂vz
∂x

∂vy
∂x −

∂vx
∂y

 , (2.20)

where the ∧ operator is defined in eq. (C.26). A horizontal vector field for which

∇× v = 0 (2.21)

holds is called irrotational, i.e. it has no spin, ω = 0, such as the poloidal velocities in
Fig. 1.19c (§C.6.2.1). Eq. (2.20) can be used, for example, to determine best-fit Euler vectors
from geodetic observations of crustal velocities assuming rigid block behavior.

2.5 Finite strain ellipsoid

One example for the use of the full deformation rate tensor, G, is the computation of finite
strain where the deformation tensor, F , evolves over time as a function of instantaneous
strain-rates as

∂F

∂t
= G · F , (2.22)

e.g., starting from the identity matrix, F (t = 0) = I. For finite strain, the deformation
history comes into play and one has to carefully distinguish between rotated, deformed
and original coordinate systems (§B.4). This is of relevance for many structural geology
applications (§3.8.5) and considerations of the formation of seismic anisotropy (§5.6), for
example.

The finite spatial change in shape of rocks under deformation can be characterized by
the finite strain ellipsoid (FSE), which can be computed from the (left) stretch component
of F (§B.4). The FSE represents the final shape of an imaginary, initial sphere, I, after
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deformation. After suitable rotation, the shape of the FSE can be described by principal
strain axes (Fig. 2.5), X ≥ Y ≥ Z, the axes spanning the shape of the deformed ellip-
soid (Fig. 2.5). The relationship to the stretch, s, and strain, ε, eq. (2.5), in the principal
directions is given by

X = s1 = 1 + ε1; Y = s2 = 1 + ε2; Z = s3 = 1 + ε3. (2.23)

Reference states of finite strain and special cases of the FSE include flattening, for which
X = Y � Z (pancake of Fig. 2.5a); the corresponding planar fabrics for geological mi-
crostructures are called S-tectonites (S for German: Schieffer). The case of uniaxial, or ax-
ially symmetric deformation is given by X � Y ≥ Z (cigar of Fig. 2.5c) for extension, or
X ≥ Y � Z for contraction. The microstructural fabrics associated with this deformation
are called L-tectonites for linear fabrics. The intermediate, plane strain, state for the FSE is
defined as the ellipsoid having even axes ratios, X/Y = Y/Z, e.g., when X > Y = 1 > Z
(Fig. 2.5b); the associated microstructures are L-S tectonites with ∼ equally developed lin-
ear and planar fabrics.

2.6 Stress and forces

Besides the “how”, let us talk about the “why”, i.e. what drives deformation. For that,
we need to quantify the dynamic causes, i.e. the forces exerted on the medium. Since the
effect of a force depends depends inversely on the area over which it acts, we use the local,
normalized property of stress, defined as a force per area, and hence measured in N/m2

or Pa. Typical orders of magnitude are MPa, i.e. 106 Pa, with a common non-SI unit of
bars, where 1 bar = 105 Pa.

From the definition, stress has to at least be a vectorial quantity, since force is itself a
vector. However, it is more complicated, because we also need to specify which area or
plane we are evaluating the force on. This is illustrated in Fig. 2.6, where F is the force
in question, normalized to the area A of the plane to yield a representation of stress as a
traction vector, t,

t =
F

A
, (2.24)

where the plane’s orientation in space is characterized by a normal vector n (|n| = 1) at
right angles to the plane.

The vectorial representation of the stress on a given plane, t can then be broken down
into three scalar components of stress, one that is normal to the plane, σn the normal stress,
and two shear stress component, τs and τr in strike and rake direction, respectively. By con-
vention, the strike (basis vector s), is the t component that is mainly within the horizontal,
{x, y} plane, and the rake (r) is normal to it within the fault plane. Normal, strike and rake
vector form a fault-local, right handed coordinate system, with |n| = |s| = |r| = 1 and all
at right angles (Fig. 2.6).

2.6.1 Sign convention for stress

We will usually consider extensional stress as positive, as is the convention in physics and
continuum mechanics. However, rock mechanics and geology often use the inverse con-
vention where compressional stresses are positive. Keeping things consistent can make
the discussion of frictional problems (§3.2) cumbersome, for example. We therefore for-
sake uniformity, and will indicate the convection when needed; as in life, it is always best
to check.
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Figure 2.6: Sketch for projection of
a traction vector t, defined to be
parallel to the acting force F , but
|t| = |F |/A, on a plane, defined
by a unity length, normal vector
n, |n| = 1, on which we can
resolve the projected traction val-
ues as normal and shear stresses
in the normal, rake, strike system
{n, r, s} (cf. Fig. 2.13 for fault plane
convention).

2.6.2 Cauchy stress tensor

A full quantification of stress that is independent of any specific plane can be achieved
with the (Cauchy) stress tensor, σ, which as a rank r = p+1 tensor operating on rank p = 1
vectors again has to have N2 elements

σ =

σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 ,

as illustrated in Fig. 2.7a. The naming convention for the tensor components σij is that
they are equal to the traction components projected in the direction of the coordinate axis
j as resolved on the plane of a cube with normal vector in direction i. The diagonal
components, σii, are thus normal stresses, the others shear stresses. The traction vector,
t, on any plane with normal n can be recovered from the vector-matrix multiplication
(§C.3.4.2)

t = nT · σ = {nx, ny, nz}

σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 , or ti =
∑
j

njσji = njσji, (2.25)

with summation convention (§C.3.2). Eq. (2.25) is called Cauchy’s relation, it extracts vecto-
rial information about the traction, t, from the general stress state specified by σ by means
of a projection into a specific plane characterized byn. This property, and the requirement
to do so for any n, makes σ a second-order tensor (§C.3.8).

If we want to recover the normal stress of Fig. 2.6, we then need to project t into the
normal by

σn = t · n = nT · σ · n,
and likewise for the shear components along r and s, i.e. the shear stress in strike direction
on the plane is

τs = t · s = nT · σ · s or τr = t · r = nT · σ · r (2.26)

These equations are useful, for example, to resolve some large-scale tectonic loading
stress, e.g.due to relative plate motions, on local faults of different orientations.

2.6.3 Static force equilibrium and stress tensor symmetry

If we consider a continuous object at rest, inertial forces due to acceleration, eq. (1.1), are
zero as there is no temporal change in velocities; on top of that, velocities are actually zero.
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a) b)

Figure 2.7: Illustration of the Cauchy stress tensor in Cartesian (a, {x, y, z} = {x1, x2, x3}) and
principal axes (b, §2.6.4b) coordinate systems.

This is an example of a static equilibrium state, as opposed to a dynamic equilibrium where
velocities change with time and are balanced by inertial forces, as is the case for the wave
equation, eq. (B.4). A static equilibrium can also be achieved in a fluid where velocities
are non-zero but do not change over time, or only very slowly, as is the case for mantle
convection. In such an equilibrium, the sum of any volumetric and surface forces must be
zero, and any resulting torques or moments (force times length) must also vanish around
any axis.

We can then consider a small test volume of dimensions { dx, dy, dz}, for example the
cube in Fig. 2.7a. If we work out the force balance along the x axis, then the effective
surface forces can be obtained by those on the front of the cube, Sxx(x = dx), minus those
at the back, Sxx(x = 0), in x direction. By definition of the stress tensor, and because force
is stress times area, dy dz, then

Sxx(x = dx)− Sxx(x = 0) = (σxx( dx)− σxx(0)) dy dz =((
σxx +

∂σxx
∂x

dx

)
− σxx

)
dy dz,

where we have again used the first term of the Taylor expansion, eq. (C.10). This should
be good enough to approximate how σxx changes from x = 0 to x = dx; it will, if we
make dx small enough, and the stress field is continuous.

However, considering Fig. 2.7a, there are also surface forces on the y and z direction
faces of the cube, the σyx and σzx components. Therefore, the total surface force difference
in x direction is a sum of those stress tensor components, and has to be balanced by any
volumetric, or body forces, f = F /V , with volume V , such that the x component of actual
force is Fx = fx dx dy dz, and then((

σxx +
∂σxx
∂x

dx

)
− σxx

)
dy dz +((

σyx +
∂σyx
∂y

dy

)
− σyx

)
dx dz +((

σzx +
∂σzx
∂z

dz

)
− σzx

)
dx dy + fx dx dy dz = 0,
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or
∂σxx
∂x

+
∂σyx
∂y

+
∂σzx
∂z

+ fx = 0.

The same condition also needs to hold for y and z directions, such that∑
j

∂σji
∂xj

=
∂σji
∂xj

+ fi = 0.

We can use the static force balance considerations to determine that the σ components
are not arbitrary: consider, for example, the σxy and σyx pair in Fig. 2.7a. If those were
unequal, there would be a moment around z. This is not permitted because conservation
of angular momentum requires the summed moments around a point to be zero. Hence,
like the strain and strain-rate tensors, the stress tensor is symmetric

σ = σT ; or σij = σji, (2.27)

and σ has only six independent components. This means that eq. (2.25) can also be written
as t = σ · n, and the static force balance condition is

∂σij
∂xj

+ fi =
∂σij
∂xj

+ ρgi = 0,

or in vector notation
∇ · σ + f =∇ · σ + ρg = 0 , (2.28)

where we used the buoyancy force f = ρg, with g is a force per unit mass, and g is
typically the gravitational acceleration oriented in the vertical such that g = {0, 0,−g}.
Eq. (2.28) is general and independent of any material rheology, but usually cannot be
used on its own since there are only three equations for the six unknowns of σ.

When allowing for finite test volumes in derivations of mechanical applications, the
concept of the static equilibrium stresses translates to a perhaps more intuitive force bal-
ance, such as the one we will consider for the Stokes sinker (eq. 4.29) or a thin fluid channel
(eq. 4.13). For this to work, we need to introduce a particular rheology to go from dynam-
ics (stress, forces) to kinematics (displacements, velocities) to both solve the equations and
obtain quantities that can be measured in the field.

2.6.4 Principal axes of the stress tensor

The symmetry condition eq. (2.27) for σ also means that the eigensystem of the square,
3 × 3, matrix σ (§C.3.6), which consists of three eigenvectors (German eigen: the matrix’
own vectors), {Σ1,Σ2,Σ3}, and three eigenvalues, σ1 ≥ σ2 ≥ σ3, is made out of real, as
opposed to possibly imaginary, numbers.

Therefore, σ has a physically meaningful principal axes system spanned by the eigen-
vectors, meaning σ can be rotated into a coordinate system (Fig. 2.7b) such that the stress
tensor in the new coordinates is

σ̂ =

σx̂x̂ 0 0

0 σŷŷ 0

0 0 σẑẑ

 =

σ1 0 0

0 σ2 0

0 0 σ3

 ,

where the principal axes, basis vectors are ex̂ = Σ1, eŷ = Σ2, and eẑ = Σ3. On planes
aligned with the new, principal axes coordinates there are thus only normal, and no shear
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Figure 2.8: Fault orientation
in principal axes stress system
following Anderson’s (1905)
theory. We denote most,
least, and intermediate com-
pressive stress axes, σc, σe,
and σi, respectively. While
the maximum shear stress is
at 45◦ to σc, eq. (2.40), con-
trolling plastic shear band ori-
entation, brittle faults form
at ∼ 30◦ to σc to allow for
some degree of normal stress
unloading according to the
Mohr-circle (Fig. 3.15, §3.2.2).
For thrust faulting, or reverse
faults (a), the horizontal and
vertical stresses align as σc =
σH and σe = σV , respectively.
For normal faults (b), σe = σH
and σc = σV . For strike-slip
faults, or transforms (c), both
σc = σH1 and σe = σH2 are in
the horizontal, and the inter-
mediate stress σi = σV . Typi-
cally, all stresses are compres-
sional in the crust, just to dif-
ferent degrees. With the con-
tinuum mechanics stress con-
vention with extension posi-
tive, 0 > σ1 = σe > σi >
σe = σ3. For the rock mechan-
ics convention with compres-
sion positive, σ1 = σc > σi >
σ3 = σe > 0.

stresses, since the off-diagonal terms are all zero in the principal axes system. The same is
true for any symmetric tensor, such as the infinitesimal strain, ε, or strain-rates, ε̇.

While the eigensystem of the stress tensor is easily computed numerically (§C.3.6), the
full stress tensor is usually only accessible in theoretical computations, and inferences in
nature are typically based on a range of assumptions (§2.7.3). Getting a handle on the
orientation of the major, Σ1, and minor stress axes, Σ3, and perhaps some measure of
shear, e.g., differential stress,

σd = σ1 − σ3, (2.29)

is usually the best we can hope for observationally. Given that the surface of the Earth is
shear-stress free (ignoring minute atmospheric and ocean current drag), one of the princi-
pal axes is usually close to being in the horizontal plane. For example, σ1 in the horizontal
(= σH ) and σ3 in the vertical (= σV ) would lead to normal faulting, σH = σ3 and σV = σ1

thrust faulting, and transform deformation would have the intermediate axis horizontal,
σV = σ2 (Fig. 2.8).

62 DRAFT



2.6. STRESS AND FORCES

2.6.5 Pressure and deviatoric stress

The pressure is the negative mean normal stress as computed from the diagonal compo-
nents of the stress tensor, in analogy to ∆/3 for strain, eq. (2.10),

p = −1

3

∑
i

σii = −1

3
tr(σ) = −1

3

∑
i

σi. (2.30)

A hydrostatic stress state is one where σij = −δijp, or σi = −p for the principal axes system,
i.e. only the diagonal components of the stress tensor are non-zero, and they are all equal
to the pressure. This is the stress state in a inviscid fluid which cannot sustain any shear
stress. A lithostatic stress state is the special case where p = pl and pl is computed from
the overburden of the rock mass of height h on top of the observation point, eq. (1.3), or
pl = ρgh.

Lithostatic pressure serves to compress rocks within the Earth (Fig. 1.8), leading to
adiabatic heating with depth (§1.3.4), but they do not drive any shear deformation. The
shear stresses that are associated with convection in the mantle, for example, are expected
to be of order MPa, thus much smaller than pl. This motivates the definition of a deviatoric
stress tensor, τ or σ′, which removes the isostatic, mean pressure part from the normal
stress components, with the identity matrix I, eq. (C.20),

σ′ = τ = σ + pI = σij + pδij (2.31)

=

σxx + p σxy σxz

σxy σyy + p σyz

σxz σyz σzz + p

 =

σ1 + p 0 0

0 σ2 + p 0

0 0 σ3 + p

 ,

such that tr(τ ) = 0, in analogy to the deviatoric strain, ε, eq. (2.12), or strain-rate, ε̇,
eq. (2.17).

Eq. (2.31) uses a plus sign for the isotropic reduction because we take extension to be
positive for stress, such that p = −1

3 tr(σ). It is common practice to refer to resolved shear
stresses on a plane with symbol τ , but the deviatoric stress tensor is also often referred to
as τ , so one has to proceed with caution.

The principal axes representation of σ makes it easiest to see the difference; if all the
principal stresses are equal, there is only a mean stress/pressure for the full stress tensor
and the deviatoric stress tensor is zero. Any differences between the principal axes lead
to shear stress and a non-zero deviatoric stress tensor. Different measures for shear are in
use, including σd of eq. (2.29), and the more general second invariant (Expanded details 4),

σII =
√
−IIσ =

√
1

6
((σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2). (2.32)

Like for strain, we can use moment tensor symbols to visualize the full information
contained in the deviatoric stress tensor (§2.12). However, sometimes, scalar proper-
ties, such as σII are useful. We can additionally define stress shape ratios (with similar
approaches used to characterize finite strain, §B.4), or principal stress ratios, as

R =
σ1 − σ2

σ1 − σ3
, or φ =

σ2 − σ3

σ1 − σ3
. (2.33)

The R and φ parameters describe the styles of stress intermediate to the basic alignments
of Fig. 2.8 with R,φ ∈ [0; 1]. Following Simpson (1997), but rewritten for extensional stress
positive, we can use eq. (2.33) to distinguish transitions between the Andersonian faulting
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Figure 2.9: Stress in North America inferred from focal mechanisms (§2.7.4) compiled by Lund Snee
and Zoback (2020), 0.5× 0.5◦ Kostrov summed for depths < 30 km, and stress style indicators from
Lund Snee and Zoback (circles), both colored by AR of eq. (2.34) (0: extension, 3: constriction),
compared to non-focal mechanism based, major compressional stress axes constraints from the
World Stress Map (Heidbach et al., 2018) and Lund Snee and Zoback, median-averaged on 0.5× 0.5◦,
black sticks.

styles. We can decide on the general faulting style based on the vertical components of
the principal axes, eivenvectorsΣz

i (Fig. 2.8) such that if Σz
3 > Σz

1 > Σz
2 or Σz

3 > Σz
2 > Σz

1 ,
then n = 0 for normal. If Σz

1 < Σz
2 and Σz

3 < Σz
2 , then n = 1 for strike-slip, and else if

Σz
1 > Σz

2 and Σz
3 < Σz

1 then n = 2 for thrust regimes, respectively. We can then define

AR = (n+ 0.5) + (−1)n(R− 0.5) (2.34)

withAR ∈ [0; 3] (Fig. 2.9). AR is an alternative way of visualizing the style of deformation,
e.g. compared to the mean horizontal strain used for Fig. 2.1.

Expanded details 4: Tensor invariants and measures of stress

Every second-rank tensor expressed by a matrix such as the strain, strain rate, and stress tensors
can be characterized by three tensor invariants which are the same no matter which coordinate system
the tensor is written in. The three invariants arise when finding the eigenvectors and values of a tensor
in the characteristic equation (§C.3.6):

1. The first invariant is the trace
IA = tr(A) =

∑
i

aii = aii (2.35)

(§C.3.2). For stress and strain, I is about a volumetric component, and we have encountered I
previously, where the dilation ∆ is the first invariant of the strain tensor, ∆ = Iε, and pressure
p = − 1

3
Iσ .
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2. The second invariant, is given by

IIA =
1

2

(
tr (A)2 − tr

(
A2)) = a11a22 + a11a33 + a22a33 − a212 − a213 − a223.

For the stress and strain-rate tensors, II, is about the amplitude of shear deformation.
If we consider deviatoric tensors such as τ , eq. (2.31), or ε̇, eq. (2.12), which is identical to ε̇ if the
material is incompressible, then second deviatoric invariant, can also be written

τII = τII =
1√
2
|τ | =

√
1

2

∑
i,j

τ2ij
Iτ=0
=
√
−IIτ , (2.36)

where the last identity only holds for the deviatoric or incompressible case, Iτ = 0 or Iε̇ = 0.
Eq. (2.36) for ε̇II = IIε̇, for example, is often used for geodynamic approaches as fluids are often
treated as incompressible. In the definition of eq. (2.36), ε̇II reduces to, e.g., ε̇xy when only the
diagonal components of ε̇ are non-zero, ε̇xy = ε̇yx 6= 0. Eq. (2.36) is also used for the seismic
moment where many moment tensor inversions are zero volume change such that the scalar
moment is given byM0 = |MII|/

√
2 =
√
−IIM (eq. 2.43).

3. The third invariant is the determinant of the matrix (§C.3.4.4)

IIIA = det(A), (2.37)

and this is used to quantify the CLVD contribution to non double-couple moment tensors, for
example (Fig. 2.12).

If the tensor A is expressed in the principal component system as, for example, for the stress tensor, σ̂,
(§2.6.4) then

Iσ = σ1 + σ2 + σ3,

IIσ = σ1σ2 + σ2σ3 + σ1σ3 = −1

6

(
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2

)
,

IIIσ = σ1σ2σ3.

If the tensor in question is the deviatoric stress, τ of eq. (2.31), then

Iτ = 0 (by definition,

IIτ =
1

2

(
τ21 + τ22 + τ23

)
=

1

2
|τ |2,

IIIτ = τ1τ2τ2,

and IIτ can be used to define the van Mises stress, or effective stress,

σvm =
√
−3IIτ =

√
3J2 =

√
1

2
((σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2) (2.38)

where the J2 = −IIτ name is often used in plasticity applications (not to be confused with the J2 of the
gravitational potential, eq. 1.15). The shear stress on planes which make equal angles to the principal
axes is given by the octahedral stress

σoct =

√
−2

3
IIτ =

√
2

3
J2.

2.6.6 Stress in two dimensions

To see the meaning and implications of the principal axes system stress tensor, it is useful
to consider the simpler 2-D deformation case in the x-y plane (Fig. 2.10). If we want to
simplify from an actual 3-D case, we need to specify what happens in the z direction. We
can consider the plane strain approximation, for which εiz = 0, for all i, i.e. no deformation
out of plane is allowed, and σzz 6= 0, in general. This might be appropriate for considering
a cross-section of an object with large spatial extent in the z direction, or material within
a rigid confinement. Alternatively, we can also assume a plane stress state, for which there
are no stresses involving z, σzz = σxz = σyz = 0, and thus deformation in z is allowed,
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Figure 2.10: Illustration of Cartesian and principal axes stress states in 2-D (cf. Fig. 2.11). If we
think of planes of failure forming at maximum shear stress, for simplicity (cf. Fig. 2.8), then a fault
along the horizontal line on the right would move right-laterally. As an equivalent alternative,
failure on a vertical fault would be of left-lateral type. This is an illustration of the fault plane
ambiguity of double couple focal mechanism as indicated (§2.7.4).

εzz 6= 0 (§3.1.1). This might be suitable approximately when considering the center of a
thin plate loaded from the sides, for example, but it not a natural stress state.

If we restrict our treatment to purely 2-D stresses, we can compute the principal axes
system, here defined by the eigenvalues σ1,2 (with σ1 ≥ σ2) and the azimuth of the first
eigenvectorΣ1 with respect to the y-axis, β (Fig. 2.10) from

σmean =
σxx + σyy

2
and τmax =

√
r2 + σ2

xy with r =
σxx − σyy

2
,

σ1,2 = σmean ± τmax

β =
π

2
− 1

2
arctan

(σxy
r

)
,

where σmean denotes a mean normal stress and τmax a maximum shear stress. In the prin-
cipal axes system, we can also write more simply

σmean =
σ1 + σ2

2
and τmax =

σ1 − σ2

2
=
σvm√

2
=

√
3

2
τII (2.39)

where the first term follows since the sum of the diagonals of a tensor remains invariant
under rotation of the coordinates (Expanded details 4), and τII and σvm from eqs. (2.36)
and (2.38), respectively. With respect to σ1, we can compute the normal and shear stresses
on a line at angle β as

τ = τmax sin(2β) (2.40)
σn = σmean − τmax cos(2β). (2.41)

Eq. (2.40) means that the the maximum shear stress of eq. (2.26) is always found at 45◦

angles to the principal axes, e.g. from σ1, and it arises from a difference in principal stress
magnitudes. Eq. (2.41) ensures that there are no shear stresses if β is aligned with the
principal axes of the stress tensor (Fig. 2.10b). These consideration will be important for
Mohr-Coulomb failure, for example (§3.2.2).
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simple
shear

pure
shear

Figure 2.11: Finite strain deformation (§2.5) of a circle under 2-D simple shear (SS, left) and pure
shear (PS, right). While the small-strain strain and stress state (colored vectors) are identical for
both but rotated by 45◦(Fig. 2.10), the finite deformation (black) involves clockwise rotation for SS,
but only stretching and no rotation for PS (see angles between dashed and solid lines).

2.6.7 Pure shear and simple shear

With the alignment between maximum shear stress and principal axes orientations in
mind (Fig. 2.10), we can consider two typical, deviatoric deformation states, simple shear
(SS) and pure shear (PS) (Fig. 2.11). Simple shear is like the 2-D stress state of Fig. 2.10a if
σxx = σyy = 0, there is only shear stress applying to the deforming object. Pure shear is
like the stress state applying to the larger box in Fig. 2.10b; the stresses are normal to each
side, but if they are different in strength, eq. (2.39), then there is a shear stress on the 45◦

from σ1 orientation.
The small-strain and stress states are thus identical for PS and SS after rotation by

45◦. However, the finite deformation state as sketched in Fig. 2.11 differs, as simple shear
involves a rotation. Having material deformation lines and strain axes aligned as in PS is
called coaxial deformation in structural geology; when there is rotation between rock and
strain axes (non-zero vorticity, as for SS), the deformation is called non-coaxial.

2.6.8 Continuity of shear stress

In the Earth sciences, we often encounter sharp material contrasts, such as for layered
rock assemblies, or the discontinuities between the Earth’s surface and interior, or the
rigid mantle and molten core. Force balance requires that the traction vectors t1 and t2
acting on the opposite sides of the interface with normals n1 and n2, respectively (n1 =
−n2), balance which often means that shear stress has to be continuous. However, the
requirement means more specifically that

t1 = −t2
nT1 σ1 = −nT2 σ2

nT1 σ1 = nT1 σ2.

This corresponds to three conditions on the stress tensor at the interface, i.e. only three
elements are continuous, not the whole tensor.
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Exercises: 1) Strain, strain-rates, and stress

A few straightforward problems can guide your understanding of the orders of magnitude and
typical states of strain and stress for the Earth.

1. The Pacific plate is moving at 44 mm/yr with respect to North America. Assume that deforma-
tion is accommodated in a 150 km wide zone. What is the strain-rate in the shear zone? State
your assumptions.

2. Assume the whole mantle is convecting and 44 mm/yr is a good number for a plate velocity.
How might you estimate mantle strain-rates? There is no single right answer, but state your
assumptions, and provide a numeric estimate.

3. The lithostatic pressure due to an overburden is given by the integral of the product of gravita-
tional acceleration, density, and thickness, eq. (1.3). Estimate the pressure below a column that
holds 30 km thick crust and 70 km thick mantle lithosphere. State your assumptions. Compare
with pressure estimates from PREM (Fig. 1.8). Repeat for a 530 km thick mantle. What causes the
deviations between your estimates and PREM estimates?

4. Linear viscous creep deformation predicts that shear stress in a fluid, τ , is given by 2ηε̇, where η
is the viscosity, of order 1021 Pas for the mantle (§3.4.1).
Using your strain rate estimate from 2), predict the stress in the mantle. Compare with the litho-
static estimate at 800 km depth and the PREM value at that depth from 3). Why is the mantle
deforming in convection?

5. Consider 2-D principal stress states where the major compressive, σ2, and major extensive, σ1,
stresses align with the vertical, σV , and horizontal, σH , stresses in along-strike/depth views,
and two different horizontal stresses σH1 and σH2 in map view, and associate those with thrust,
normal, and strike slip faulting styles. Indicate the angles of maximum shear stress, and, if so
inclined, the angle where faults are expected to form (§3.2.2).
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Figure 2.12: Relationship between
strain and moment tensors with cor-
responding tensor norm, trace, and
determinant, respectively. Rows 1-
5 correspond to pure double-couples
(focal mechanisms), rows 6 and 7 in-
dicate pure compensated linear vector
dipole (CLVD) deformation, i.e. uni-
axial (out of plane) extension and
compression, respectively. The last
row corresponds to an explosive
event with non-zero volume change,
eq. (2.10) (zero for the gCMT cata-
log). The scaled tensor norm, |ε|/

√
2,

is identical to the second shear in-
variant of ε, εII, eq. (2.36), for all but
the compressible case (Expanded de-
tails 4), for which εII =

√
3. We

can measure the non double-couple

shear component with Γ = 3
√

6det(ε)
|ε|3

where Γ = 1,−1 indicates uniaxial
extension and compression, respec-
tively (§B.5).

2.7 Constraining crustal deformation

With these basic kinematic and dynamic concepts in mind, let us consider some ways of
visualizing and constraining crustal deformation and the drivers thereof. For the kine-
matics, we can rely on geological measurements of finite strain, such as deformed mi-
crostructures as explored in the idealized settings of Fig. 2.5. Geophysical constraints
arise from co-seismic deformation which provides clues on strain-release over time, and
geodetic constraints on crustal motions yield strain-rates. Stress itself is harder to mea-
sure, meaning that most stress inferences in Fig. 2.9 are, in fact, strain-based, as we will
discuss next.

2.7.1 Co-seismic deformation and moment tensors

One useful way to visualize deformation, ε and ε̇, and stress, σ, is by plotting these tensors
as moment tensor symbols (Fig. 2.12), making the jump to use discontinuous, faulting-
based descriptions for continuum deformation. Focal mechanisms (beach balls) are used
by seismologists to visualize double-couple type rupture in terms of its radiation patterns
(cf. Fig. 3.31) when projected into a lower hemisphere projection (§B.5).

Moment tensors generalize focal mechanisms beyond a double couple source; the mo-
ment tensor, M, for unity length slip, ŝ, on a fault plane with unit normal n is given by
(Fig. 2.13)

M =M0 (ŝ n+ n ŝ) or Mij =M0(ŝinj + ŝjni) (2.42)

with the scalar seismic moment, M0 (calligraphic to distinguish it from magnitude, M )
defined as

M0 =
1√
2
|M| (2.43)
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Figure 2.13: Fault zone geometry,
with earthquake slip, s, on a fault
plane of length L, width W , and ori-
ented with normal vector n. Typ-
ical, (Aki and Richards, 2002), con-
vention for the fault plane orienta-
tion in an {x, y, z} = {N,E,−U} =
{−θ, φ,−r} coordinate system (§C.4)
is through azimuth, clockwise from
North, of the surface projected trace,
φ ∈ [0; 2π], the dip from vertical,
δ ∈ [0;π/2], and the rake angle, λ ∈
[−π;π], of slip from the fault parallel
direction.

E,y

N,x
U

L

Ws

n
δ

φ
λ

z

where |M| is the tensor norm

|M| =
√
Σi,jM2

ij . (2.44)

Physically,M0 relates to fault properties as

M0 = GAs̄ = GLWs̄ = G

∫
s(x) dA , (2.45)

where A is fault area, G the elastic shear modulus (§3.1), and s fault offset, slip, with
average value s̄ (§3.3.1).

Given that eq. (2.45) involves physical properties, a range of seismotectonic estimates
can be derived. For example, if we consider the moment of all eventsMi

0 on a given plate
boundary of length L and width W with relative plate motion velocity, v, the summed
moment expected over an observational time period T is given by

∑
Mexp = GLWvT if

all slip is accommodated seismically. Alternatively, if the seismogenic thickness W is not
known, we can define an effective seismic width from the observed cumulative moment
(Brune, 1968)

We =

∑
Mobs

GLvT
=

∑
Mi

0

GLvT
,

or, a seismic coupling factor, based on the ratio of observed to expected cumulative moment

χ =

∑
Mobs∑
Mexp

=
We

W
. (2.46)

Moreover, as was anticipated in Fig. 2.1, beyond merely visualizing strain with mo-
ment tensors, Kostrov (1974) showed that the average, co-seismically released strain or
strain-rate tensor, 〈ε〉 or 〈ε̇〉, of a crustal volume V with N events with moment tensors
Mn over a time period T is given by the summation

〈ε〉 =
1

2GV

N∑
n=1

Mn
ij or 〈ε̇〉 =

1

2GV T

N∑
n=1

Mn
ij . (2.47)
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Based on the principal strain-rates, the maximum shear-strain of the horizontal com-
ponent strain-rate tensor, ε̇h, e.g. from geodetic estimates (Fig. 2.14), is

ε̇hmax =
ε̇h1 − ε̇h2

2
, (2.48)

in analogy to eq. (2.39). If we are considering faults with width, or seismogenic thickness,
W , and full coupling, χ = 1, then ε̇hmax for a given region with area A can be converted
into a moment release rate, Ṁ, by

Ṁ = GAWε̇hm, (2.49)

with other options discussed in Ward (1998).
Equations like (2.46), (2.47), (2.49) provide the foundation of much of seismotectonic

analysis and comparisons with geodetically determined strain (e.g. Jackson and McKenzie,
1988; Savage and Simpson, 1997) using focal mechanism or moment tensor catalogs, such
as the gCMT catalog by (Fig. 2.14a; §3.3.1). This allows for remote analysis of the style
of tectonic deformation, at least as reflected in the co-seismic strain release. Note that
non-double couple components of summed moment tensors in Fig. 2.1 are mainly due to
summation over different faulting styles (cf. Fig. B.2; Bailey et al., 2010, 2012).

The style of co-seismic strain is relatively easy to determine if a region is well covered
by earthquakes and the loading is stationary (§2.7.4). However, determining the ampli-
tude of seismic strain release usually requires assumptions since the frequency-magnitude
relationship for seismicity implies that we are often missing the largest, most important
events in terms of overall energy (§3.3.1.2) given that typical observational periods that
are short compared to the seismic cycle (§3.3.2.1).

2.7.2 Crustal strain rate fields from geodesy

One seemingly straightforward application of velocity gradient analysis arises based on
geodetically determined velocities (Fig. 2.1) which can be decomposed into rigid body
rotations Ω (such as expected from tectonics on a sphere, and not associated with defor-
mation) and intraplate deformation, expressed by ε̇.

Figure 2.15 computes the spatial gradients of a smoothed representation of the geode-
tic velocities shown in Fig. 2.1, and visualizes the resulting lithospheric surface strain-
rates with moment tensor symbols (Fig. 2.12) for comparison with the co-seismic strains.
Broadly speaking, co-seismic strain and geodetically determined strain rates show the
same patterns of deformation, from compression in the Himalayas and the main thrustal
front between the Indian subcontinent and Tibet, to actual extension within the plateau
itself (due to the tendency of orogens to flow apart under their own weight, §10.5), to the
shear in the eastern syntaxis, for example.

In terms of the amplitude of strain rates, within the mantle they can be inferred to
be of order 10−15 s−1 (see exercise 1). Surface deformation in a plate boundary near a
shear zone depends on the degree of localization, i.e. the width over which velocities
change between relatively rigid zones of the plates, and may be . 5 orders of magnitude
larger, i.e. 10−10 s−1 ≈ 0.3%/year (using the approximation that one year has ≈ π · 107 s
(accurate to within 0.4%)). In the lithosphere, we thus expect that strain rates are much
more localized and variable than in the mantle (Fig. 2.14b).

When considering geodesy based constraints from GNSS, the computation of velocity
gradients from geodetic velocities is often based on sparse data. Therefore, the degree to
which strain rates are inferred to be localized is inherently and strongly model-dependent.
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Figure 2.14: a) Global gCMT moment tensors, 3.5◦ × 3.5◦ Kostrov summed for events < 50 km
depth, colored by mean normal strain, cf. Fig. 2.1. b) Geodetic shear-strain rates (decadic log of
ε̇hmax, eq. 2.48), normalized by 10−15 s−1) from Kreemer et al. (2014). White regions indicate no
data and assumed rigid, but not necessarily no actual intraplate deformation. c) Dilation rate,
ε̇m = (ε̇1 + ε̇2)/2, eq. (2.16), on linear scale. Narrow zones of high strain rates (e.g. in the oceanic
plates) are due to model assumptions and plate boundary width there is not data-constrained.

72 DRAFT



2.7. CONSTRAINING CRUSTAL DEFORMATION

5 cm/yr

−0.25 0.00 0.25

dtεh

65°

70°
75°

80° 85° 90° 95° 100°
105°

110°

115°

20°

25°

30°

35°

40°

45°

Figure 2.15: Crustal strain rates from geodesy. The strain-rate tensor, ε̇, is computed by taking the
spatial derivative of a smoothed representation of the geodetic horizontal velocities (vectors, as in
Fig. 2.1), and then visualized with moment tensors (assuming incompressibility, i.e. ε̇EU = ε̇NU =
0, and ε̇UU = − (ε̇NN + ε̇EE)), cf. Fig. 2.1.

Considering velocity observations, e.g. vy at some locations x1 and x2, velocity gradients
have to be approximated, e.g. for shear strain-ate, as

ε̇ = ε̇xy =
1

2

∂vy
∂x
≈ vy(x2)− vy(x1)

2∆x
, (2.50)

with ∆x = x2 − x1, and eq. (2.15).
The strain rates shown in Fig. 2.15 assumed a smoothly varying underlying velocity

field, as if the crust were deforming as a fluid over long timescales (§4.1.6). Other ap-
proaches define blocks with assumed rigid or elastic behavior or a mixture of rigid and
deforming zones (Fig. 2.14b and c) which leads to relatively larger strain rates in the de-
forming regions because this can effectively narrow ∆x < x2 − x1, and so increases the
gradient. This is of particular importance if strain rates are to be resolved on known zones
of localized deformation such as locked crustal faults (§3.3.3).

Classical plate tectonic theory does ascribe all deformation to zero width plate bound-
aries, where the strain rates would be infinite because of ∆x → 0. In reality, many plate
boundary systems are 100s of km wide, and in particular continental deformation can
have wide-spread, significant velocity gradients that are hard to reconcile with “plates”
(Figs. 2.15 and 2.14b).

2.7.3 Constraints on stress within the lithosphere

Stress tells us about the driving forces of tectonic deformation, loads faults, and hence sets
the stage for earthquake rupture. Stress is also variable and heterogeneous from plate to
borehole scales, with relevance for tectonics to engineering and industrial applications.
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Generally speaking, lateral gravitational energy variations (exercise 2), plate boundary
forcing, and basal mantle drag lead to crustal stress variations from within the lithosphere,
the sides of a plate, and from underneath, respectively (§5.5.2).

Regrettably, stress is also one of the harder “states” of the Earth to constrain. From a
philosophical point of view, nearly all actual measurements of stress are, in fact, based on
measurements of strain, such as when a barometric pressure meter’s reading is based on
the compression of some mechanic device, i.e. interpretation of deformation. That said,
there are more or less direct ways of determining stress in the crust, e.g., from boreholes.
Overcoring within allows estimating stress magnitudes from strain markers, and bore-
hole breakouts and ultrasonic logs allow inferring the orientation of the major compres-
sive axes in the horizontal based on an interpretation of mechanical behavior. Regionally,
borehole data are often acquired by industry and provide important constraints, e.g. close
to major fault strands. However, generally boreholes are sparsely distributed and quite
shallow, with only a few reaching below ∼1 km depth.

In terms of indirect constraints, seismological studies detect propagation-dependent
wave speeds, and such seismic anisotropy at shallow crustal depths is partially due to
the alignments of cracks (Crampin and Chastin, 2003) which can be interpreted for crustal
stress (§5.6; Boness and Zoback, 2006; Li and Peng, 2017). Constraints on stress amplitudes
arise from the gravity loads due to the overburden of topography, eq. (1.3), since those
set a fairly well constrained scale (e.g. Fialko et al., 2005a; Fay and Humphreys, 2006; Luttrell
and Smith-Konter, 2017). Stress levels can also be inferred from evaluation of the co-seismic
stress change after earthquakes where changes in the orientation ofΣ1 depend on the ratio
between earthquake stress drop (§3.3.1.1) and background stress (Hardebeck and Hauksson,
2001; Yang et al., 2013).

There have been efforts to compile a range of constraints on crustal stress in the World
Stress Map (WSM) project (Zoback, 1992; Heidbach et al., 2018), but the vast majority of the
quantitative constraints within the WSM rely on information from seismicity (Fig. 2.9).
In particular, focal mechanisms are often interpreted for deformation style or strain, as
for Kostrov summations (Fig. 2.1), or stress from some sort of inversion (§2.7.4). While
indirect, deformation patterns or stress inferred from seismicity does have some depth
and time resolution in places illuminated by earthquakes. Figure 2.9 compares WSM and
other direct stress data with Kostrov summed seismicity for North America; the broad-
scale tectonic regimes are consistent between the two (Zoback, 1992; Snee and Zoback, 2020)
but this map hides some of the smaller-scale variations, e.g., close to major fault zones
(Persaud et al., 2020; Luttrell and Hardebeck, 2021). The angle between principal stress axes
and fault structures can be interpreted in terms of frictional strength variations (Fig. 2.8,
§3.2.2), with some remaining debate debate as to the degree to which the most compres-
sive stresses are at a high-angle to the San Andreas (Townend and Zoback, 2004; Hardebeck
and Michael, 2004).

2.7.4 Stress vrs. strain from focal mechanisms

While Kostrov summation, eq. (2.47), provides a clear link between co-seismic deforma-
tion and strain, the earthquakes themselves correspond to driving stresses. Such links be-
tween stress and strain means that rheology has to be involved (§3.2.1). McKenzie (1969)
showed that frictional behavior means that compressional strain and stress axes only need
to be in the same quadrant, i.e. they could be off by up to 90◦. Linking focal mechanisms
and slip on faults to stress thus requires a number of assumptions, yet it is often the driv-
ing stress which we would ideally like to infer.

One approach is to assume that the slip s on the fault plane is always in the direction
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Figure 2.16: Crustal stress from shallow moment tensors (MTs; Okada et al., 2004). a) Normalized
Kostrov summation, eq. (2.47); b) Michael (1984) stress inversion. MT symbols are colored with εm
and σm, respectively (cf. Fig. 2.1); symbol sizes scale with quality. Black sticks show orientation of
the major compressive axis, Σ3, and gray arrows plate motions with respect to Amur (Fig. 1.19;
modified from Becker et al., 2018).

of maximum shear traction t, that rocks are homogeneous and isotropic, and that a range
of heterogeneously distributed and independent focal mechanism are available to sample
the volume’s stress state. In this case, a normalized stress tensor can be inferred under
the additional assumption that the shear stress is the same on all planes using a linearized
inversion (Michael, 1984). Inversion results provide the orientations of the eigenvectors
Σ1,2,3 and R of eq. (2.33). However, such stress inversions cannot provide the remaining
two out of six independent parameters; therefore inversions usually set tr(σ) = 0 and
|σ| = 1.

A number of alternative stress inversions exist, making different or additional as-
sumptions (e.g. Gephart and Forsyth, 1984; Vavryčuk, 2014), but there are always uncer-
tainties as to interpretation. In particular without a priori information, there is fault plane
ambiguity (Fig. 2.10b). Any single focal mechanism corresponds to slip on either of two,
equivalent, planes, but one has to be chosen for stress inversions. This can be handled by
Monte Carlo type simulation of different possible combinations, or deterministically re-
solved if there are additional constraints on existing fault structures or preferential zones
of weakness (Michael, 1987). Alternatively, assuming a friction law holds, one can iter-
atively determine likely fault planes. This leads to more robust R estimates (Vavryčuk,
2014) at the cost of assuming a constitutive law.

Comparisons of stress and strain as inferred from different methods can provide some
empirical insights; while the major styles of deformation are often consistent (e.g. Fig. 2.16),
there are temporal and spatial variations that may be exploited to understand fault dy-
namics (Becker et al., 2005, 2018; Hardebeck and Okada, 2018).
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Chapter 3

Rheology of crustal and mantle rocks

So far, we have mainly concerned ourselves with how kinematic properties (e.g. deforma-
tion, velocities, strain, and strain rates) can be measured, and how the dynamic quantity
of stress is defined and might be inferred. However, kinematics and dynamics for differ-
ent materials are linked, and the study of rheology concerns itself with this relationship
and how materials behave when they deform. The name is from the Greek rheo (ρέω),
meaning flow, or stream, and was coined by Bingham (1929).

Before entering into the details of the deformation mechanisms of Earth materials, it
is useful to clarify some terminology that may create confusion. Ideal materials fall into
one of the following, simplified categories: elastic, viscous, and plastic (Fig. 3.1). The
mechanical energy stored during elastic deformation is recoverable, while viscous and
plastic deformation correspond to dissipative processes where energy is being converted,
e.g. into heat or creation of surface area through cracks.

Structural geologists commonly use the term brittle deformation to indicate a material
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Figure 3.1: Simplified representations of 1-D rheological building blocks, with linear strain–stress
and strain-rate–stress response for the elastic solid (a) and Newtonian fluid (b), respectively, and
the perfectly plastic element, c), which only deforms once stresses are above some yield stress,
σy . The latter is a constant, to first order, for ductile-plastic behavior, and depends on the normal
stress or pressure for frictional behavior (cf. Fig. 3.2).

that is deforming permanently by fracture under a frictional regime which works like the
plastic element (Fig. 3.1c) while the yield stress has normal stress dependence. Similarly,
ductile deformation is often used as a general term, indicating all deformation that accu-
mulates by permanent flow, without visible fracturing, which could be a mix of creep
by viscous flow and/or plastic behavior. Geologists usually do not worry about elastic
deformation because it is tiny and reversible.

Solids are in general characterized by an ordered crystal lattice with strong bonds,
while fluids show relative weak bonds between molecules and a lower degree of order.
One of the complexities of rock deformation, and hence the fluid dynamics of the mantle
and crust, is, however, that it is often hard to identify a single type of behavior for rocks
and loading conditions matter greatly for the response (§3.4). Moreover, within each fam-
ily of behaviors of Fig. 3.1, there are further complexities as discussed below.

The study of rheology tries to establish relevant constitutive laws which connect the
dynamic properties, i.e. the stresses required to deform a material, to the kinematic ones,
such as strain and/or strain rate, history of deformation, F (φ), depending on some path
φ, and the state of the material, for example as characterized by temperature, T , pressure,
p, volatile content, fH2O, grain-size, d:

{σ, σ̇, σ̈, . . .} = C(ε, ε̇, F (φ), T, p, fH2O, d, . . .).

The effective rheology depends on the time-scales and deviatoric stress levels of loading
as well as ambient p, T conditions. Figure 3.2 illustrates some of the dynamic parameters
that control the transition from elastic to brittle behavior at higher deviatoric stresses (e.g.
seismic wave transmission to earthquake fracture), and, at higher p and T , viscous, creep-
ing flow with linear (Newtonian) or non-Newtonian (e.g. shear rate- or stress-dependent)
behavior.

Only a subset of the range of environmental conditions and in particular loading time-
scales for Earth’s rocks, . O(100) Myr, are accessible in the laboratory. This means that
our experimental knowledge of the constitutive behavior of rocks is biased toward higher
than typical strain-rates, and often lower than whole mantle pressures. Some of those con-
straints can be overcome by modeling which captures the microphysics of deformation,
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Figure 3.2: Cartoon of how
the pressure, temperature, and
deviatoric stress condition can
change the rheological behav-
ior of a rock between different
regimes.

down to a quasi-quantum mechanical level for ab initio computations, and is becoming
increasingly more realistic for transport properties such as viscosity.

However, this does not alleviate other uncertainties such as to composition and am-
bient conditions. Material heterogeneities may lead to unexpected behavior of the ag-
gregate, such as strain-localization by punctuated interconnection of weak phases, as op-
posed to smooth, bulk-averaged flow. We thus need to use additional constraints, such
as from post-seismic studies (§3.7.4), post-glacial rebound (§4.1.7.1), or geoid modeling
(§5.4), to say something about the effective behavior of the crust and mantle. These pro-
cess are sensing the rheological behavior of Earth for different spatial and temporal scales
but there is some overlap which can be exploited to build comprehensive models of rock
behavior (Fig. 3.3).

We now proceed to discuss the fundamental material models of Fig. 3.1 before explor-
ing a number of combined material behaviors.

3.1 Elasticity

Elastic behavior is characterized by a relationship between stress and strain, most simply
by a linear relationship

τ = 2µε, (3.1)

where the factor of two arises because of convention, and τ and ε are assumed to be
shear (deviatoric) stress and strain (scalars), respectively. The proportionality constant
µ is an elastic modulus and describes the initial, linear part of the stress-strain curve in
Fig. 3.4. Strain has to be . 1% for linear elastic behavior, which is ideally fully reversible:
if the stress deforming the material is removed, the strain is recovered and there is no
dissipation.

This relationship is perhaps more familiar as Hooke’s law,

F = kδx (3.2)

DRAFT 79



3.1. ELASTICITY

Figure 3.3: Subset of the
spatio-temporal scales on
which rocks are loaded and
mass is being transported,
from the hydrologi-
cal/climate processes
affecting, e.g.geodetically
imaged deformation to
large-scale mantle con-
vection as seen, e.g., in
plate motions and geoid
undulations. The effec-
tive rheological behavior
will also depend on fre-
quency, for example, and
large-scale loading may
sense creeping flow due to
processes at sub µm scales.

Figure 3.4: Idealized rock behavior at low
p, low T conditions in deviatoric stress
(τ )–strain(ε) space. Under a ramped up
load, or sustained deformation (strain
rate ε̇ constant such that ε = ε̇t), a transi-
tion from linear (reversible) elastic behav-
ior may occur to non-linear elasticity at
ε ∼ 1%, after which there is hysteresis be-
cause of irreversible strain accumulation,
e.g., due to crack formation (Fig. 3.46). At
higher ε, brittle-frictional failure may re-
duced the strength by catastrophic failure.

which describes the force, F , needed to extend an elastic spring by an amount δx from the
original x0 length to a new x = x0 + δx, and the proportionality constant k is the spring
stiffness. The general relationship for linear elasticity between stress and strain tensors is

σ = C ε or σij = Cijklεkl, (3.3)

where C is the 4th-order stiffness tensor (Expanded details 5).
For an isotropic medium, where elastic response does not depend on the orientation

of the medium, eq. (3.3) reduces to

σij = λδij

3∑
i=1

εij + 2µεij = λεkkδij + 2µεij = λ∆δij + 2µεij (3.4)

with the dilation ∆ of eq. (2.10), Lamé constant λ, and shear modulus µ (often also denoted
by G, to distinguish it from the friction coefficient).

We can spell out the constitutive relationships for linear, isotropic elasticity as

σxx = (λ+ 2µ)εxx + λεyy + λεzz, σxy = σyx = 2µεxy

σyy = λεxx + (λ+ 2µ)εyy + λεzz, σxz = σzx = 2µεxz

σzz = λεxx + λεyy + (λ+ 2µ)εzz, σyz = σzy = 2µεyz,
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Figure 3.5: Uniaxial stress case of an
elastic block (undeformed: blue, de-
formed: red) responding to an ex-
tensional stress. This leads to radial
strain according to σzz = Eεzz , and
transverse strains of εxx = εyy =
−νεzz respond.

which shows how deformation in one direction leads to stresses in another. Solving for
strain instead, it is convenient to express the relationships with two equivalent elastic
moduli, Young’s modulus, E, and Poisson’s ratio, ν,

εij =
1

E
((1 + ν)σij − νσkkδij) , (3.5)

or

εxx =
σxx
E
− νσyy

E
− νσzz

E
, εxy = εyx =

σxy
2µ

εyy = −νσxx
E

+
σyy
E
− νσzz

E
, εxz = εzx =

σxy
2µ

εzz = −νσxx
E
− νσyy

E
+
σzz
E
, εyz = εyz =

σyz
2µ

.

This shows how normal strain and stress in one direction are linked via E, but there are
−ν type contributions from the perpendicular directions (Fig. 3.5).

The Young’s modulus relates to µ and ν as E = 2µ(1 + ν) and links the stress σzz for
uniaxial stress in z direction (pulling in that direction only, with free sides, Fig. 3.5) of an
object to the radial strain, i.e. the normal strain that corresponds to that direction,

σzz = Eεzz.

As such, it has the closest relation to the spring constant k in Hooke’s law, eq. (3.2). Since
the sides of the deforming block are left free, there will be deformation in the directions
perpendicular to extension, the transverse strains, which is quantified by the Poisson’s ratio
(Fig. 3.5)

εxx = εyy = − ν
E
σzz = −νεzz.

The case of uniaxial strain, where extension εzz is prescribed, but the sides of the block are
not allowed to deform such that εxx = εyy = 0, the relationships are instead

σzz = (λ+ 2µ)εzz and σxx = σyy = λεzz.

If we use deviatoric stress and strain tensors, then the deformation can be described
by two parts for shear and isotropic deformation

2τij = 2µεij and p = −3eK = − tr(ε)K = −∆K = −K∆V

V
= −K∇ · u, (3.6)
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where the left hand side is the proper version of eq. (3.1), and the right hand side intro-
duces the bulk modulus, K, or incompressibility which measures the pressure required for
an isotropic strain, i.e. a volume change ∆V/V , se eq. (2.11) (cf. eq. 1.36).

Only two elastic moduli are independent of each other, and the most convenient com-
bination can be used (Expanded details 5). As per eq. (1.24), the seismic wave equation’s,
eq. (B.4), P and S wave speeds, relate as

ρv2
P = λ+ 2µ and ρv2

S = µ = G.

Besides laboratory measurements, information on bulk, in-situ elastic moduli correspond-
ingly derives from seismological models, with µ equal 27, 44.1, 68 GPa for upper, lower
crust, and top of the mantle in PREM, for example (Fig. 1.7). For many rocks, ν ∼ 0.25. In
this special case

for ν =
1

4
→ λ = µ, K = E =

5µ

3
, and vP =

√
3vS ≈ 1.7vS

(from eqs. 3.10-3.12). At larger depths in the mantle, ν ≈ 0.3.
In general, the Poisson’s ratio should be ν ∈

[
0; 1

2

)
(i.e. 0 ≤ ν < 1

2 ), where eq. (3.13)
shows that the ν → 1

2 case implies

K

µ
=

2(1 + ν)

3(1− 2ν)
→∞ for ν → 1

2
,

or K ≫ µ, i.e. the medium has become incompressible. This endmember case can be
used for computations exploiting the analogy with viscous flow (§3.4.1), and for crustal
applications, varying ν for elastic solutions provides a proxy for porous fluid flow.

3.1.1 2-D elasticity, plane strain/stress

For simplicity in analytical analysis, or for numerical implementations, we often consider
2-D cases, such as plane strain (§2.6.6), for which εiz = 0, if we consider 2-D in x and y. In
this case, the constitutive relationships are

σxx =
E

(1 + ν)(1− 2ν)
((1− ν)εxx + νεyy) ; εxx =

1 + ν

E
((1− ν)σxx − νσyy) (3.7)

σyy =
E

(1 + ν)(1− 2ν)
((1− ν)εyy + νεxx) ; εyy =

1 + ν

E
((1− ν)σyy − νσxx) (3.8)

σxy =
E

1 + ν
; εxy =

1 + ν

E
σxy. (3.9)

Once a solution for plane strain is obtained analytically or numerically, it can be converted
into the plane stress, σiz = 0, case by replacing E → E 1+2ν

(1+ν)2
and ν → ν

1+ν in eqs. (3.7)
and (3.9), where the equivalent εzz = ν

1−ν (εxx + εyy).

Expanded details 5: Isotropic and anisotropic elasticity

For isotropic elasticity, only two parameters are independent from each other, and a few, example
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relationships between the different moduli as well as seismic wave speeds are

bulk modulus K = λ+
2µ

3
= λ

1 + ν

3ν
=

E

3(1− 2ν)
= ρ

(
v2P −

4

3
v2S

)
(3.10)

Young’s modulus E = µ
3λ+ 2µ

λ+ µ
= 2µ(1 + ν) = 3K(1− 2ν) =

ρv2S
(
3v2P − 4v2S

)
v2P − v2S

(3.11)

Lamé parameter λ = K − 2µ

3
= µ

2ν

1− 2ν
= 3K

ν

1 + ν
= ρ

(
v2P − 2v2S

)
(3.12)

Poisson’s ratio ν =
λ

2(λ+ µ)
=

λ

3K − λ =
E

2µ
− 1 =

v2P − 2v2S
2 (v2P − v2S)

shear modulus µ = G = λ
1− 2ν

2ν
=

3K − λ
2

= 3K
1− 2ν

2 + 2ν
=

E

2 + 2ν
= ρv2S . (3.13)

Moreover, the principal axes for stress and strain are identical for isotropic elasticity.
This need not be the case if the material is linearly elastic, but anisotropic, in which case eq. (3.3)

holds
σ = C ε or σij = Cijklεkl,

where C is a fourth order tensor. The latter is required (§C.3.8) since C links two second order tensors (ε
and σ with 32 = 9 components), such that C has 34 = 81 components. It can be shown (e.g. Mainprice,
2007, 2.16.2.1) that because of the symmetry of ε and σ and thermodynamic considerations, only 21
are independent in the most general case, with different crystal symmetries reducing the numbers of
independent parameters further. This means, for example, that an inversion for elastic structure in
general has to constrain many more parameters than for the isotropic case where, e.g., vS and vP fully
capture elastic behavior if density is known (Montagner and Nataf , 1988).

This also means that writing 81 components down is unwieldy, and often engineering, Voigt notation
is used for C, where a 6-D stress vector s = {σxx, σyy, σzz, σxy, σxz, σyz} results by multiplying the 6×6
Voigt matrix C = cij with a strain vector e = {εxx, εyy, εzz, εxy, εxz, εyz}

t = Ce.

In this notation, λ + 2µ = c22 = c33 and µ = c44 = c55 = c66. Note that C is not a tensor anymore but
simply a matrix and needs to be converted to C before rotation, eq. (C.25), for example. Moreover, there
is no standard definition for C which can lead to confusion (Browaeys and Chevrot, 2004; Mainprice, 2007).

The most general form of elastic anisotropy requires all of the 21 independent components of C to
be specified. Olivine, a major mantle mineral, for example, is anisotropic with predominantly hexagonal
symmetry character, but additional orthorhombic and (tiny) tetragonal components (§5.6.3; Browaeys and
Chevrot, 2004). For pure hexagonal symmetry, only five parameters are then required if the orientation
of the symmetry axis is additionally known (Love, 1927), e.g. assumed to be vertical in the case of a
transversely isotropic (TI) or radially anisotropic medium.

To represent this TI case, we can chose the five Love parameters as (Montagner and Nataf , 1986)

A =
3

8
(c11 + c22) +

1

4
c12 +

1

2
c66 = ρv2PH (3.14)

C = c33 = ρv2PV (3.15)

N =
1

8
(c11 + c12)− 1

4
c12 +

1

2
c66 = ρv2SH (3.16)

L =
1

2
(c44 + c55) = ρv2SV (3.17)

which link velocities for P and S waves polarized in the horizontal (H) or vertical (V ) plane, and cij are
components of C. The fifth parameter, F = 1/2(c13 + c23), can be used to define an ellipticity parameter
as

ηK =
F + L√

A− L
√
C − L

in the formulation of Kawakatsu (2016) (traditionally ηT = F/(A − 2L); Anderson, 1961) which charac-
terizes the transition between vSH and vSV between horizontally and vertically polarized shear waves
(Dziewoński and Anderson, 1981).
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Averaging of heterogeneous media is not trivial, but when discussing the average shear wave speed
of a radially anisotropic model or decomposing tensors, we will use the Voigt average (§3.9)

vVoigt
S =

√
1

15
((1− 2ηT ) v2PH + v2PV + 5v2SH + (6 + 4ηT ) v2SV ) ≈

√
2v2SV + v2SH

3
. (3.18)

Anisotropy provide constraints for mantle convection and upper mantle rheology to which we will
return in §5.6.

Exercises: 2) Stresses in the lithosphere

This exercise is intended to give you a better feeling for simple estimates of stress within the litho-
sphere by means of applying some of the elastic constitutive relationships of §3.1.

1. Uniaxial strain and sedimentation. Under uniaxial strain, one major strain axis, ε1, is non-zero,
e.g. aligned with the vertical axis as εzz = ε1; and all other strain tensor components are zero,
εxx = εyy = εxy . . . = 0. For this state to hold, forces have to act in the horizontal plane to keep
the compressed body from deforming.

(a) Consider linear, isotropic elasticity, eq. (3.3), and write out the only components of the
stress tensor that are non-zero for uniaxial strain, σxx, σyy , and σzz . Then, express σxx and
σyy as a function of σzz , and finally rewrite the equation in terms of Poisson’s ratio, ν. You
can use the relationships from eqs. (3.10)-(3.13), e.g.,

λ = µ
2ν

1− 2ν

or
µ = λ

1− 2ν

2ν
.

You should find
σxx = σyy =

ν

1− ν σzz.

How large are thus typical horizontal stresses for rock in uniaxial strain in terms of the
vertical stresses?

(b) Consider a point Q which has been covered by a sediment layer of thickness h (Fig. 3.6).

h

Q
Figure 3.6: Sketch of the erosional stress problem.

Before sedimentation, σxx = σzz = 0, and now σzz = −ρgh. First, using a), write out
the horizontal normal stresses assuming a uniaxial strain state after sedimentation. Are
stresses in both vertical and horizontal directions compressive, and what are their relative
magnitudes?
Then, consider the deviatoric stresses, τij = σij + pδij , which lead to shear deformation.
The pressure is defined as in eq. (2.30), rewrite p as a function of ρ, g, h, and ν, and then
write out τzz and τxx. Are all deviatoric stresses compressive?
As per eq. (2.39), the maximum shear stress is given by

τs =
τ1 − τ3

2
,

in our case τs = (τxx − τzz)/2. Evaluate this equation; you should find

τs =
1− 2ν

2(1− ν)
ρgh =

1

3
ρgh,
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where we have used ν = 1/4 for the last step. How large would those deviatoric stresses
be for rock with density ρ = 2700 kg/m3 and a h = 2 km sediment cover? Would you
expect earthquakes as a result?

(c) Consider a mountain range of height h (Fig. 3.7).

h
Figure 3.7: Sketch of the mountain geometry for the topographic stress problem.

At the base of the mountain a lithostatic stress state shall act like:

σxx = σyy = σzz = −ρgh.

Now, assume that erosion will get rid of the mountain, so that σzz = 0. As a result, there
will be deformation in vertical, but not in the horizontal direction because the region under-
neath the mountain is pinned (constrained not to move) laterally. Show that the reduced
horizontal stresses after erosion are given by

σxx = σyy = −1− 2ν

1− ν ρgh.

Hints: Assume elastic strains before erosion are all equal, and equal to 1/3 the volumetric
strain. Calculate ∆ in terms of ρgh and elastic constants. With σzz = 0, εzz = e1, and
other strains unchanged, calculate a new ∆. Express σzz in terms of ε1, ρgh and elastic
constants. Calculate ε1 as a function of ρgh and elastic constants (either way, you will find
a relationship between old and new ∆). Calculate σxx and reduce.

2. Isostasy and the floating continent. Consider a lc thick chunk of continent crust of density ρc
floating in a mantle of density ρm (Fig. 3.8; cf. Artyushkov, 1973; Fleitout and Froidevaux, 1983).

ρc
Fc Fm

l

ρm

h

b

L

c

Figure 3.8: Sketch for consideration of isostasy of a continental crust block of density ρc and thickness
lc floating in a mantle of density ρm. The compensation depth is indicated by L.

The concept of isostasy (§1.1.1) states that, in floating equilibrium, the vertical stress is constant at
any compensation depth L below the floating body, and that this stress is given by the weight of
the overburden. We assume that stresses are lithostatic in the mantle outside the continent

−pL = σxx = σyy = σzz = −
∫ h

L

dz ρ(z)g.

Thus, for isostasy at any two locations x1 and x2 along the profile, the weight of the overburden
is ∫ z1

L

ρ1(z)g dz =

∫ z2

L

ρ2(z)g dz, (3.19)

where z1 and z2 is the topography at locations x1 and x2.
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Figure 3.9: Thin plate flexure geome-
try and loading. P is a force pushing
from the side and q a distributed load
applying over the length of the plate.

(a) For our simple model and picking locations outside and inside the continent, eq. (3.19)
simplifies to

ρmLg = lcρcg + g(L− b)ρm.
Write b as a function of lc, and then write the crustal thickness lc as a function of the topog-
raphy of the continent, h.
When going from continental topography of 100 m to 2500 m, by how much would you
expect the Moho depth to change, assuming isostasy and constant crustal density (and
constant g)?

(b) We are now considering that tectonic (i.e. non-lithostatic) stresses can act within the conti-
nent and try to solve for them as a function of the density contrast ρc/ρm. From the mantle
side, the total force per unit length, Fm, is given by (downward is counted positive)

Fm = −
∫ b

0

PL dz = −ρmg
∫ b

0

z dz = −1

2
ρmgb

2. (3.20)

Within the continent, we shall write σxx as σxx = −P + ∆σxx, where ∆σxx is the tectonic
component:

Fc =

∫ lc

0

σxx dz =

∫ lc

0

(−ρcgz +∆σxx) dz = −1

2
ρcgl

2
c +

∫ lc

0

∆σxx(z) dz. (3.21)

Now, consider the mean tectonic stress

∆σxx =
1

lc

∫ lc

0

∆σxx(z) dz,

to replace the last term in eq. (3.21). Use force balance and the isostasy relationship from
above to solve for ∆σxx. You should find

∆σxx =
1

2
ρcglc

(
1− ρc

ρm

)
.

Eq. (3.20) relates to the density moment, eq. (1.21), and is one expression of gravitational
potential energy related forces (§4.1.6).

(c) What kind of stresses would you expect for ρm = 3300 kg/m3 and ρc = 2750 kg/m3 and
typical crustal thicknesses. Are those compressive or tensile? How does this compare to
what is observed for old and young continental regions?

3.1.2 Elastic flexure

Besides the short-term transients imposed by seismic waves, elastic flexure-type behavior
for the lithosphere can also support long-term, topographic loads, albeit only on relatively
short spatial wavelengths. Longer wavelength topography is more likely to be compen-
sated isostatically, i.e. accommodated by fluid flow (§1.1.1), since the deeper regions of
the earth, as loaded by longer wavelength topography induced stresses, are more readily
deforming by viscous creep (§3.11).
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Figure 3.10: Typical plate flexure so-
lution, here for a point load de-
pressing a lithosphere at x = 0,
eq. (3.24), as a function of distance
normalized by the flexural parame-
ter, eq. (3.25). For µ = 30 GPa, ρm −
ρw = 2300 kg/m3, ν = 1/4, α/h ≈
3.3 . . . 1.9 for h = 10 . . . 100 km.

3.1.2.1 Flexural profiles

If we consider an elastic plate of thickness h in two dimensions under a side force (per
length) P and an areal load q(x) (Fig. 3.9), the general solution for the deflection w(x)
along dimension x follows from consideration of bending momentsM and local radius of
curvature R as (Turcotte and Schubert, 2002, sec. 3.9)

M = −D d2w

dx2
=
D

R
; and D

d4w

dx4
+ P

d2w

dx2
= q(x) = qa(x)− (ρm − ρw)gw (3.22)

with the flexural rigidity D (units of moment, Nm) ∝ h3 as

D =
Eh3

12 (1− ν2)
=
µh3

6

(1 + ν)

(1− ν2)
=
ν= 1

4

2

9
µh3, (3.23)

Young’s modulus E, shear modulus µ, and Poisson’s ratio ν. The term on the RHS of
eq. (3.22) assumes that a layer of water with density ρw overlies a lithospheric plate with
density ρm and distinguishes between the related isostatic restoring forces and an extra
applied load qa.

One can solve eq. (3.22) for a number of geologically relevant cases, such as the de-
flection of the lithosphere due to an idealized point load, V0, while M = 0, which yields
(Turcotte and Schubert, 2002, eq. 3.130)

w(x) = wm exp−x̂ (cos (x̂) + sin (x̂)) ; and x̂ =
x

α
(3.24)

with characteristic lengthscales, or flexural parameter,

α =

(
4D

(ρm − ρw) g

) 1
4

, or
α

h
=

(
E

3 (1− ν2)

1

(ρm − ρw) g

) 1
4

h−
1
4 (3.25)

and maximum deflection of

wm =
V0α

3

8D

where the load applies. Figure 3.10 shows that flexural solutions such as eq. (3.24) have
a flexural bulge and this sort of deflection is seen around oceanic island loads such as
surrounding Hawaii (§6.3), or around rebounding lithosphere due to glacial unloading
(§4.1.7).

Elastic bending of the lithosphere at subduction zones is another classical application
of eq. (3.22) (Caldwell et al., 1976). For such work, it is clear that some plastic reduction
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Figure 3.11: Normalized freeair
gravity response, i.e. the conver-
sion factor between topography
and gravity power, as a function
of spherical harmonic degree `
(cf. eq. 1.14 for length scale).
Curves are for topography that
is not isostatically or flexurally
compensated, eq. (3.26), pure
Airy isostatic compensation for
Hc = 30 km compensation
depth eq. (3.27), and for addi-
tional flexural support at three
different elastic thicknesses as
indicated, eq. (3.29).
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in strength is required to fit bathymetric and gravity profiles (cf. Billen and Gurnis, 2005;
Hunter and Watts, 2016). Moreover, the interpretation of the bulge close to trenches is non-
unique, and pure viscous rheologies can also produce a bulge-like dynamic deflection
(Zhong and Gurnis, 1994a).

3.1.2.2 Gravity-topography ratios and isostatic compensation

To make any statements about the wavelengths where flexure as opposed to isostasy mat-
ters more quantitative, it is instructive to consider the relationship between topography
and gravity anomalies (Heiskanen, 1931), best done in the spectral domain (§C.6, §5.4).
This allows distinguishing the origin or geoid or gravity anomalies as a function of wave-
length for different mechanisms, and irrespective of specific tectonic features.

There are a number of different ways of approaching such an analysis with some de-
bate about their respective benefits (McKenzie and Bowin, 1976; Forsyth, 1985). Figure A.4,
for example, shows the correlation between the geoid and equivalent rock elevation for
several terrestrial planets. For Earth, unlike Venus, the geoid and topography are not well
correlated at low spherical harmonic degree, but match at shorter frequency. This tran-
sition captures the range where the mantle induced signal affects the surface (§5.4), and
using a transition from low correlation between gravity and topography at long wave-
lengths to high correlation at short wavelengths, where features are flexurally supported,
can be used to define elastic thickness.

One approach to explore these issue on a global scale is by analysis of the expected
expression of topographic loads as equivalent freeair gravity anomalies (Watts and Moore,
2017). One can show that the freeair gravity anomalies associated with uncompensated
topographic anomalies (e.g. the load of a mountain excess mass placed above some refer-
ence surface) at spherical harmonic degree ` is given by (Kaula, 1967)

σ̂FAAu (`) = 4πGρc

(
`− 1

2`+ 1

)
σ̂ret(`) for the uncompensated case, (3.26)

whereG is the gravitational constant, ρc the crustal density, and σ̂` the power of the spher-
ical harmonics, eq. (C.42), where superscripts FAA and ret are for the freeair anomalies

88 DRAFT



3.1. ELASTICITY

 1

 10

 100

 1000

 10000

 10  100

 100 250 500 1000 2500 5000

p
o

w
er

 p
er

 d
eg

re
e 

 [
m

G
al

2 ]

spherical harmonic degree, l

half wavelength, λ/2 [km]

free air
uncompensated

Airy (Hc = 30 km)
flexural (Te = 34 km)

Figure 3.12: Freeair gravity
anomalies (Fig. 1.6b) power
spectrum, eq. (C.42), σ̂`, as
a function of spherical har-
monic degree ` compared
to predictions of the ex-
pected gravity power based
on rock equivalent topogra-
phy (Fig. 1.10 and Fig. A.4)
assuming no compensation
eq. (3.26), Airy isostasy
eq. (3.27), and flexural sup-
port, eq. (3.29) (following
Watts and Moore, 2017).

and rock equivalent topography, hret, respectively, eq. (1.26).
Figure 3.11 visualizes eq. (3.26) by means of a transfer function of inferred spectral

power ratios, σ̂FAA/σ̂ret. This makes it apparent that uncompensated topographic anoma-
lies will lead to strong freeair anomalies at all but the longest anomaly length scales,
. 5000 km. Alternatively, large free-air gravity anomalies may indicate uncompensated
topography (Fig. 1.6c).

If we consider Airy isostasy where an increase of crustal thickness underneath moun-
tains balances (compensates) topography, so that there is an equivalent negative anomaly
at a compensation depth of Hc, the response to compensated topography is given by

σ̂FAAAiry (`) =

(
1−

(
R−Hc

R

)`+2
)
σ̂FAAu (`) for Airy isostasy, (3.27)

where R is the radius of Earth. From eq. (3.27), it is clear that the equivalent gravity
anomalies in the compensated case are strongly reduced, and from Fig. 3.11, we can see
that this reduction applies for topographic features at scales & Hc. This behavior is a
spectral expression of the expectation that freeair gravity anomalies should be near zero
within an isostatically balanced orogen, for example. Now, let us allow for the lithosphere
and crust to have strength, by means of additional, flexural support of loads for an elastic
plate with thickness Te (Watts and Moore, 2017). The controlling parameter isD of eq. (3.23)
with h = Te, and introduces a wavelength dependent signal

Φ(`) =

(
1 +

D

(ρm − ρi) g

(
2`+ 1

2R

)4
)−1

, (3.28)

where ρm and ρi are the mantle and infill densities, respectively (here ρi = ρc), and g is
gravitational acceleration. The associated response of the freeair signal is given by further
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Figure 3.13: Regional,
effective elastic thickness,
ze, inferred by admit-
tance analysis (Audet and
Bürgmann, 2011); cf. the
seismically determined
thickness of Fig. 1.9c.
The average of this
continent-only estimate
is 〈ze〉c ≈ 60 km, compared
to the global 〈Te〉 = 34 km
of Fig. 3.12
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modification of the Airy compensated case, eq. (3.27), and yields

σ̂FAAflex (`) =

(
1− Φ(`)

(
R−Hc

R

)`+2
)
σ̂FAAu (`) for flexural support. (3.29)

Figure 3.11 shows eq. (3.29) for different values of Te (we use E = 100 MPa, ν = 1/4, and
ρm = 3330 kg/m3). We can see how large elastic thicknesses extend the range of the strong
gravity response into longer wavelengths since the elastic compensation overcomes iso-
static balancing. The uncompensated and Airy compensated cases are endmembers cor-
responding to Te =∞ and Te = 0, respectively. For the Earth, Te ∼ 30 km or so, in which
case the uncompensated wavelengths are shorter than . 200 km (Fig. 3.12).

Figure 3.12 applies this theoretical analysis to Earth topography and gravity power
spectra. It is clear that the uncompensated topography model overpredicts the observed
freeair anomalies for all spherical harmonic degrees ` . 100, and Airy compensation
alone underpredicts the short wavelength features. A best-fitting flexural response with
Te = 34 km provides a good explanation for ` & 50, indicating that flexural support
strongly affects topography at scales . 250 km (Watts and Moore, 2017). The gravity, or
geoid, anomalies for degrees up to ` . 40 for Earth appear to have a different origin, and
this is where mantle density anomalies and mantle flow are uniquely expressed (§5.4).

A value of Te ∼ 30 km on global scales is broadly consistent with the brittle duc-
tile transition depths we will discuss later (§3.11), but we note that Te from such transfer
function or correlation analysis is an effective value. This means that Te need not cor-
respond to any true elastic thickness, in particular in the case of more complex rheolo-
gies (§3.11.2.2; Burov and Diament, 1995). Within oceanic plates, Te is found to be age-
dependent, as would be expected from a thermal control via half-space cooling (§4.2.3.1;
Watts et al., 2013; Hunter and Watts, 2016). Within continents, Te based on regional topog-
raphy/gravity coherence (admittance) analysis (Fig. 3.13) mostly relates to geological age
(Fig. 1.22) and thus lithospheric thickness (Fig. 1.9c), for the most part (cf. Steinberger and
Becker, 2018; Lamb et al., 2020), and interesting exceptions may be associated with removal
of cratonic lithosphere, for example.

3.2 Brittle failure

When are stresses in an elastic medium so high that we expect it to break (Fig. 3.4)? Con-
sidering the bonds between the atoms in the lattice of a homogeneous solid, one would
expect failure at stresses of order the elastic moduli, ∼ 50 GPa for rocks at the surface
of the Earth. However, failure usually occurs at stresses that are much smaller, of order
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Figure 3.14: Experimental re-
sults for frictional sliding stress
on existing faults for a range
of fractured rocks and saw-cut
samples as a function of normal
stress (1 kbar = 100 MPa) at
higher pressures showing the bi-
linear fit of eqs. (3.32) and (3.33).
This figure is the basis of Byer-
lee’s rule; from Byerlee (1978).

. 500 MPa. This is because of impurities and defects, such as micro-cracks, which serves
to localize stress concentrations (§3.2.3).

The shear stress, τ , needed to overcome the brittle strength of materials, and break
them, forming a more or less discrete sliding surface, is observed to increase with confin-
ing pressure or normal stress following a Mohr-Coulomb-failure criterion (under compres-
sion)

|τ | = µσn + C = tan(φ)σn + C (3.30)

where µ is the coefficient of friction (µ ∼ 0.6 . . . 0.8), or as tan(φ) the slope of the failure
envelope, and C cohesion. φ is the internal friction angle with tanφ = µ. For this section,
we will assume that compressive stresses are positive; while the opposite of §2, compression
positive simplifies the math here, and is common practice in rock mechanics.

When we consider sliding on an existing plane of failure, or between two solids in
general, the Amonton-Coulomb law states that τ depends linearly on σn via the friction
coefficient. On a microphysical level, this can be understood, to first order, as due to
a normal-stress dependent area of contact between the two surfaces (Bowden and Tabor,
1964). We will return to more complicated frictional descriptions below (§3.3.2 and §3.3.5).

3.2.1 Byerlee’s rule (or “law”)

When applied to rocks, the parameters for the formation of faults depend on the rock type
and, to second order, temperature, and strain rate. However, the shear stresses needed for
frictional sliding on already existing fault planes is observed to show less variation with
rock type. This “law” of Byerlee (1978) can be approximated as (Fig. 3.14)

τ = µσ̄n + C

τ = 0.85σ̄n for 3 ≤ σ̄n ≤ 200

τ = 0.6σ̄n + 50± 10 for σ̄n > 200,

(3.31)
(3.32)
(3.33)

where τ and σn are all in units of MPa, and we use µ for the coefficient of friction and C
for cohesion to distinguish it from a failure law. (It is unfortunate that µ is used for the
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Figure 3.15: Mohr circle for a 2-D stress state given by effective principal stresses, σ̄i = σi − pp,
σ1 > σ3 (§2.6.4), on a fault plane with orientation angle β with respect to σ1 = σc. The slope for
Mohr-Coulomb failure is µ, φ = arctan(µ). At high pressures, plastic yielding is taking over at
constant σy . For truly tensional stresses, σn < 0, the Griffith failure criterion with tensile strength
σt applies. Brown circles indicate how an increase in pore fluids pressure reduces 〈σn〉, eq. (3.34).

friction coefficient and elastic shear modulus, but the use should be clear, and we stick
with common convention.)

The symbol σ̄n denotes an effective normal stress,

σ̄n = σn − pp, (3.34)

where pp is the pore pressure and σn the macroscopic normal stress. This important mod-
ification allows for fluids of pressure pp counteracting the clamping of σn on the fault
surfaces. We can define a pore pressure factor λ based on the vertical stress σV such that

pp = λσV ≈ λpl = λρcgh, or λ =
pp
pl

(3.35)

where we assumed that the vertical stress is the lithostatic pressure at depth h, pl = ρcgh,
with ρc the density of the crust. If cracks are connected in a network that reaches the
surface, we expect the fluid pressure to be the hydrostatic pressure ph = ρwgh, with the
density of water ρw so that λ = ρw/ρc ≈ 0.4. However, if fluids are sealed off at depth,
then pp > ph is feasible, and λ > 0.4 (§3.3.7). Byerlee’s rule can be considered a brittle
stress limit for the lithosphere, assuming that a sufficiently faulted fracture network is
available. Variations of λ provide important leeway for brittle failure envelopes (§3.11.1).
Some of those are likely real, and actually due to fluids; some may possibly mask different
underlying weakening phenomena (§4.4.4.1).

3.2.2 Mohr’s circle

The Mohr circle depicts a Mohr-Coulomb type failure criterion, eq. (3.30), in a 2-D, shear
vrs. normal stress plot (Fig. 3.15) which then allows one to graphically determine the fault
angle, β, at which failure will occur. Here, β is the angle of a possible plane with respect
to the most compressional stress axes, i.e. the one associated with σ1 if compression is
counted positive (cf. Fig. 2.10), e.g. σc of Fig. 2.8.
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If we draw a circle around σm on the x axis with radius τm (Fig. 3.15), the normal and
shear stress on the fault can be read off directly from the x and y axes projections of any
point on the circumference of the circle. That is, the normal and shear stress on the plane
oriented at angle β are given by τ = τm cos (2β) and σn = σm − τm sin (2β), where, as in
§2.6.6 (eqs. 2.40 and 2.41)

σm = 〈σn〉 =
σ̄1 + σ̄3

2
and τm =

σ̄1 − σ̄3

2
,

only that the σ̄i = σi − pp are now effective principal stresses, reduced by pore pressure via
eq. (3.34). The mean normal stress, σm, will typically be positive such that rocks are over-
all under compression, and the Mohr circle allows exploring different deviatoric stress
settings, as characterized by the amplitude of τm.

For variable confining stresses or fluid pressures, 〈σn〉 and with it the center of the cir-
cle will move sideways, and larger deviatoric stresses, τm, will increase the circle’s radius.
Brittle failure will occur when the circle touches the failure envelope, e.g. eq. (3.31). The
normal stress dependence of Mohr-Coulomb or Byerlee relationships, which have non-
zero slope in the Mohr construction, imply that failure will not occur at the angle at which
|τ | is maximum (β = 45◦), but rather at a smaller angle that serves to reduce σn on the
fault while slightly lowering τ .

The intersection of the Mohr circle with the failure envelope happens at (exercise 3)

β̃ = ± arctan(µ) = ±φ e.g. β̃ ≈ 31◦ for µ = 0.6 (3.36)

in the brittle regime. For that critical stress angle β̃, we can also write the condition for
failure as

τm = σm sinφ+ C cosφ, (3.37)

or, as function of the principal stresses,

σ̄1 = aσ̄3 + b, (3.38)

where a and b are derived in exercise 3. In three dimensions, eq. (3.37) needs to use the
relevant combinations of the principal stresses, {σ1, σ2, σ3}, which leads to a hexagonal
cross section, angular cone in principal axes space whose smooth representation is the
Drucker-Prager yield surface (§3.4.2.2). Applications of Mohr-Coulomb failure for the
lithosphere will be further explored in §3.11.1.

The critical failure angle, eq. (3.36), means that if compressive stresses are in the hor-
izontal, thrust faults should form at low, ∼ 30◦ angle to the surface, and normal faults,
where σ1 is vertical, at high angles of ∼ 60◦ (Anderson, 1905) which is what is typically
observed (Fig. 2.8, §3.2.3). When considering if faults are close to failure, e.g. in a plate
boundary loading or triggering scenario, the Mohr-Coulomb failure law is sometimes
used to define a Coulomb stress

τC = τ − µσ̄n − C (3.39)

such that frictional sliding, and with it earthquakes, are expected to be more likely for a
fault if τC ≥ 0 (§3.3.3.4; King et al., 1994).

For higher normal stress (higher pressures) regions of Fig. 3.15, we expect the failure
law to evolve from brittle to plastic behavior, i.e. β → 45◦, meaning that the failure stress
becomes independent of normal stress, and yielding occurs when τm = σy at the maxi-
mum shear stress angle. An example of such plastic behavior is Peierls creep (§3.8.7 and
§3.11). Alternatively, in the relatively uncommon case when confining normal stresses
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are actually overall negative, i.e. truly tensional, such as for joints and cracks in the shal-
low crust where 〈σn〉 < 0, a Griffith failure criterion with tensile strength σt applies where,
again, β = 45◦ (§3.2.3).

Exercises: 3) Byerlee’s law applied to the lithosphere

The observations of Byerlee (1978) can be recast in terms of pore pressure reduced stress tensor
eigenvalues as

σ̄1 = aσ̄3 + b

(eq. 3.38). Here, we assume a two-dimensional deformation state, so that σ1 and σ3 are the largest and
smallest principal stresses, respectively (compression positive).

Using Mohr’s circle and assuming optimally oriented planes, one finds

a =

√
µ2 + 1− µ√
µ2 + 1 + µ

and b =
2C√

µ2 + 1 + µ
.

This exercise deals with the steps involved in the creation of the overview Figure 3.70.

1. Derive the equations for a and b from Mohr’s circle, using your knowledge on how to compute
the mean and maximum shear stresses from σ̄1 and σ̄3.

2. Rewrite Byerlee’s law in terms of principal stresses, i.e. compute a and b.

3. Consider vertical and horizontal stresses σV and σH , respectively, since the free surface condition
should have one of major stress axes be vertical. In the case of horizontal deviatoric compression,

σ3 = σV and σ1 = σH .

With σV = pl − pp = (1 − λ)pl = (1 − λ)ρlgz at depth z for the lithosphere of density ρl, show
that the deviatoric stresses are then limited by

σH − σV = (a− 1)(1− λ)ρlgz + b. (3.40)

In the case of horizontal deviatoric extension,

σ3 = σH and σ1 = σV ,

show that

σH − σV =

(
1

a
− 1

)
(1− λ)ρlgz −

b

a
. (3.41)

This means that regions with horizontal deviatoric compression within the lithosphere are ex-
pected to show larger deviatoric shear stresses (larger “strength”) than those under extension
(Fig. 3.70).

4. The pore pressure factor λ is defined as

λ =
pp
σV

=
pp
pl

=
pp
ρcgh

where we have approximated the vertical compressive stress, σV , with pl, the lithostatic pressure
due to the overburden pl = ρcgh.
Compute λ for a dry crustal material, λd, and λw for a crust that is filled with interconnecting,
fluid filled cracks. Use ρc = 2750 kg/m3 and ρw = 1000 kg/m3 for rock and water densities,
respectively. Could λ > λw?

5. Write out the failure envelope for frictional sliding as a function of the difference between hori-
zontal and vertical stresses, σH −σV , respectively, for stress states of deviatoric compression and
tension, respectively. For this, you will need to assume that σ1 and σ3 are identical to either σV
or σH , respectively.
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6. Assume that σV = ρcgh and plot the frictional failure strength provided by faulting using results
from above for compression and tension using dry rock (λ = 0) and connected, water filled
cracks (λ = λw) as function of depth h. You will need to draw two plots, one for compression
(σH − σV > 0) and one for tension (σH − σV < 0). Continue the graph down to 70 km.

7. What shear stresses do the deep σH − σV values correspond to? Would you expect brittle behav-
ior?

3.2.3 Fracturing and faulting

Rather than by unzipping atomic bonds when pulling on the crystal lattice, rocks break
starting from micro-cracks which propagate and subsequently link up to form macro-
scopic sliding surfaces (Griffith, 1921). This happens because all natural materials host
impurities, and those lead to stress concentrations and potential subsequent failure. In
laboratory experiments, the associated microcrack deformation can be associated with
acoustic emissions, and monitoring thereof allows assessing proximity to failure, the de-
gree of irreversible deformation (Fig. 3.4; Scholz, 1968).

3.2.3.1 Tensile cracks

To understand this crack behavior, Griffith (1921) analyzed an elliptical crack, opening
under tension, what we would now call Mode I (Fig. 3.16). The normal stress at the edges
of the ellipsoid, σtip, depend on the applied far field stress, σr, and the ellipticity, a/c, as

− σtip ≈ −σr
(

1 +
2a

c

)
≈ −σr

√
a

ρ
. (3.42)

Here, a and c are the maximum and minimum ellipse axes, respectively, and the second
approximation holds for a� c where ρ is the radius of curvature. This means that σtip >
σr, e.g., σtip = 3σr for a circular hole, and σtip increases for more pointed flaw shapes.
Cracks and impurities can thus lead to stress concentrations, and hence fractures will
preferentially propagate laterally under tensile stress by means of connecting impurities,
and at levels much lower than expected for a homogeneous material.

The Griffith criterion predicts this the critical stress for tensile failure, σf , from an energy
balance, and says that

σf =

√
Eγ

4a
=
E

4

√
s

π2a
∝ 1√

a
,

where E is the Young’s modulus, eq. (3.5), a crack half-length, and U = 4aγ the surface
energy of the crack, with γ ∼ Es/(4π2) ∼ 1 J/m2, where s is the spacing between atoms in
the lattice. Thus σf/E = 1

4

√
s/(π2c), which gives typical σf/E ∼ 1/100 for crack lengths

of ∼ 1µm.
Following Irwin (1957), we can distinguish between different fracture types, and linear

fracture mechanics provides an analysis of material behavior around cracks depending on
the size and modes of failure (Fig. 3.16). For example, the stress field ahead of the crack
tip is given by (Lawn, 1993)

σij =
Kn√
2πr

fij(θ) ∝
1√
r

(3.43)

where r is the distance from the tip, θ the angle from the crack plane, fij analytical func-
tions, andKn the stress intensity factor, where n can be I, II, or III. If uniform far-field stresses
are applied to the medium surrounding the crack, then KI = σr

√
πa, recovering the

√
a

scaling of eq. (3.42).
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Figure 3.16: Irwin’s (1957)
modes of fault or crack tip
stress, or crack and frac-
ture propagation.

Mode I
tensile crack

Mode II
shear crack

Mode III
shear crack

Eq. (3.43) predicts a stress singularity with extremely high stresses ahead of the crack
tip, since 1/

√
r → ∞ for r → 0. This type of singularity also arises for heatflow in half-

space cooling (§4.2.3.1). As singularities go, it is, however, moderately well behaved, as
it is integrable, meaning bulk properties are readily dealt with (§C.2.5). Physically, the
singularity arises because the slip on the crack abruptly drops to zero at the tip; in reality,
it will be more tapered, and we expect a non-linear, plastic processing zone ahead of the
crack which dissipates energy.

3.2.3.2 Fluid effects

For rocks, Griffith, or Mode I, cracks apply for tensile failure and the associated structures
are generally called joints. They will form in the σ1 − σ2 plane, perpendicular to σ3 = σe
(§2.8). In the Mohr construction (Fig. 3.15), the circle is moved to left since the minimum
compressional axis, σ3 < 0, and shear stress is zero. Such a stress state can be obtained,
e.g., by increasing fluid pressure, a natural fracking type process. If pp overcomes the
lithostatic pressure, pp > σ3, and therefore σ̄c < 0.

After deformation, minerals like calcite or quartz usually fill the fracture. For calcite,
the opening of fractures induces a drop the pore pressure and releases CO2 so that the
species that was dissolved, such as CaCO3, will be deposited. If these veins are examined
in detail, one can sometimes distinguish several cycles of deposition, indicated by banded
veins, and this may be connected to stress cycles and repeated fluid pressure changes.

The driver for this cyclicity may be larger-scale faulting, a process called fault valv-
ing (Sibson, 1992). For this to work, large volumes of fluids should be distributed in the
crust. During the start of the cycle, pore pressures in the fracture system surrounding
the driving fault may be at lithostatic levels, over-pressurized, e.g., because of a low per-
meability seal. Seismic rupture transiently breaks the seal, and porous flow redistributes
fluids due to rock matrix pressure changes. Because of the enhanced permeability, fluid
pressures fall to hydrostatic levels, later to recover. The associated stress changes have
been invoked to explain micro-seismicity and focal mechanism observations, and may
contribute to irregularities in the seismic cycle (Warren-Smith et al., 2019; Zhu et al., 2020).

3.2.3.3 Shear cracks

Mode II and III are different types of shear fractures (Fig. 3.16). In those cases, displace-
ment occurs along the fracture, as is the case for large-scale faults. In the fields, faults
can be distinguished from joints because of the relative displacement, leading to offset in
markers on each sides of the structures. For faults, the shear stress τ > 0 and we expect
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formation at β̃ = arctan(µ), eq. (3.36), of σc = σ1 (Fig. 3.15).
For the sliding Mode II, shear motions on the fault are parallel to the plane of the crack,

in-plane, and compressive stresses roughly between∼ 30◦ and perpendicular to the crack,
as for a strike slip-fault viewed from above (Fig. 2.8). Relative motion serves to reduce
the applied shear stresses. If we think about the fault or crack increasing in length, or
formation of new cracks in the medium surrounding the fault, growth is in the direction of
motion. However, the effects of normal stress ahead of the crack tip will lead to preference
for the extensional quadrants (§3.3.3.4), leading to wing-crack type structures.

For a tearing Mode III, slip is driven by out-of-plane shear, and motion thus orthogonal
to the crack. We can view this mode as a cut through an infinitely long strike-slip fault
where the crack extends from the surface to depth, and motion is in and out of the 2-D
section, a screw dislocation (§3.3.3.1). Alternatively, we can use Mode III failure and apply
it to a compressional, thrust or extensional, normal and fault exposed on the side with
down-dip motion and dip angles of ∼ 30◦ and ∼ 60◦ from the horizontal, respectively
(Fig. 2.8).

These angles may change for finite displacements and fault system evolution, e.g., in
case there is weak décollement, like salt layer, or we may see re-activation of pre-existing
structures which were formed during different tectonic stress states. Depending on the
mechanical stratigraphy of a rock unit, both thrust and normal faults may have a staircase
trajectory, with higher angle ramps forming when strong material breaks, followed by
relatively flat sliding accommodated by weak layers.

3.2.3.4 Heterogeneous fault zones

Friction estimates from Byerlee’s law are ∼ 0.5 . . . 0.8 for typical crustal rocks (Fig. 3.14).
However, real fault zones are more complex than fractured granite, and mature, i.e. large
offset, fault systems can be frictionally weak. For example, fault gouge and/or min-
erals such as smectite and talc may lubricate sliding with lower friction coefficients of
∼ 0.2 (Saffer and Marone, 2003; Collettini, 2011). Drill cutting, grains and powdered cores
for the San Andreas fault zone, for example, exhibit low friction coefficients . 0.25 for
magnesium-rich clay (Carpenter et al., 2015).

When considering mechanical models, the effective friction coefficient of the subduc-
tion zone interface may be even lower, 0.03. . . 0.1 (Wang and He, 1999). This inference is
based on the relatively low shear stresses required for some thermo-mechanical models
based on heat flow measurements (§9.4), and may be attributed to elevated pore fluid
pressures within the fault zone, and/or specifics of the fault zone fabric and composition.

In nature, a fault is moreover not composed of a single, planar fracture but consists of
a complex array of anastomosed fault surfaces that isolate lenses of fractured and crushed
rocks (Fig. 3.18). Fault process zones can extend for hundreds of meters and can be ob-
served in the field for exhumed or cut structures. Within the fault zone, we can distinguish
two structural elements: the damage zone and the fault core. The damage zone is a vol-
ume of host rocks affected by fault-related fracturing. In damage zones, bedding surfaces
and inherited structural fabrics are still visible. The density of the fractures increases ex-
ponentially moving from the external to the internal damage zone (Fig. 3.17; Chester et al.,
2005).

In the brittle fault core, where active slip surfaces can be very narrow, one can find a
number of diagnostic features such as pseudotachylites. A pseudotachylite is a cohesive,
glassy melt vein with vesicles, typically dark in color (Fig. 3.18). They are generated by
frictional heating associated with adjacent, dry rock types and form over a wide range of
pressures and temperatures. Pseudotachylites are considered to form exclusively during
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Figure 3.17: Transition
from cataclastic to
ductile creep behavior
along faults and shear
zones (from Oncken
et al., 2022).
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seismic slip. They indicate that, while the bulk heat generated in the shear zone may be
insufficient to affect heatflow significantly, locally, thermal perturbations can be large.

Fault cores consist of low permeability, cataclastic rocks where slip is localized and
pre-existing, sedimentary and tectonic structures are fully obliterated by cataclastic flow
(Fig. 3.17; Chester et al., 1993; Ben-Zion and Sammis, 2003). The fault core is characterized by
lenses of damaged rocks, cataclastic breccia (Fig. 3.18), foliated cataclasite, and within the
fault gouge ultracataclasites, where “ultra” distinguishes spatial scales of heterogeneity,
and with it the degree of processing. Ultracataclasites are composed of millimeters to
centimeters sharp bands, representing a low permeability barrier, in sharp contact with
foliated cataclasite.

Fault cores and damage zones have the material properties that can form seals for
fluid valving (Sibson, 1986; Chester et al., 1993), and these structures are also expected in
the seismic damage zone of active faults (Fig. 3.17). In pelitic, i.e. mudstone derived, rocks,
fault zones can be expressed as scaly fabrics which appear to be associated with faults
showing a range of slip behavior including slow slip. For example, the structure and
composition of the drilled samples of the shallow fault source of the 2011 Tōhoku-oki M9
earthquake reveals a limited thickness (. 5 m) deformed pelagic clay (Vannucchi, 2019).

When structural features are viewed along a major fault zone such as the San Andreas,
we should view the regional degree of complexity moreover not as stationary, but rather
as evolving with fault maturity, i.e. total fault offset. The number of stepovers within fault
zones is observed to decrease with offset (Wesnousky, 1988; Stirling et al., 1996), and so is
the degree of coseismic strain release (Bailey et al., 2010; Goebel et al., 2017; Cochran et al.,
2023), for example. This is consistent with a smoothing type process, perhaps optimizing
the mechanical efficiency of fault zones by removing kinks, e.g. when comparing the more
mature southern San Andreas region with the more geometrically complex San Jacinto
branch (§8.5.2). Structural complexity need not be isotropically distributed and there are
observations for smoothing in the preferred direction of slip at exposed faults and at depth
(Candela et al., 2012; Cochran et al., 2023), potentially indicating bulk, elastic mechanical
anisotropy.

Below the brittle shear zone, an increase in temperature leads to a change in defor-
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Figure 3.18: Brittle struc-
ture formed at different
temperatures and pres-
sures. a) and b) Pseudo-
tachylite in gneiss from
the Central Alps. Sample
is 30 cm (courtesy of E.
Kosari), c) foliated cata-
clasite from the central
Alps, d) cataclastic breccia
of fault from the southern
Apennines, e) Quartz vein
from Central Alps.

mation style from brittle behavior, and rocks progressively deform in a creeping fashion
(Fig. 3.2). Frictional processes are replaced by dissolution-precipitation (§3.8.1), and fault
zones become shear zones, composed of foliated cataclasites at first and then, moving
deeper, into the dislocation creep regime, creating new shear fabrics (Fig. 3.17). Those
shear fabrics include mylonites, made of fine-grade, metamorphic rocks resulting from
dynamic recrystallization (§3.8.4). Within intense shear fabrics, mylonites can contain ul-
tracataclasite bands. The formation of crystallographic fabrics in peridotites (§3.8.4) can
also lead to viscous mechanical anisotropy (Vauchez et al., 2012) with preferential direc-
tions of shear upon reactivation of shear zones (Tommasi et al., 2009).

While fault zone complexities such as the ones we have briefly touched upon here are
well documented in the field (Fig. 3.17), including their mechanical behavior consistently
in forward models is a current research frontier (§8.5). For example, we expect off-fault
plasticity and non-planar faults to matter for earthquake rupture. Geodetic estimates for
many regions indicate a significant degree of distributed tectonic deformation that cannot
be mapped to known active fault structure. This raises questions about the interplay
between fault zone dynamics and the surrounding lithosphere (§8.5.3).

3.3 Earthquakes and fault constitutive laws

We proceed to discuss the most dramatic manifestations of brittle failure of rocks, earth-
quakes. Subduction zones host the largest events, megathrust ruptures, whose hazards
include not just those related to ground shaking but also potentially disastrous tsunamis
(§9.9.2). Continental transform faults likewise pose a major hazard for densely populated
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a)

b)

c)

Figure 3.19: a) Surface rupture pattern in Kahramanmaraş after the 2023 Mw7.8 Turkey/Syria
earthquake. Note ∼3 m scale, left-lateral strike-slip offsets (mapped maximum surface offsets are
∼5 m) with compressional, restraining bend features interspersed; from aerial footage by Kösen
(2023). b) Humps fault offset (∼2 m) during the Mw = 7.8 2016 Kaikōura event (which had offsets
up to ∼ 11 m elsewhere), showing right-lateral motion, exposed fault scarps due to thrust com-
ponent (gray) and compressional structures (green). c) Papatea fault offset due to Kaikōura, with
maximum throw of ∼10 m documented in the region. Note how the Clarence river has eroded
several meters of bedrock already as seen in this 2023 picture.

regions such as the west coast of the U.S. and Anatolia (§8.4). Aspects of their interseis-
mic, co- and post-seismic deformation can be relatively easily inferred from geological and
geodetic measurements since many transform faults break the surface on land (Fig. 3.19).

However, there are numerous outstanding questions such as how crustal faults con-
tinue down into the lithosphere and mantle. This means that the study of the brittle-
ductile, rheological evolution laws that can potentially capture fault system evolution has
great academic and societal relevance.

3.3.1 Earthquake physics and statistics

An earthquake consists of rapid, relative motion of the earth on one or several fault sur-
faces within a fault zone (Fig. 3.19). When quantifying the associated seismic activity,
seismicity, we need to start by obtaining the location where the earthquake started, the
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hypocenter location on the fault plane (the epicenter is the projection to the surface), and
describe the event size. Sometimes, we refer to earthquake size in terms of magnitude, M ,
which is a traditionally a logarithmic scale of measuring ground motions. For Richter’s
(1935) local Ml, the scale is based on seismic wave amplitudes for a certain period range,
measured on a standard seismograph after a distance correction, I.e., Ml captures the
earthquake effects at a specific site. This is useful for seismic hazard assessment which
is focused on estimating local ground shaking.

However, for tectonic purposes, a more appropriate measure of earthquake size that
is directly related to source physics is the seismic moment, whose scalar amplitude, M0,
corresponds to the integral over earthquake source discontinuity deformation, eq. (2.45)
over area A, e.g., with length L times width W (Fig. 2.13). The moment tensor M links to
M0 through the slip and fault plane orientation via eq. (2.42). A related, purely kinematic
property, seismic potency, P = 1

GM, has theoretical advantages, such as in the case of a
bi-material (Ampuero and Dahlen, 2005), but often P is simply scaled from M via constant
G anyway. We can convertM0 to a moment magnitude (Hanks and Kanamori, 1979)

Mw =
2

3

(
log10 (M0)− 9.1

)
(3.44)

(M0 in Nm; sometimes dynecm is used, where 1 dynecm = 10−7 Nm). Mw is designed to
match Ml and other magnitude scales, but less prone to saturate for large earthquakes.

Dziewoński et al. (1981) developed a method based on inversion of surface wave propa-
gation patterns to routinely build a global catalog of not just earthquake size and location,
but also moment tensors which are a generalization of focal mechanisms (Fig. 2.12). This
method became known as the Harvard Centroid Moment Tensor (CMT) solutions, now
continued as the global CMT (gCMT) catalog by Ekström et al. (2012) (Fig. 2.14a). This
catalog is estimated to be complete in terms of detection of all global earthquakes down to
Mw ≈ 5.4 (§3.3.1.2), i.e. the magnitude of completeness, M c = 5.4. The gCMT catalog pro-
vides a remarkable wealth of information, e.g., about shallow tectonics and strain release
patterns (§2.7.1) as well as deep slab deformation (§9.9). The gCMT catalog also has well-
known shortcomings, such as relatively poor hypocenter locations, in particular depth;
this can be overcome by more detailed regional studies, relocating centroids, or other im-
provements (Pham and Tkalčić, 2021; Sawade et al., 2022). However, for many applications,
the uniformity and global distribution provided by the gCMT catalog are unrivaled, and
we analyze a number of aspects of this catalog in this book.

3.3.1.1 Earthquake source scalings

We now proceed to consider some of the properties of earthquakes in a statistical sense to
gain some insights from the scaling between parameters. For simplicity, we will assume
that single parameters can be used to describe ruptures, such as when spatially extensive
moment release is condensed into an idealized centroid point.

As a moment,M0 has units of force times length, or energy, but the seismically radi-
ated energy, Es, is only a fraction ofM0 such that (Kostrov, 1974)

Es =
∆τa
2G
M0, (3.45)

where ∆τa is the apparent stress, which corresponds to the earthquake stress drop, ∆τ , if
stress were to drop immediately when slip starts (§3.3.3.4).
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Figure 3.20: Event size vrs. ra-
dius for different stress drops,
∆τc, for a crack, eq. (3.46), and
Mw from eq. (3.44) (lines). Data:
AS09: ∆τ from Allmann and
Shearer (2009), M0 converted to
radius via eq. (3.46); VG15: com-
pilation of Viesca and Garagash
(2015); B-HI: Hi-net (Baltay et al.,
2011); B-CP: Cajon Pass (Aber-
crombie and Rice, 2005); B-SA:
SAFOD (Imanishi and Ellsworth,
2006), all borehole-based; MI-
1 and MI-2: mine seismicity,
Oye et al. (2005) and Kwiatek
et al. (2011); AE-1 and AE-
2: experimental acoustic emis-
sions, McLaskey et al. (2014) and
Yoshimitsu et al. (2014). Median
∆τ and 25% and 75% quartiles
for each dataset provided.
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For an elastic medium, τ ∝ Gε, eq. (3.6), such that the static stress drop ∆τ associated
with the release of stored mechanical energy should scale with slip s over length L, i.e.
strain-drop, and withM0 = GsL2

∆τ ∝ G s

L
∝ M0

L3
, e.g. ∆τc =

7

16

M0

a3
; ∆τr =

2

π

M0

WL2
. (3.46)

The exact expression for ∆τc is for a circular crack of radius a (Eshelby, 1957), and ∆τr for
a rectangular fault with L � W (Knopoff , 1958). Seismically, ∆τ is often estimated from
the corner frequency fc where radiated seismic wave spectra are found to fall off steeply
from a broad range of ∼ constant power

∆τseis =
7M0

16

(
fc
kvS

)3

, (3.47)

where k is a constant that depends on the source, e.g. k ≈ 0.21 for S wave spectra and
rupture at 90% of vS (Madariaga, 1976); eq. (3.47) follows from eq. (3.46) using fc = kvS/a
(Brune, 1970).

From a range of observational studies using spectrum based inference, ∆τ is found
to only depend weakly onM0 or earthquake depth (Abercrombie et al., 2021), but there is
preponderance for higher stress drops in intra vrs. interplate settings (Allmann and Shearer,
2009). Values scatter fromO(0.3 . . . 50) MPa, with median values for tectonic earthquakes
of ∆τ ≈ 4 MPa (Fig. 3.20). This means Es/M0 ∼ 0.2 . . . 20 · 10−5 from eq. (3.45) for a
typical G = 30 GPa. Figure 3.20 shows that an M0 ∝ a3 scaling with only moderate
variations of ∆τc holds across a wide range of earthquake-like events. That range is ∼ 27
orders of magnitude inM0 (!), and goes from mm-scale acoustic emissions at Mw ∼ −8
to the largest recorded earthquakes with Mw ∼ 9. Some of the datasets in Fig. 3.20 show
distinct, constant ∆τ trends, but the significance of these, also in light of the assumptions
made during analysis, remain debated (Abercrombie, 2021).

The corollary of only moderate variations of ∆τ is that earthquake slip should scale
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Figure 3.21: a) Re-
lationship between
moment, M0, and
rupture length, L,
for thrust (mainly
subduction for large
events), strike-slip,
and normal faulting
regimes, along with
M0 ∝ L3 and ∝ L2

slopes as expected
below and above
saturation of fault
width, W , eq. (3.49).
b) Rupture aspect
ratio, L/W , as a func-
tion of M0 compared
to scalings for fault
slip s̄c, eq. (3.48), and
W = L for L < Ws

and W = Ws else.
Saturation Ws as indi-
cated with solid lines
for constant stress
drop ∆τ = 1 MPa
and G = 30 GPa,
dashed values are for
∆τ = 0.1 MPa and
10 MPa, respectively.
All data from Blaser
et al. (2010).

linearly with fault dimension

s̄ ∝ ∆τ

G
L ∝ L e.g. s̄c =

3

7

∆τ

G
a, (3.48)

with s̄c exact for a crack. The seismic momentM0, eq. (2.45), should thus scale as

M0 ∝WL2 ∼ L3 for W . L, (3.49)

where there will be a transition from L3 to L2 scaling when the fault plane reaches the
down-dip limits of saturation Ws, e.g. at the brittle-ductile transition.

A scaling between s and with L andM0 with L2...3 is indeed observed (Wells and Cop-
persmith, 1994; Blaser et al., 2010), and the derived relationships form the basis of much
of seismic hazard assessment (Fig. 3.21). From Blaser et al.’s (2010) data, the average
〈s̄/L〉 ≈ 1.3 ·10−5, which yields ∆τ ≈ 0.9 MPa using s̄c, eq. (3.48), a = L, and G = 30 GPa.
Figure 3.21b shows that such scaling relationships capture much source complexity for
Ws ∼ 15 km and ∼ 100 km for transform and thrust faults, respectively. This is consistent
with megathrust environments allowing for larger W both because the thrust faults are
at shallower angle, and because subduction environments may be colder than transform
settings (§9.12).
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Figure 3.22: Cumulative
frequency-magnitude (GR)
relationship for shallow,
depth zmax ≤ 50 km gCMTs
events, i.e. number of
events larger than Mw,
for all (gray) and different
tectonic style (colored).
b values from maximum
likelihood with M c = 5.4
and magnitude discrete-
ness ∆M = 0.1 (Aki, 1965;
Bender, 1983). Solid lines
are best-fits, shown for
visualization only, and
dashed line is the truncated
GR, eq. (3.51), forMr = 8.4.
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While W is somewhat easier to estimate than L forM0, one of the key challenges for
seismic hazard assessment is figuring out likely fault segmentation, or the possibility of
segments linking up. Considering continental transforms, the Landers 1992 mw7.2 rup-
ture, for example, connected three known faults which were previously considered inde-
pendent (Wald and Heaton, 1994). This renewed interest in understanding jump distances
for rupture dynamics (Oglesby, 2008), and the Tōhoko-oki Mw = 9.1 2011 tsunamigenic
event with large slip close to the trench highlighted the importance of understanding rup-
ture in the shallowest trench regions (§3.3.6; Kozdon and Dunham, 2013; Kodaira et al., 2020).

3.3.1.2 Frequency-magnitude distributions

When considering regional or global seismicity, there is irregular, spatio-temporal clus-
tering of events in every subset of the catalog (§3.3.1.3), and each individual earthquake
occurs in an irregular fashion. However, bulk statistical properties are relatively well con-
strained. One example for those stochastic rules for seismicity is that one finds that the
largest events are way rarer than the small ones (Ishimoto, 1939), with clear relationships
between relative numbers across a range of magnitudes. This power-law type, frequency-
magnitude relationship, or Gutenberg and Richter (1944) (GR) law, can be written as

N(M) = 10a−bM , (3.50)

where N is the number of earthquakes with magnitude M , a is an activity constant, de-
pending on the spatio-temporal domain considered, and b a power-law exponent, often
close to unity (Fig. 3.22; Kagan, 2002). Eq. (3.50) means thatN decreases by a factor of≈ 10
if the magnitude increases by unity, the largest events are rare in every catalog (Fig. 3.23).

In nature, there are of course natural limits on the largest scales of any power law;
the biggest hypothetical earthquake rupturing the global lithosphere is M e ≈ 10.8 with
a = W = 100 km, A = 2πReW , and ∆τ = 100 MPa, from eqs. (2.42), and (3.44), and
(3.48). The largest recorded event in the gCMT catalog 2011 Mw = 9.1 Tōhoku-oki, and
the largest earthquake from the instrumental era us 1960 Chile with Mw = 9.5. For local
applications of eq. (3.50), smaller extreme M e will be determined by the total available
fault area. The physical lower bound for a possible break in the frequency-magnitude
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Figure 3.23: Cumulative global seismic moment release (gCMT; Ekström et al., 2012). Red curve
is for all events (left axis), blue for earthquakes with magnitude Mw < 6.5 (solid, right scale, cf.
eq. 3.44), and when limited to 5.5 ≤Mw ≤ 6.5 (dashed line).

relationship is debated, but any potential minimum earthquake magnitude is M < −1.3
based on mining seismicity (Boettcher et al., 2009), and b ∼ 1 scaling might hold down to
the tiniest events with M = −4.4 (Kwiatek et al., 2010).

For tectonic earthquakes, observational networks have a finite detection capability,
usually quantified as the smallest event size to which the catalog is complete in terms of
observing a GR type powerlaw, M c (Fig. 3.22). We can rewrite eq. (3.50) using seismic
moment rather than magnitude and accounting for the upper size limit using a rollover
magnitude M r for a tapered GR distribution as (Kagan and Jackson, 2000; Bird and Kagan,
2004)

N(M0) = N0

(
Mc

0

M0

)β
exp

(
Mc

0 −M0

Mr
0

)
, (3.51)

where Mc
0 and Mr

0 are the corresponding moments of M c and M r, and M r describes
a dramatically reduced extreme event likelihood. For any moment-based GR relation-
ship, the power-law exponent β = 2

3b, as per eq. (3.44). The dashed line in Fig. 3.22 uses
eq. (3.51) and M r = 8.4; this behavior captures the roll-off in large event numbers region-
ally, but the largest events captured in the gCMT catalog are more frequent than the taper
implies. However, there are so few that the statistical implications are unclear (Kagan,
2002; Serra and Corral, 2017).

Several explanations for b ∼ 1 have been proposed, usually associated with some pro-
cess involving fault roughness and segmentation (King, 1983), including those accounting
for all combinatorially possible ways fault asperities can combine for different size rup-
tures (Page and Felzer, 2015). For example, when elastic behavior is represented by discrete,
cellular-automaton type representations of sets of coupled, elastic spring-sliders, powerlaw
frequency-magnitude distributions arise (Burridge and Knopoff , 1967). Smooth earthquake
cycles break up into complex sequences if actual or numerical roughness is introduced
(Rice, 1993).

There have been suggestions that power-law behavior as in eq. (3.50) indicates that
earthquakes are strictly chaotic and intrinsically unpredictable, as for a system which
has evolved into a self-organized critical state which does not have characteristic spatio-
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temporal scales (Bak et al., 1987). A classic analog is a sand pile where any tiny, random
movement might possibly grow into a large landslide, and by analogy, any instability
possibly into a major earthquake (Bak and Tang, 1989). Indeed, b is usually (“universally”)
close to unity, and only weakly dependent on region or depth of seismicity when aver-
aged over large enough samples (Kamer and Hiemer, 2015). However, at least in labora-
tory experiments, b does depend inversely on ambient deviatoric stress state or damage
(Fig. 3.22; Goebel et al., 2013; Scholz, 2015), as well as fault roughness (Goebel et al., 2017;
Cochran et al., 2023).

This indicates that there may be temporal and spatial fluctuations of the ratio of small
to large events, such that remotely detected variation in seismicity might potentially pro-
vide information on fault “state”, e.g., stress and potential rupture connectivity. Numer-
ous examples for b value diagnostics have been debated, including decadal-scale decrease
of b before M9 events (Nanjo et al., 2012). Considering global catalogs, compared to nor-
mal faults, thrusting events are predicted to fail at higher differential stress (§3.11.1), and
the dependence of b on tectonic style in Fig. 3.22 is consistent with this inference, i.e.
bext/bcomp ≈ 1.22 (Schorlemmer et al., 2005). Stress dependence of b has also been invoked
for the observation of high b values for intermediate-depth subduction zone seismicity,
possibly supported by reduced effective normal stresses due to high pore pressures from
fluid release (Wiemer and Benoit, 1996; Wyss et al., 2001).

If a relationship between fault stress or damage state and frequency magnitude statis-
tics holds, this indicates that there is a deterministic component (e.g. evolving damage
connectivity) to seismicity statistics, and that eq. (3.50) is not entirely scale or time-in-
variant. Faults have also been suggested to show characteristic earthquakes, meaning that
large earthquakes of a typical magnitude would have elevated likelihood compared to
Gutenberg-Richter (Wesnousky, 1994). Some earthquake models with depth-dependent
stress drop, for example, show mixed behavior where shallow events show powerlaw
seismicity and large, deep ruptures are more regular (Ben-Zion et al., 1993; Zielke and Ar-
rowsmith, 2008). However, the statistical evidence for characteristically repeating type
earthquake cycle models for prospective use is quite weak (§3.3.2.1; Kagan et al., 2012),
and deviations from a universal and constant b are debated (Kagan, 2002). In particular,
time-variable sample size and dynamic range can lead to biased estimates (Marzocchi and
Sandri, 2009; Geffers and Main, 2023).

3.3.1.3 Clustering: Omori’s and Båth’s laws

What is clear is that earthquake dynamics is full of power-law behavior, and how those
different statistical, and often at least semi-empirical, relationships are linked remains to
be fully understood. One robust observation from earthquakes in nature as well as some
laboratory experiments is that of the rapid decay of the number of aftershocks, i.e. events
directly following the mainshock. This one example of clustering of seismicity (Felzer and
Brodsky, 2006; Shearer, 2012; Zaliapin and Ben-Zion, 2013), which means that the number of
events in a spatio-temporally confined region are temporarily elevated above some no-
tional background rate. While the occurence of the cluster may be stochastic, the statistics
within a cluster follow general rules.

For aftershocks, one finds that the number of events is governed by an inverse of time
relationship; this is Omori’s (1894) law, and was modified by Utsu (1961) as

R(t) =
K

(c+ t)p
. (3.52)

Here, R is the rate of aftershocks, t time since mainshock, and K productivity which is
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linked to eq. (3.50). The p parameters is a powerlaw exponent & 1; for eq. (3.52) to have
finite number of events, p > 1 has to hold. Parameter c > 0 is a constant which may related
to a characteristic time for failure controlled by faulting style, and hence deviatoric stress,
like b (Narteau et al., 2009), and/or be related to an incomplete early catalog.

Aftershocks occur predominantly in the vicinity of the main fault rupture, and can be
used to infer the geometry of the fault plane in the absence of geodetic or source model-
ing constraints. The spatio-temporal evolution of aftershocks is indicative of incomplete
stress release of the main shock on stress or strength asperities which may fail due to
viscous or rate-dependent frictional or damage processes (§3.3.5; Dieterich, 1994; Ben-Zion
and Lyakhovsky, 2006; Perfettini et al., 2018). The degree to which eq. (3.52) can be used to
extract physical behaviors or if other, exp type decay laws, albeit with variable relaxation
times, should be considered is debated (Kisslinger, 1993; Mignan, 2015).

Another observation about typical seismicity patterns is that the largest aftershock is
∼ 1.2 magnitude units smaller than the main shock, Båth’s (1965) law. Alas, if the after-
shock is larger than the mainshock, we redefine the mainshock as a foreshock. Such links
between the relationships governing seismicity statistics can be used for epidemic type af-
tershock sequence (ETAS) models which combine the Gutenberg-Richter relationship with
probabilistic and universal triggering of aftershock sequences (Ogata, 1998; Felzer et al.,
2002; Helmstetter and Sornette, 2003b). This approach can explain Båth’s law based on se-
lection criteria (Helmstetter and Sornette, 2003a), and can be used to assess time-dependent
seismic hazard by accounting for triggering of aftershocks (Field et al., 2017a). Other
power-laws in fault dynamics, such as for fault roughness, are reviewed in Renard and
Candela (2017), for example.

3.3.1.4 Some implications of clustered seismicicty

For seismotectonic or hazard analysis, it is crucial to realize that the larger, less frequent
earthquakes have much larger energy release than the smaller events: one magnitude
unit increase corresponds to ≈ 31 times more moment (or energy release), eq. (3.44). This
means that regional seismicity catalogs as governed by the Gutenberg-Richter distribution
might miss important, large events because of a limited time of observation, implying that
the details of distributions such as eq. (3.51) matter greatly for seismic hazard estimates.

Moreover, spatio-temporal deformation patterns such as in Fig. 2.16 are affected lo-
cally by the seismic cycle, and absolute strain budgets are even more sensitive to the
missing “big ones”. When considering the cumulative moment release (Fig. 3.23), the
clustered nature of seismicity (Fig. 3.22) means that relatively infrequent, Mw & 8.5 mega
earthquakes with individual recurrence times & 500 yr (§3.3.2.1) contribute much of the
global seismic energy release (e.g., the 2004 Sumatra Mw = 9 and the 2011 Tōhoku-oki
Mw = 9.1 events, §9.9.2). Also note how there is an apparent increase in smaller mag-
nitude moment release in Fig. 3.23, which is mainly due to a decrease in magnitude of
completeness due to better seismograph networks; the mid range increase in cumulative
moment is steady.

3.3.2 Fault constitutive laws and the seismic cycle

What rheological constitutive laws can capture the observed seismicity patterns? The
general answer is that we do not quite know. Frictional descriptions certainly provide a
framework to think about earthquake occurrence but there are a number of outstanding
questions, and one likely has to additionally consider fluid transport associated normal
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Figure 3.24: Spring-slider system
consisting of an elastic element with
spring constant k and a frictional
slider controlled by normal, σn, and
shear stress τ . The slider as being
pulled at velocity vl and responds
with velocity v. This is equivalent to
a fault within a shear zone with shear
modulus G and width W , such that
k = G

W , eq. (3.73).

stress and porosity changes, as well as ductile creep below fault zones, to capture the spec-
trum of fault slip. Moreover, fault zones show geometrical complexity and are affected by
off-fault deformation, and fault systems evolve including including through stress inter-
actions between earthquakes (§3.2.3.4).

Let us start simple and consider an idealized planar fault analog. Consider the fric-
tional sliding of a block, as in Fig. 3.1c but now pulled by a spring extended at vl (Fig. 3.24),
to be governed by no motion at all, v = 0, until the shear stresses at the base of the slider
overcome the normal stresses acting on the plane of sliding times the friction coefficient.
We can think of this situation as analogous to slip on existing fault planes (§3.2.1). The
nominal static friction that controls this transition is

τs = µsσn (3.53)

where we assume that the normal stress is compressive. Eq. (3.53) is the Coulomb law
as already introduced, e.g. eq. (3.31). The shear stress required to sustain sliding once in
motion at v 6= 0 is typically reduced to a dynamic friction value

τd = µdσn, (3.54)

with µd < µs. This drop in friction may be associated with a reduction in the area of
contact, i.e. weakening as a function of displacement or sliding velocity, for example, over
some critical distance.

In the lab, µs,d can be measured from onset of sliding and equilibrium motion, and the
dynamics of inertial motions are ignored for the consideration of µd. Dynamic rupture
computations indicate a dynamic overshoot such that the arrest friction, µa, is lower than µd,
with

µa = µs − S(µs − µd), (3.55)

and S ∼ 1.15 . . . 1.35 (Madariaga, 1976). Moreover, it has long been know that the nu-
cleation of fractures cannot be fully captured by a simple frictional approach (Rabinowicz,
1951; Gvirtzman and Fineberg, 2023), and the friction is at least velocity and state-dependent
(§3.3.5). However, adopting the static-kinematic framework can provide some first-order
insights, at least for the sake of argument.

3.3.2.1 The seismic cycle

If we disregard slip or velocity dependence for now, and consider an idealized fault where
stress is reduced instantaneously, we can also think of eqs. (3.53) and (3.54) as the initial
and final stress states of a brittle fracture/sliding event, i.e. an earthquake. In this sense,
the static stress drop, ∆τ , of an earthquake is given by

∆τ = τi − τf = τs − τd = µsσ
i
n − µdσfn = (µs − µd)σ̄n, (3.56)
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where we have allowed for the initial and final normal stresses to be possibly different, as
would be expected for inclined faults responding to far field loading (Bonafede and Neri,
2000). The dynamic stress drop would be correspondingly larger with eq. (3.55) as

∆τd = S (µs − µd) σ̄n. (3.57)

Gilbert (1884) and Reid (1911) suggested that the stick-slip motion which results upon
sustained loading and increase of stored mechanical energy (pulling the spring) and re-
peated drop upon sliding once τi is reached in a tectonic plate boundary by means of
elastic rebound (unloading of the spring) is the cause of earthquakes. If ∆τ is the same
for every earthquake, one can compute an idealized earthquake recurrence time, or seis-
mic period, Ts, from the slip, u, associated with each event, and a stressing rate τ̇ , a plate
boundary velocity vl, or a fault slip rate ṡ (eq. 3.60) by

Ts =
∆τ

τ̇
=
u

vl
=
u

ṡ
(3.58)

which would imply strict periodic behavior if all parameters are constant. Plausible val-
ues for an M ∼ 7 event every Ts = 100 yr are, e.g., u = 5 m and vl = 5 cm/yr, or
∆τ = 3 MPa and τ̇ ∼ 10−3 Pa/s, or ε̇ = τ̇ /(2G) ≈ 2 · 10−14 s−1 = vl/(2W ) with shear
modulus G = 30 GPa, τ̇ = 2Gε̇, eq. (3.4), and a shear zone width W ∼ 40 km, eq. (2.50).

Taking into account tectonic and geodetic constraints (Fig. 2.14), similar estimates can
be converted into seismicity forecasts via eq. (2.49), and considerations of the degree of
seismic coupling, i.e. the ratio of seismic to tectonic slip, eq. (2.46) (Bird and Kreemer, 2015;
Graham et al., 2018). While at least conceptually useful for long-term, multi-earthquake av-
erages, eq. (3.56) is likely too simple to capture any real time-dependence of earthquakes.
One extension is to allow for µd or µs to be time-variable. While this produces irregu-
larity, once an event is measured, the time or the slip of the next event are predictable,
respectively, the slip-predictable and time-predictable models of Shimazaki and Nakata (1980).
Accounting for normal stress changes, for example, can lead to monotonous changes in
Ts (Becker and Schmeling, 1998).

Considering ∆τ in the context of the absolute stress in the crust, eqs. (1.3) and (3.56),
would lead us to expect∆µ = ∆τ

σn
∼ ∆τ

p ≈
∆τ
ρcgh

, so for typical∆τ = 3 MPa and mid-crustal
earthquakes at h = 7 km, ∆µ ∼ 0.015 which is quite small compared to typical µs and
µd estimates, and along with the absence of clear depth-dependence of ∆τ (§3.3.1.1) also
implies that more complicated processes govern earthquake rupture. Either µs for faults
are lower than the Byerlee values, or the ambient stresses are not governed by Byerlee
strength. We will discuss some of the complexities involved in friction for earthquake
rupture below (§3.3.5 and §3.3.7).

3.3.2.2 How regular are large earthquakes?

Likely at least partly as a consequence of such stress field complexities, earthquakes are
not as regularly reoccurring as either the constant, time, or slip-predictable models would
indicate, and statistical tests show that seismic cycle based models lack predictive power
(Kagan et al., 2012).

One major source of uncertainty is that the duration of the instrumental era of seis-
mology is of the same order as Ts for M7 events which means that we have to expand
the sampling time to get better statistics without having seismic recordings. Historical
records are helpful, but detailed written accounts going back more than a few hundred
years are sparse in many high hazard regions. Even in place with long records such as
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a) b) c)

Figure 3.25: a) Wave-cut bench along the beach due to vertical motions due to a single earthquake
and, b) uplift due to several megathrust events. c) Tsunami deposit, indicated by a mixture of
different size clasts and, in this case, broken bottles, likely from a destroyed harbor settlement due
to the 1877 m = 8.8 Antofagasta event. All pictures from Mejillones, Chile.

Japan, deliberate misreporting, e.g., to get central government benefits in the provinces,
may have distorted the record. When we turn to geological signatures for subduction
zone earthquakes, we can analyze the effect of successive vertical motions on the sedi-
mentary record (§9.9), and if tsunami are excited by the thrust earthquakes, their signature
deposits on hemispheric scales (Fig. 3.25; Goldfinger et al., 2003; Satake, 2015).

For continental transforms, the field of paleoseismology mainly relies on the non-zero,
oblique motions that accompany many strike slip faults. This leads to minor vertical mo-
tions which offset layers that can be dated using radiometric methods. For the major
faults where paleoseismology provides extended timeseries, observed standard devia-
tions in recurrence times, σTs , are & 20% of the mean T̄s, even for the most regular series
(Fig. 3.26). Earthquake occurrence on most segments is, however, not random either, but
at least quasi-periodic.

Such statements can be quantified, e.g., with the coefficient of variation for the recurrence
time, cv = σTs/T̄s, i.e. the normalized standard deviation, eq. (C.46). For random event
timeseries cv = 1, and quasi- and near periodic series yield cv . 0.75 and cv . 0.5, respec-
tively (e.g. Scharer et al., 2011). The most periodic cases we know of are cv ≈ 0.2 . . . 0.3 for
the Alpine fault, and Parkfield as a runner up (Fig. 3.26). A cv & 1.25 indicates statistically
significant clustering, which is less common, but found on segments of the Dead Sea Fault,
for example (Yuan et al., 2018). Variation coefficients for earthquake magnitude based on
reconstructed fault slip, csv, from paleoseismology are typically smaller than those for the
timing of events, cv (Zielke et al., 2015), raising questions about fault system evolution
(§8.5.2).

The observation of irregular rupture series means that while Reid’s (1911) earthquake
cycle model still forms the foundation of our understanding of the physics behind the
temporal occurrence of earthquakes, it has limited forecasting power (Kagan and Jackson,
1995). For example, while Parkfield looks near-perfectly periodic in Fig. 3.26, it is not
really at cv ≈ 0.4. The series of mb & 5.5 events from 1857. . . 1966 did lead to a “predic-
tion” of an event for 1993 (Bakun and Lindh, 1985); it happened only in 2004 (Bakun et al.,
2005). However, the low cv ≈ 0.25 for the Alpine fault does lead to quite large, ∼75%,
probabilities for an Alpine fault earthquake during the next 50 years, which might be of
Mw ∼ 8 class at ∼80% confidence (Howarth et al., 2021). Moreover, hazard estimates do
often include fault maturity according to Reid (1911) ideas in terms of temporally elevated
hazard compared to long-term likelihoods if there are elevated wait times (§8).
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Parkfield Ts = 24 ± 9 yr cv = 0.38±0.27

Pallett Creek Ts = 144 ± 80 yr cv = 0.56±0.20

Wrightwood Ts = 102 ± 65 yr cv = 0.63±0.14

Mystic Lake Ts = 226 ± 247 yr cv = 1.10±0.13

Hog Lake Ts = 186 ± 108 yr cv = 0.58±0.11

AF  Hokuri Ts = 328 ± 100 yr cv = 0.30±0.10

AF  Paringa Ts = 253 ± 47 yr cv = 0.18±0.13

Figure 3.26: Timing
of historical events at
Parkfield and paleo-
seismological rupture
constraints for the San
Andreas (Pallett Creek
and Wrightwood; Biasi
et al., 2002; Scharer
et al., 2010), the San
Jacinto (Hog Lake and
Mystic Lake; Scharer
and Yule, 2020), and the
Alpine (AF) fault: AF-
Hokuri (Hokuri Creek;
Berryman et al., 2012)
and AF-Paringa (Lake
Paringa; Howarth et al.,
2021). Dotted lines
indicate linear fits.
Legends states mean
± standard deviation
of the seismic period,
Ts, as computed from
the intervals between
events, as well as co-
efficient of variations,
cv of eq. (C.46), where
the ± ranges are stan-
dard deviations for cv
from bootstrapping
(§C.7.5).

3.3.3 Modeling co-seismic deformation

We proceed to discuss a few simple models that can serve to build physical intuition for
the earthquake source considerations of §3.3.1.1. These models also serve to link what we
can observe coseismically and interseismically at the surface which what may be happen-
ing in terms of fault loading at depths. What follows is brief review of how deformation
across infinite dislocations in an elastic medium is accommodated. These simple, mode III
type, representations can illustrate some of the trade offs for layered media which are of
relevance for earthquake cycle deformation in general.

We will then introduce finite fault planes, but only consider single, planar sources, for
simplicity. As noted §3.2.3.4, fault zones are complex and there are zones of damage across
scales with geometrical complexity and anelastic deformation. However, to quantify the
degree to which such deformation matters, it is useful to explore how much of fault-
related deformation can be captured by simple geometries.

Often geodetic surface constraints can be fit with purely elastic back-slip, “block” type
models, even though we know that the lower crust and mantle deform viscously (§3.11.2),
and we will discuss some of the non-uniqueness and how viscous effects can be masked
mechanical models (§3.7.3).
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Figure 3.27: Co-seismic displacement for a fault of depth extent D within a homogeneous half-
space, Γ = 0, or for an elastic layer of thickness L with shear modulus µl overlying a half-space
with µ, for different strength ratios, Γ = µl−µ

µl+µ
, for δ = L/D = 1, from eq. (3.62).

Figure 3.28: Approximation
of geodetic deformation accu-
mulation throughout the seis-
mic cycle with the Savage
and Burford (1973) type half-
space back slip/block model.
Curves show the eventual
step offset minus eq. (3.59)
at different fractions of s, in-
set are illustrations of the
deformation state right after
the earthquake and during
loading, respectively (modi-
fied from Savage and Burford,
1973). Note that all infinite
fault solutions are symmetri-
cal around x = 0.
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3.3.3.1 Screw dislocation in an elastic half space

If the fault is of the tearing, mode III type (Fig. 3.16), and measurements are only con-
sidered across the fault, simple semi-analytical formulations exist and can approximate
the uy deformation along x across a fault assumed infinite into the plane (Fig. 3.27). The
solution for the displacement u across a fault of depth D offset by s as an infinite screw
dislocation in a linear, elastic half space is given by (Weertman and Weertman, 1964)

ũeh(x̃) = sign(x̃)
π

2
− arctan(x̃) (3.59)
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Figure 3.29: Profile-normal GNSS velocities across the southern San Andreas fault system (Indio
segment, cf. Fig. 8.3b) showing how the total relative motion of 39 mm/yr between Pacific and
North American plate can be captured by fault-loading according to the ∆u = ṡ and Dl = D
loading rate and locking depth values of eq. (3.60) (colored profiles), respectively, on four faults:
SJF: San Jacinto; SAF: southern San Andreas, and ETR: Eastern Transverse Ranges. Insets show χ2

misfit surface to illustrate the trade-off in parameters for SJF and SAF examples; star shows the
best-fit, circle the median value (from Platt and Becker, 2010), cf. Fig. 8.1.

where the non-dimensional length and displacement are

x̃ =
x

D
, ũ =

uπ

s
, and sign(x) =

{
1 if x ≥ 0

−1 if x < 0

with the normalized distance x̃;D is the only length scale available and controls the width
of the arctan transition.

We can also consider the cumulative deformation of a locked fault overlying a nar-
rowly creeping asthenospheric shear zone (Fig. 3.28). In this back slip model, the dis-
placements across the fault during the interseismic period increase such that they reach
a step function minus the eventual co-seismic displacement just prior to the actual earth-
quake. The interseismic deformation is thus the long-term, rigid plate motion minus a
time-dependent component that looks like the elastic solution, eq. (3.59) (Fig. 3.28; Savage
and Burford, 1973). The velocity with which deformation is stored is thus

v(x̃) =
ṡ

π
arctan(x̃) (3.60)

which links geodetic velocities across the fault, v, to the long-term fault slip rate, ṡ, an
important parameter for seismic hazard assessment (§3.3.2, e.g. Meade et al., 2002).

This model can be generalized to a block model of crustal regions separated by faults
such as in Fig. 3.28 using 3-D dislocation solutions (Bennett et al., 1996; Smith and Sandwell,
2003; Meade and Hager, 2005). D in eq. (3.60) is then identified as the locking depth below
which all deformation is viscous and determines the shape of surface loading. In practice,
it is difficult to estimate D and ṡ independently even for fairly dense geodetic networks
(Fig. 3.29; Freymueller et al., 1999; Platt and Becker, 2010). The subdivision of distributed
velocities, e.g., as in Fig. 2.1 into blocks is often guided by a priori information about where
faults are. More than 1. . . 2, fault-associated arctan type gradients of eq. (3.60) would be
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Figure 3.30: Solution for a screw dis-
location slipping between depths d1

and d2, d2 > d1, eq. (3.61), e.g. as used
to approximate localized post-seismic
deformation.

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0  2  4  6  8  10

d
is

p
la

ce
m

en
t,

 u
 π

/
 f

au
lt

 s
li

p
, s

distance from fault / d1

d2/d1 = 1.5

d2/d1 = 2

d2/d1 = 2.5

hard to spot in the data of Fig. 3.29 alone, for example, and loading of several faults may
be misinterpreted as a large-D single fault.

These trade-offs and relatively poor spatial sampling, in particular based on GNSS
horizontals alone, makes it difficult to establish block geometry objectively (Evans et al.,
2015). Moreover, transient processes may be masked into apparent locking depth or load-
ing rate variations, which can be explored by considering the layered elastic (§3.3.3.3) and
visco-elastic (§3.7.3) solutions.

Such ambiguities notwithstanding, elastic solutions akin to eq. (3.59) (§3.3.3.4), or
other a priori assumptions, are often used to overcome ambiguities in the computation
of crustal strain-rates (§2.7.2) in a fault loading context (Haines et al., 2015; Sandwell and
Wessel, 2016). One is nonetheless faced with choices as to which faults are included for
strain localization, or exploring different kinds of smoothing for the continuous strain-
rate estimates from fluid-like treatments (§2.7.2; Okazaki et al., 2021).

3.3.3.2 Postseismic relaxation in a confined depth region

The elastic solution for a screw dislocation in a half-space that is slipping between some
depths d1 and d2 > d1, e.g. below a transform fault that slipped co-seismically between
the surface and d1, can be used as an approximation of post-seismic relaxation (Thatcher,
1975). In this case,

ũ(x) = arctan

(
x

d1

)
− arctan

(
x

d2

)
, (3.61)

which is akin to eq. (3.59) for d1 = 0 and d2 = D. This solution is shown in Fig. 3.30, and
will be useful to understand the time-dependent solutions in §3.7.

3.3.3.3 Fault solution for two elastic layers

The displacement for a fault with width D as above but within a top layer of thickness L
and different shear modulus µL over a half-space with reference shear modulus µ modi-
fies ũeh from eq. (3.59) (arctan(1/x) = π/2− arctan(x)) to (Rybicki, 1971)

ũ(x̃) = arctan

(
1

x̃

)
+
∞∑
n=1

Wn(x̃, δ)Γn (3.62)
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Figure 3.31: Surface de-
formation u (vectors for
{ux, uy}, background for
uz) for a left-lateral strike-
slip fault (orange line) with
constant stress drop, ∆τ ,
on the fault, correspond-
ing to the slip distribu-
tion shown in the lower
left. Note the quadrants
of compression and uplift
vrs. extension and subsi-
dence (cf. Fig. 3.32) akin to
the P -wave radiation pat-
terns (Fig. 2.12). Com-
putation uses Okada (1992)
slip patch-based solutions
for a vertical fault extend-
ing down to z = −W with
length L = 2W . Profile
on lower right shows uy
across the the fault (solid)
and an arctan-type solution
(cf. eq. 3.59) for D = W/2
(dashed).

with

Wn(x̃, δ) = arctan

(
2x̃

x̃2 + (2nδ)2 − 1

)
, δ =

L

D
≥ 1, and Γ =

µL − µ
µL + µ

. (3.63)

For Γ = 0 (µL = µ), eq. (3.62) reduces to eq. (3.59) (Fig. 3.27).
Note how a strong lithosphere with µL � µ leads to Γ → 1 and hence rigid block

like motion (cf. Fig. 3.28). The Γ = 1 case corresponds to a fully relaxed, block offset over
inviscid asthenosphere situation, and Γ = 0 recovers eq. (3.59). The block earthquake
cycle model of Fig. 3.28 is thus similar to a temporal variation between Γ = 0 and Γ = 1.
If µL/µ → 0, then Γ → −1, which is akin to a smaller locking depth (Fig. 3.27). The best-
fit, equivalent D values for Γ = −0.5 and Γ = −1 are ≈ 0.58D and ≈ 0.38D, respectively.
The functional form of u is not actually an atan anymore for Γ < −0.5, though this may
be hard to detect with sparse geodetic sampling.

3.3.3.4 Dislocation models for finite faults

Complete 3-D solutions for the elastic response of a medium in terms of displacement and
stress due to rectangular (Okada, 1992) and triangular (Jeyakumaran et al., 1992; Nikkhoo
and Walter, 2015) dislocations (i.e. “fault patches” with zero width and constant offset)
exist. Those basic solutions are Green’s functions in that they link a standardized source
(unity fault slip) to deformation and stress in the medium surrounding it. Several Green’s
function can be scaled with slip and added up, e.g., to represent complex slip fault surfaces
by subdividing the fault plane into small patches, typically embedded in a homogeneous,
linearly elastic half-space or a layered Earth model (Fig. 3.31).
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Superposition of a number of single-patch solutions is possible since the problem
is linear in slip, and boundary element models (BEMs) use this property by means of as-
sembling a fault patch interaction matrix and then solving a linear system of equations
to match the desired surface deformation or stress distribution on the fault (Crouch and
Starfield, 1983). This inversion approach is independent of the method used to generate
the Green’s functions, but often Okada (1992) solutions are used for convenience.

Figure 3.31 shows a simple test where we evaluate the deformation due to a vertical
strike-slip fault where the shear stress on the fault is set to drop by a constant value of∆τ ,
here adjusted to yield a nominal maximum fault slip of s = 1 m at the surface. The slip
distribution in Fig. 3.31 then results from a simple inversion for slip to satisfy the desired
stress state. The surface displacements across the fault show an arctan shape very close to
eq. (3.59) in the middle of the fault, and vertical deformation uplift/subsidence patterns
which mimic seismic wave radiation patterns in the near field, but are opposite in the far
field.

The slip distributions on the fault is similar to the closed-form solutions for 2-D cracks
(Pollard and Segall, 1987), but there is some depth dependence of slip because of the free
surface. At the surface, the slip looks similar to the elliptical solution for a circular, penny-
shaped crack of radius a with constant shear stress drop ∆τ (Segedin, 1950)

u(r) =
4(1− ν)

π(2− ν)

∆τ

G
a
√

1− r̃2 with r̃ =
r

a
. (3.64)

Here, r the distance from the center. Note how a sets the relevant length scale, r̃, and
scales displacements, and ∆τ enters scaled by G, as in eq. (3.48). The dynamic rupture
solution has the same functional form of the static one, but overshoot leads to maximum
slip values∼ 1.2 times that of eq. (3.64) (§3.3.2.1; Madariaga, 1976), meaning that the stress
drop is larger than the effective stress, or static stress drop, defined as the difference of shear
stress before and during the earthquake, eq. (3.57).

The surface deformation of Fig. 3.31 shows that there is also a small clockwise rotation
of the fault with maximum ux ∼ 0.1s at the fault ends. This means that fault orientation
with respect to far field stresses, and hence loading and recurrence times, might change
over repeated ruptures (Becker and Schmeling, 1998). Other interesting self-loading effects
due to normal stress change in the presence of a free surface arise for constant stress drop
case for non-vertical faults (§3.3.6; Bonafede and Neri, 2000).

Figure 3.32 shows the corresponding stresses at mid fault depth, clarifying the quad-
rants of compression (mean stress σm < 0) and extension (σm > 0), now as in focal mech-
anism radiation patterns throughout the medium (Fig. 2.12). The drop in shear stress on
the fault is associated with enhanced shear stresses outside the fault, in particular at the
fault tips. For a crack, in the vicinity of the tip, the stress is again singular according to
τ ∝ 1/

√
r̃, eq. (3.43), since the slip solution, eq. (3.64), has the type of abrupt slip termi-

nation leading to singularities. There are models that allow for smooth tapering of slip
in yield zone (Dugdale, 1960; Barenblatt, 1962), but as long as we do not evaluate the dis-
location solution right at the edges of patches, BEM models work just fine, singularities
be damned. In the far-field, r > a, τ ∝ 1/r̃2 (Pollard and Segall, 1987). This 1/r2 de-
cay means possible earthquake interactions by means of static stress change are relatively
small range. Any earthquake triggering interactions over long distances are more likely
by dynamic stress change due to wave propagation (scaling of ≈ 1/r; Felzer and Brodsky,
2006), asthenospheric stress diffusion (§4.1.7.1), or perhaps chains of triggered events.

When the effects of shear stress and normal stress change in the near-field are com-
bined for Coulomb stress, σC of eq. (3.39), it can be seen how the effects of unclamping in
the extensional normal stress quadrants plus the off-fault shear stress increases combine
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Figure 3.32: Mean normal ((σxx+σyy)/2), shear (σxy) and Coulomb stress, eq. (3.39) for N-S strike-
slip (σC = σxy + µσyy with µ = 0.7) at mid-fault depth, z = −W/2, normalized by the stress drop
∆τ for the model of Fig. 3.31. Compression negative.

to lobes of enhanced σC ahead and to the sides of the fault. In the regions of σC > 0,
any crustal faults aligned like the main fault might be expected to get closer to failure
in a Mohr-Coulomb scenario (§3.2.2). Such computations are used to assess earthquake
triggering for aftershocks (King et al., 1994), or for earthquake interactions within fault
systems (Roth, 1988; Stein et al., 1997; Smith-Konter and Sandwell, 2009), the relatively small
changes of ∆σc due to the 1/r2 scaling notwithstanding (Gomberg et al., 1997). It is ap-
pealing to use mechanical models to explore earthquake triggering and fault interactions.
However, while the match of σC patterns and aftershock distributions for 1992 Landers,
for example, are striking, results are less clear for other events (King et al., 1994; Hardebeck
et al., 1998). Considering a range of metrics for stress change, Meade et al. (2017) suggested
that the shear stress (second invariant) might be a better predictor of aftershocks. We will
further discuss Coulomb stress change modeling in a hazards context in §8.5.2.

Fault deformation for layered media can be computed with propagator matrix ap-
proaches which match boundary conditions between layers (Segall, 2010). Finite element
methods can provide Green’s functions for laterally variable elastic parameters which is
important for settings with strong lateral contrasts (Lindsey and Fialko, 2013; Hashima et al.,
2016; Williams and Wallace, 2018). We will revisit the across-fault deformation problem
below for visco-elasticity (§3.7).

3.3.4 Tectonic space geodesy

Using space geodetic constraints from GNSS or Interferometric Synthetic Aperture Radar
(InSAR) for displacements at the surface, one can infer the corresponding fault slip distri-
butions at depth, or equivalently for volcanoes and mode-I deformation, magma chamber
opening.

GNSS positioning is a satellite based approach (§2.1) which has good temporal res-
olution, and timeseries can in fact be used as a low-period, strong motion seismometer.
However, solution accuracy is ∼10 times better on horizontal than vertical displacement
timeseries, partially because of annual and semiannual climatic effects on the solid earth
and atmosphere. Moreover, the spatial coverage and precision is limited by the extent
to which surveys or permanent stations with more robust solutions are available, respec-
tively. Figure 3.29 showed estimates of crustal velocities which require determining lin-
ear trends, making sure that artificial jumps such as from equipment or multi-pathing
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Figure 3.33: a) Co-seismic Sentinel-1 (ascending track 64) InSAR interferogram for the Mw = 7.1
2019 Ridgecrest earthquake. Each fringe represents 2.8 cm of ground displacement in line of sight
direction away from the satellite (Xu et al., 2020a). b) Unwrapped interferogram converted to
displacement. c) Dislocation model fit for slip on the (complex) rupture (Xu et al., 2020b), inverted
using linear superposition of dislocation solutions like in Fig. 3.31.

changes are corrected for, such that tectonic signals remain. If the co-seismic jumps, tran-
sients, or long-term loading as in Fig. 3.29 are of interest depends on the application.

Like GNSS, InSAR is satellite-based but instead of doing repeat positioning to individ-
ual sites, a radar scan of the ground provides a topography map relative to the satellite
which can then be differenced from the one generated during the next overpass by inter-
ferometry (Fig. 3.33). This effort provides a 2-D map of displacements projected into the
line of sight of the satellite, and those can be converted to a full 2-D displacement field, and
timeseries thereof, if more than one look angle are available.

InSAR imaging revolutionized tectonic space geodesy, e.g., when it was shown that the
mapped fault offsets for the 1992 Mw = 7.3 Landers earthquake close corresponded sur-
face deformation from Okada type modeling, indicating that the Earth’s crust can indeed
be treated as an elastic half-space on short timescales, to first order (Massonnet et al., 1993).
Figure 3.33 shows a recent example where InSAR methods can now provide detailed, 2-
D maps of ground deformation very soon after the earthquake, here the Mw = 7.1 2019
Ridgecrest event which had a complex surface rupture and happened on previously ne-
glected/unknown fault structures (Xu et al., 2020a,b).

InSAR has dense spatial coverage, but often decorrelates close to faults, and has lim-
ited temporal resolution, as it is governed by satellite track coverage. It can also be af-
fected by vegetation depending on the electro-magnetic band used by the radar instru-
ment. However, in particular when GNSS and InSAR are used jointly, remarkable infor-
mation on crustal deformation has arisen over the last 30 years (§3.7.4). Moreover, with
the upcoming NASA-ISRO NISAR mission, we can anticipate another transformation in
the availability of time-dependent crustal deformation estimates.

3.3.5 Rate and state friction (RSF)

Rocks and many other materials are observed to have more complicated frictional behav-
ior than eqs. (3.53) (3.54). Describing earthquake ruptures requires modifications to the
abrupt drop in friction, such as a slip-dependent frictional weakening over some critical
slip distance Dc (Rabinowicz, 1951, 1958). One candidate fault constitutive law arises from
the observation that, under certain conditions, rock mechanics experiments find that dy-
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Figure 3.34: Compilation of
laboratory results for rate-
and-state dependent fric-
tion for rocks, showing the
static coefficient of friction,
µs, as a function of hold
time (top), and the dy-
namic friction, µd, as a
function of sliding veloc-
ity, vl (cf. Fig. 3.35), after
Marone (1998). These fric-
tion experiments are all at
slow to moderate speeds
(. 1 cm/s), compared to
earthquakes at ∼ 1 m/s.
For fast slip, experimen-
tal friction studies indicate
µd ∼ 0.05 . . . 0.2 (Fig. 3.40).
We now have a range of
additional constraints for
frictional behavior, as dis-
cussed in Marone and Saf-
fer (2015) and Carpenter et al.
(2016), for example.

namic friction coefficients decrease with sliding velocity, and static friction increases with
the hold time, i.e. the duration when the slider is at rest, implying some sort of healing
process (Fig. 3.34). The relative changes of µ found in such relatively slow sliding experi-
ments are . 10 . . . 20% of the base level values; they nonetheless can affect the dynamics.

A semi-empirical description of the roughly logarithmic dependence of µ on velocity
and hold time is rate and state dependent friction. Friction µ is assumed to depend on sliding
velocity v and at least one state variable θ of dimension time such that (Dieterich, 1979, 1981;
Ruina, 1983)

µ(v, θ) = µ0 + a ln

(
v

v0

)
+ b ln

(
v0θ

Dc

)
= µ0 + a ln

(
v

v0

)
+ b ln

(
θ

θ0

)
. (3.65)

Here, a and b are material, pressure, volatile, temperature, and perhaps even velocity,
dependent parameters (Fig. 3.36), v0 a normalizing velocity, and Dc sets a characteristic
time θ0 = Dc/v0. Viewed different, Dc is the distance of sliding needed to change the state
θ in a way to affect the dynamics. Parameters a and b are O(0.02), with a > 0 (Expanded
details 6)m and DC ∼ 10−5 m from laboratory estimates (Marone, 1998).
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Figure 3.35: Friction re-
sponse after a sliding veloc-
ity increase from 1 to 10 and
a decrease back to 1 µm/s,
eq. (3.65) using evolution
laws eqs. (3.66), (3.67), and
(3.70). Note the direct ef-
fect of transient increase in
µ upon an increase in load-
ing rate, ∝ a log(v/v0), and
the long-term, steady state
decrease in µd, eq. (3.68) for
the (b− a) < 0 case. Param-
eters used: b/a = 15, Dc =
20 µm, and k = 0.01 (µm)−1

(Expanded details 7).
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Taking a and b constant for now, the a ln(v/v0) term in eq. (3.65) represents the direct
effect of sliding velocity, and b ln(v/v0) the evolution effect as controlled by θ(t). Note that
the arguments of any log equation need to be dimensionless; if not, we are dealing with
an empirical fit, and even eq. (3.65) does not have the “feel” of a physical law. Also note
how even the classical experiments of Fig. 3.34 show deviations from log-linear behavior.

One interpretation of θ is that of a characteristic frictional contact lifetime (Expanded
details 6), but even if masking some other process, it is instructive to explore the sorts of
dynamics implied by eq. (3.65). To solve the time-dependent version of eq. (3.65), we need
an additional rule to connect v and θ (Fig. 3.35). There are several candidates, the most
common being the aging law (Dieterich, 1972)

θ̇A =
dθ

dt
|A = 1− vθ

Dc
, (3.66)

which predicts strengthening over time even for a stationary fault, θ̇ = 1 for v = 0. The
slip law (Ruina, 1983) says that

θ̇S = − vθ
Dc

ln

(
vθ

Dc

)
, (3.67)

and requires non-zero sliding rates for strengthening and is always velocity dependent.
The sign of b − a is an important quantity, as can be seen from dynamic equilibrium,

when, at steady-state at some sliding motion v, there is no temporal change in θ, θ̇ = 0,
and hence

θss =
Dc

v

for eq. (3.66) (or eq. 3.67, since θ̇ = 0 has to hold for all v or θ). For θss, steady friction is

µss(v) = µ0 + a ln

(
v

v0

)
+ b ln

(v0

v

)
= µ0 + (a− b) ln

(
v

v0

)
.

Thus, µss = µd depends on v as

∂µss
∂ ln v

=
∂µd
∂ ln v

= v
∂µss
∂v

= a− b, (3.68)
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Figure 3.36: Temperature-dependent
velocity dependence, a − b, of fric-
tion, eq. (3.68), for wet quartz powder
(Chester and Higgs, 1992), wet gran-
ite (Blanpied et al., 1991, 1995) (stable
sliding and oscillatory loading). Note
the differences in a − b dependence
on temperature for different loading
conditions and volatile state (Lockner
et al., 1986).

with the relative, logarithmic derivative, eq. (C.9). Eq. (3.68) means that for a − b < 0,
the friction value will decrease for an increase in sliding velocity (Fig. 3.35). If a constant
loading stress is maintained, this can lead to slider acceleration, and hence a further de-
crease in µd. The condition a−b < 0 thus implies velocity weakening, and possibly unstable
sliding, whereas a− b > 0 leads to velocity strengthening and stable sliding. If we consider
the static case, where there is no sliding motion, v = 0, θ = t from eq. (3.66), and therefore

∂µs
∂ ln t

= b. (3.69)

Fitting the time-dependent versions of µ with the direct effect of transient increase
or mapping out the asymptotes is how one finds a and b from experiments. Consid-
ering the transient behavior of the numerical solutions of eq. (3.65), the evolution laws
eqs. (3.66) and (3.67) can capture aspects of the transient behavior that is observed in the
lab (Fig. 3.35). However, both classical evolution laws have shortcomings; for example,
the asymmetry that can be observed in the step tests for θ̇A in Fig. 3.35 can be overcome
by assuming (Perrin et al., 1995)

θ̇PRZ = 1−
(
vθ

D′c

)2

, (3.70)

where D′c = 2Dc has to be used in eq. (3.65) and for θ0; θ̇PRZ does, however, also increase
the weakening behavior (Nagata et al., 2012), as it was designed to yield pulse like slip.

Nagata et al. (2012) propose an additional, instantaneous, and hence likely nonlinearly
elastic, stress dependence of θ. In general, θ̇S may be a better approximation of experi-
mental results than θ̇A (Yang et al., 2008; Bhattacharya et al., 2022), but θ̇s is more difficult
to handle numerically. What is clear is that different evolution laws affect predictions for
earthquake cycles modeling (Rice and Ben-Zion, 1996), nucleation of slip events (Ampuero
and Rubin, 2008), and rupture propagation (Ryan and Oglesby, 2014). This presents both a
challenge in terms of extrapolation to nature, and an opportunity to tailor friction laws to
observed sliding behavior (Rubin, 2011), including slow slip (§9.9.2).

Expanded details 6: Physical processes behind rate-state friction The physics behind the apparently

quite general, yet empirical, rate-state friction description, eq. (3.65), are incompletely understood. To
first order, one can consider frictional contacts with a time-dependent contact area as parameterized by
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the state variable (Dieterich and Kilgore, 1996). A Bowden and Tabor (1964) decomposition of the frictional
behavior along an interface can provide some insights. In this formulation, a frictional force F is given
by

F = τi(v, T, . . .)Ar(θ) (3.71)

Ar(θ) = A0
r

(
1 + β ln

(
θ

θ0

))
τi(v) = τ0i

(
1 + α ln

(
v

v0

))
where τi is an interficial shear stress and Ar the real contact area of the interface, where one can identify
α = a/µ0 and β = b/µ0 (Baumberger et al., 1999). The increase of Ar with time has been argued to
be due to asperity creep, perhaps assisted by water vapor at low temperatures, and Brechet and Estrin
(1994) showed that ln(t) type healing, e.g. as predicted by eq. (3.66), is expected from a power-law creep
(§3.4.2) model for contacts (Boettcher et al., 2007).

As for the interface stress τi, one can identify v with some strain rate ε̇ within a shear zone, and a
thermally activated creep rheology with temperature and stress dependence, for which, in general (§3.8)

v

v0
∼ ε̇ ∝ exp

(
−Ea + Vaτc

RT

)
such that

τi(v, T ) =
RT

Va

(
ln

(
v

v0

)
+
Ea
RT

)
, (3.72)

where R is the Boltzmann constant, and Va and Ea activation volume and energy, respectively, and τc
the shear stress at junctions (Nakatani, 2001; Nagata et al., 2012). Comparing the stress-dependent parts
with eq. (3.65), one finds

a =
R

Vaτc
T

(Nakatani, 2001), meaning that a > 0 results from a thermally-activated process when sliding asperities
against each other. Complications arise in that contact area does not directly scale with friction (Nagata
et al., 2014). Visco-plastic interpretations have been suggested (Boettcher et al., 2007; Molinari and Per-
fettini, 2019), which can show links with the state variable similar to Segall and Rice’s (1995) dilatancy
model (Perfettini and Molinari, 2023).

What is clear is that material strength has to evolve by some damage dynamics involving weakening
and healing (cf. Lyakhovsky et al., 2005). A model based on Peierls type creep behavior (§3.8.7) and work
hardening captures many of the observed phenomena of RSF (Thom et al., 2023), for example. However,
the microphysical interpretation of RSF is non-unique, and suggested alternatives include granular flow
and pressure-solution creep (cf. §3.8.1; Chen et al., 2017; Van den Ende et al., 2018) and viscous, grain-size
dependent rheologies (cf. Fig. 3.47; Montési and Hirth, 2003).

Figure 3.24 shows a useful conceptual model of a spring-slider system that is extended
at a loading velocity vl, and a slider with frictional properties, for example τ = σnµ(v, θ)
from eq. (3.65), that follows at velocity v. The stress at the sliding interface has to be equal
to the force needed to pull the slider, which follows Hooke’s law, expressed as force per
area τ = kδx = k(δl − δ), or as a time-derivative

τ̇ = σnµ̇ = k
(
δ̇l − δ̇

)
= k (vl − v) =

G

W
(vl − v), (3.73)

where the spring-slider is analogous to a fault with frictional sliding stress τ in the middle
of a plate boundary of width W whose sides are driven by the long-term plate motion vl.
Then, G is the shear modulus, and (vl − v)/W the shear strain rate, ε̇xy, if the fault is
aligned with x direction and sheared with vl = vx.

We can also use the spring-slider as an analog to the transient behavior that is observed
in laboratory experiments, where machines have some stiffness. Figure 3.35 illustrates the
transient response, and the stability of the system can be quantified by a critical stiffness
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Figure 3.37: Idealized depth-
dependence of stable and unstable
regions in a subduction zone and
crustal fault setting based on the
temperature-dependent rate and
state parameters a− b (Fig. 3.36) rela-
tive to the critical stiffness, eq. (3.74).
There is some indication that the
transition between aseismic and
seismic depths is at least partially
affected by friction, and a− b profiles
can be used to model aspects of
megathrust behavior (Fig. 3.39).
From Scholz (1998).

(Ruina, 1983)

kc = − v

Dc

∂τss
∂v

=
σn(b− a)

Dc
, (3.74)

which is a scaled version of eq. (3.68) and balances the elastic response to slip with the
change in shear stress over the characteristic slip distance, Dc.

As a measure of effective frictional stability, a − b is found to be temperature and
normal-stress dependent in laboratory experiments (Fig. 3.36). The overall dependence of
friction on temperature is also material and volatile dependent, and the trend in Fig. 3.36
most pronounced for wet granite. Moreover, there are a range of other effects modify-
ing RSF parameters (Marone and Saffer, 2015; Carpenter et al., 2016), including different fa-
cies, lithification, and other complex behavior in fault zone rocks (Den Hartog et al., 2014;
Valdez II et al., 2019). The latter do, however, typically show a − b < 0 for temperatures
above ∼150◦ and below ∼450◦C. This means that we might expect the shallowest few km
of the crust to exhibit stable conditions at a−b > 0, followed by a deeper range of∼10 km
where a − b < 0 where slip can be unstable, and deep stability below (Fig. 3.37). If RSF
controls earthquake behavior, this dependency of a − b may contribute to the transition
from relatively aseismic behavior to seismic slip with depth in transform and megathrust
fault environments (Scholz, 1998, §3.3.6).

While the relationship between effective contact area and thermally activated creep
of the asperities is a plausible explanation for RSF, the microphysical interpretation is
non-unique, including the interpretation of deep seismic-aseismic transitions (Expanded
details 6). Furthermore, it remains debated how laboratory derived parameters scale to
nature, and small-scale velocity weakening, for example, may effectively behave as if
there was a simple static-kinematic friction law on larger scales (Schmittbuhl et al., 1996).
Together with the complexities of a− b (Fig. 3.36) it might thus be better to think of RSF as
a mathematical framework to explore stability of velocity dependent sliding, rather than
necessarily the right representation of rock friction at earthquake fault scales.

3.3.6 Modeling stick-slip cycles

In this spirit, let us use the RSF equations as a framework in which to explore some of the
dynamics of earthquake-like systems. Figure 3.38 shows results for a numerical experi-
ment where the RSF equations apply to a one-dimensional spring-slider system (Fig. 3.24)
and the sliding velocity is increased in step wise fashion as in Fig. 3.35. Depending on the
spring stiffness, the friction will adjust to the new sliding velocity in different ways. The
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system response including sustained oscillations for a critical value, akin to stick-slip cy-
cles, only that the block is never truly at rest, but sliding slowly (Fig. 3.38a).

Expanded details 7: Numerical implementation of rate-state friction equations

The rate and state friction equations can be analyzed with standard ODE methods, where one con-
siders the evolution of x = {x1, x2, . . .} over time

dx

dt
= f(x, t) (3.75)

where f provides the time-derivatives as for the Rikitake example, eq. (1.46). This can be done either an-
alytically which provides important insights (e.g., the stability analysis of Rice and Ruina, 1983; Gu et al.,
1984), or numerically for the full, often highly non-linear equations. Either way, it is useful to introduce
non-dimensional variables, for example following Gu et al. (1984), for time and friction coefficients

T =
t

θ0
and α =

µ− µ0

a

and use abbreviations

β =
b

a
; φ = ln

(
v

v0

)
; Θ = β ln

(
θ

θ0

)
; λ = β − 1.

Then, the friction description eq. (3.65) becomes simply α = Θ + φ and Ruina’s law, eq. (3.67),

dθ

dT
= e−φ(Θ + βφ) = −eφ(α+ λφ). (3.76)

If we introduce v′l = vl/v0 and define

κ = k
Dc
aσn

, (3.77)

then the spring-slider eq. (3.73) becomes our first ODE to solve,

f1(x, t) =
dα

dT
= κ

(
v′l − eφ

)
, (3.78)

and we can rewrite eq. (3.76) as the second ODE to consider

f2(x, t) =
dφ

dT
= eφ (−κ+ α+ λφ) + κv′l. (3.79)

In the sense of eq. (3.75), x = {α, φ} and f = {f1, f2}, with a rescaled time t → T . Note that the
dynamic system behavior is intrinsically determined by two parameters, λ and κ, and its response is set
by v′l.

This spring-slider system neglects inertia, but can provide some insight into stability of a fault that
is loaded at some rate vl and obeys RSF. The system is stable and corresponds with smooth transients
and oscillations to perturbations from µss if κ > κc, and unstable for κ < κc. In this case, the shear
tractions due to friction drop faster with displacement of sliding than the force of the spring. One finds
that

κc = β − 1 = λ (3.80)

(Rice and Ruina, 1983; Gu et al., 1984), cf. eq. (3.74). Figure 3.38 shows example computations with κc/λ ≥
1 where eq. (3.78) and (3.79) are solved numerically to illustrate stable, and marginally stable, oscillatory
responses of a RSF spring-slider to a velocity step.

3.3.6.1 Stability and limit cycles

While the physical representation in space is 1-D, the dynamic equations describing the
system behavior are 2-D in that there are two independent variables, here stress, τ , and
sliding velocity, v, which change over time (Expanded details 7). This allows visualizing
the system state in phase space, τ vrs.v (cf. Expanded details 3) by tracking a 2-D vector,
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Figure 3.38: Modeled response of
a rate-state, spring-slider system
(Fig. 3.24) parameterized as in
eq. (3.78) and (3.79) with the Ruina
evolution law, λ = b−a

b = 0.5, and
normalized stiffness κ, eq. (3.77),
values equal to three different mul-
tiples of the critical κc, as indicated.
We show friction-vrs.-time curves
(a, (µ − µ0)/a vrs. t′ = t/θ0) and
phase-space diagrams (bottom, ln
of normalized sliding velocity vrs.
normalized friction) for a slider
where the loading velocity goes
from v′l = vl/v0 = 1 to v′l = 3
at t′ = 30 and back to v′L = 1 at
t′ = 110. The κ = 5κc case leads
to single-swing transitions between
the velocity dependent, steady state
µss values similar to Fig. 3.35. For
κ = 1.25κc, oscillations become more
pronounced, and κ = κc shows a
transition to limit cycles, akin to what
might be expected for the earthquake
stick-slip behavior. Note that the
sliding velocity of the block changes
over ∼ 10 orders of magnitude for
the cyclic case, from near rest to
rapid sliding. Larger v′l perturbations
for κ = κc, or κ < κc cases lead to
unstable response to velocity jumps,
the systems blows up, and no stable
solutions are found.

where any state in time is thus a point on the trajectories of Fig. 3.38b. Stable behavior
means evolution toward a fixed point, and oscillations correspond to connected, quasi-
circular limit cycles or orbits (cf. Fig. 1.18b) on which the system will remain until per-
turbed. The third, and only other possible behavior for a 2-D phase space is growth of
perturbations without bounds (“blow up”). The stability of such non-linear dynamical
systems can be analyzed with standard techniques (Strogatz, 1994).

The real earth is not a spring-slider, but it helps to introduce complexity step wise. The
system of Fig. 3.24 requires at least a third dimension in phase space, e.g., when allowing
for dilatancy (Segall and Rice, 1995) or velocity-dependence of Dc or b (Im et al., 2020), and
some of the experimental observations can be captured well by introducing a second state
variable to eq. (3.65) (Gu et al., 1984). In the latter case, the spring stiffness is the control
variable that leads to successive period doubling (Becker, 2000), as for the Rikitake dynamo
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(Fig. 1.18; Expanded details 3) with deterministic but irregular sequence of sliding events
with alternating larger and smaller magnitude. Even in the chaotic regime with positive
Lyapunov exponent, eq. (1.47), mappings for the timing of subsequent events can be con-
structed (Shkoller and Minster, 1997; Becker, 2000).

We do not know if real earthquakes have a well defined Lyapunov exponent, and
could thus in be predicted, in principle. Even if, narrowing the state of the system in phase
space down to meaningfully small regions, in light of uncertainties, might still not be
feasible in practice. However, there are some indications that period doubling and other
behavior as inferred from the low dimensional approximations of earthquake behavior
may at least govern slow slip events (Shelly, 2010; Gualandi et al., 2020).

3.3.6.2 Seismic cycle complexity on simple faults

A perhaps more physically intuitive way to move 2-D RSF spring sliders into a larger
degree of freedom system is by allowing for geometrical and fault loading effects (Cat-
tania, 2019), e.g. an actual implementation of the conceptual plate boundary fault model
of Fig. 3.37. Extending the fault to a finite size and allowing for mechanical interactions
introduces a wider range of fault sliding behavior including slow slip (Liu and Rice, 2005;
Rubin, 2008), and also recovers a range of the behavior seen in the simple 3-D phase space
cases, such as period doubling and chaos (Cattania, 2019; Barbot, 2019).

Once a spatially extended fault plane is considered in 2-D or 3-D, the nucleation length,
h∗, plays an important role. It captures the spatial scale of stress interactions that need
to be resolved for the most unstable regions according to kc of eq. (3.68). If we use the
circular radius h crack solution for stress drop, eq. (3.46), as a stress scale, τ , and write the
moment asM0 = Gπh2δ, eq. (2.45), then τ = 7πG

16h δ, which is akin to Hooke’s law, τ = keδ,
with ke = 7πG

16h . Inserting this effective stiffness ke for kc into eq. (3.74) yields (Rice, 1993)

h∗ =
7π

16

GDc

σn(b− a)
, or, more generally h∗ =

γGDc

σn(b− a)
, (3.81)

where γ is a constant of order unity (7π/16 ≈ 1.37). The numerical resolution, e.g., in terms
of the grid size, h, of RSF models of seismic cycles need to resolve slip on h∗ scales, hence
there is a requirement of h < h∗ to resolve what is typically smooth behavior in the con-
tinuum limit. If h & h∗, complex seismicity may arise because of numerical discreteness
which may be an approximation of actual fault roughness (Rice, 1993). If the Dc ∼ 10−5 m
values from the lab are used, very stringent requirements would result. However, effec-
tive Dc inferred from field observations and typically used in rupture or earthquake cycle
models is larger by several orders of magnitude, an important issue when trying to scale
RSF formulations to nature (Rice, 1993; Marone, 1998).

Figure 3.39 shows 2-D spatial geometry implementations that account for a−b parame-
ters adjusted to have only parts of the fault be in the velocity weakening, rupture enabling
regime, in a formulation that respects h < h∗. The simplest, strike-slip case (Fig. 3.39a)
shows the expected stability behavior. The fault is quasi-locked at shallow depths where
it is moving ∼ 7 orders of magnitude slower than the plate motion, vP (cf. Fig. 3.38) and it
is creeping at larger depths below this quasi-brittle ductile transition. During rupture, the
entire fault slides, predominantly in the previously locked region with velocities that are
∼ 8 orders of magnitude faster than vp. Rupture initiates at the base of the locked zone,
which can be best seen if the results are not shown against time but against a stress-change
controlled timestep (Fig. 3.38a vrs. b and c). There is a small amount of shallow afterslip
where motion is elevated for ∼ 10% of the seismic cycle. Moreover, there are minor deep
sliding rate variations, i.e., complex slip histories arise even in this simple system.
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Figure 3.39: Earth-
quake cycle model
based on a fault with
rate and state fric-
tion in 2-D spatial
geometry and a free
surface (z is depth).
a) - c): Vertical strike
slip fault with mode
III, anti-plane motion
(problem 3 of Erickson
et al., 2020), d) - f): 45◦

normal and, g)− i),
thrust fault, all with
a shallow, unstable
a − b < 0 region, as
indicated (cf. eq. 3.74).
j) - l) low angle, 30◦(cf.
eq. 3.36) thrust fault
with an additional,
shallow, condition-
ally stable with
a − b > 0, as inferred
from temperature-
dependence of fric-
tional parameters
(Figs. 3.36 and 3.37).
Plots show the sliding
velocity on the fault,
v, relative to the long-
term plate velocity, vP ,
in actual time (a, d, g,
j), and v (b, e, h, k) and
shear stress τ (c, f, i,
k) in terms of compu-
tational timesteps as
governed by the stress
evolution. Quasi-static
computation for an
elastic half-space (cf.
Segall and Bradley,
2012; Cattania and
Segall, 2019).
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Associated transients akin to failed rupture initiation or slow slip events are more pro-
nounced for the other cases, e.g. the normal fault of Fig. 3.39d. In this case, there is a tran-
sient acceleration of creep propagation between ∼ 10 . . . 15 km depth which then slows
down again. These failed events are favored by heterogeneous loading at the base of the
a− b transition (Fig. 3.39f; cf. Cattania, 2019), and they are large enough to affect the main,
rapid sliding earthquake cycle.

A bimodal cycle of alternation of small, fast rupture and large, fast rupture plus slow
slip event results Fig. 3.39d and e). The shallow regions of the normal fault also experience
a precursory acceleration of sliding. The thrust setting is different from the transform fault
because of modified fault self-loading and different influence of the free surface stress
conditions (Fig. 3.39g), leading to a more coupled setting with lower interseismic rates
of sliding on the shallow portions. If we allow the shallow component of the thrust to be
velocity strengthening (Fig. 3.39j) as might be the case in a subduction zone, shallow creep
results, as envisioned in Fig. 3.37. However, the eventual rupture reaches the “trench”,
with more complex time evolution of loading stresses.

While none of these simple cycle models are meant to directly correspond to nature,
they illustrate some transient behavior such as slow sliding events and afterslip and the
effects of fault constitutive laws in context of geometry, a fruitful field of current study,
including in light of attempts of evaluating megathrust behavior (§9.9.2). One explanation
for the spectrum of slow slip behavior there are interactions between RSF type behavior
and viscous creep (Behr and Bürgmann, 2021), and the stability and dynamics of such a
system which additionally requires high pore pressures to reduce the effective normal
stress was explored by Perfettini and Molinari (2023).

3.3.7 Fault strength, stress, and heterogeneity

Realizing that quite different microphysics may hide behind eq. (3.65), RSF-type behav-
ior with an evolving state variable and frictional dependence on sliding velocity can thus
capture interesting aspects of earthquake cycle dynamics. For example, RSF may play a
role in time-dependent aftershock triggering (Dieterich, 1994), the difference in response
of faults due to different frequency, e.g. static vrs. dynamic, stress perturbations (Gomberg
et al., 1997), and short-term post-seismic transients (§3.7.4). Some of the temporal behavior
of RSF models is directly related to the log terms in eq. (3.65), which yield transient after-
slip and aftershock behavior (e.g. Perfettini et al., 2018), and such quasi-viscous behavior
introduces realistic aftershock sequences in automaton models type models (Petrillo et al.,
2020).

However, one limitation of rate state friction as discussed in §3.3.5 is that the classical
results are from experiments conducted at low sliding speeds compared to earthquakes.
At rates that are closer to actual rupture speeds, which are of order vS , dynamic friction
values are observed to drop quite dramatically (Fig. 3.40; Di Toro et al., 2004; Han et al.,
2007), potentially due to melt lubrication and other processes not captured in the tradi-
tional RSF. This strength drop has been invoked both to explain relative low stress drop
to ambient stress ratios, and possibly as a way to lower the overall strength of fault zones
(§4.4.1.1).

The frictional and fracture energy released during rupture is given by

Ef = τf
M0

G
= τf s̄A,

where τf is the absolute, frictional stress during sliding cf. eq. (3.45) for Es. If we assume
Byerlee type faulting (§3.11.1), then the background stresses of order∼ 100 MPa for strike-
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Figure 3.40: Compilation of experimental results for different rock types at higher speed friction.
Redrawn from Wibberley et al. (2008), see there for details and original references. The range of
sliding velocities for classic rate-state models of Fig. 3.34 is indicated.

slip faults at ∼ 10 km would predict large frictional heating, which is not observed across
transform faults such as the San Andreas. This heat flow paradox (Lachenbruch and Sass,
1980) has been puzzling and implies that faults operate at frictional stresses smaller than
expected from static frictional considerations. This could be because elevated pore pres-
sures reducing the effective normal stress, eq. (3.34) (Byerlee, 1990), with suggested fluid
fluxing from the mantle leading to strongly super-hydrostatic values for λ of eq. (3.35)
(Rice, 1992).

Another explanation is the dynamic weakening as implied by the high-speed friction
experiments, meaning that the relevant friction coefficients for Ef and shear hearing are
. 0.1 (Fig. 3.40). Together with fault roughness evolution, this may explain some of the
contrasting observations of stress levels in crustal faults of different ages (Fang and Dun-
ham, 2013). Moreover, there are some indication that within the low frictional strength
regime, continental transform faults might be slightly stronger than oceanic ones, issues
to which we will return in §8.

3.4 Viscous and plastic flow

At temperatures and pressures larger than those of the shallow crust, and for loads that are
relatively long-term, we expect rocks to behave in a creeping, fluid like, or plastic fashion,
rather by elastic or brittle behavior, (Fig. 3.2). However, such statements are complicated
by a number of issues, including that different deformation mechanisms operate at the
same time, and that there are a wide range of viscous fluid behaviors (Fig. 3.41). We start
of a discussion of general types of behaviors and idealized fluid and plastic rheological
elements, and then proceed to explore which microphysical mechanisms are at work in
the Earth (§3.8).
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Figure 3.41: Classification of rheological behavior into fluids and solids, represented by linear,
Newtonian (§3.4.1) and non-linear, non-Newtonian (§3.4.2) flow elasticity (§3.1). De is the Deborah
number, eq. (3.103), which can sometimes be used to distinguish which deformation type applies
(cf. Fig. 3.2).

3.4.1 Newtonian fluids

Linear, Newtonian, viscous flow links stress and strain-rates as (Fig. 3.1b)

σ = A ε̇ or σij = Aijklε̇kl, (3.82)

in analogy to the anisotropic elastic solid, eq. (3.3). Anisotropic viscosities may arise be-
cause of intrinsic mechanical anisotropy of crystallographic preferred orientation assem-
blages such as sheared olivine aggregates (Tommasi et al., 2009; Hansen et al., 2012), or by
means of structural heterogeneities with embedded weak layers (§5.6).

Usually, we consider the isotropic case, for simplicity, which can be written for devia-
toric tensors as

τij = 2ηε̇ij (3.83)

where η is the dynamic viscosity. This equation highlights the major characteristic of fluid
flow, deviatoric shear stresses during deformation are proportional to the rates of shear-
ing, as symbolized by a dash-pot (as one might find in a door-hinge dampener).

If the driving forces are removed, deformation rates go to back to zero, but the strain
which accumulated according to the integrated strain rates, ε(t) =

∫ t
0 dt′ ε̇, stays (here,

ε is assumed to be a scalar, for simplicity). The stresses and mechanical energy exerted
during fluid deformation are dissipated, and cannot be recovered unlike in the elastic
case. However, if flow is laminar, and the style of shear simple and constant, we can
reverse the strain from ε(t) → ε(0) and restore any mixing patterns by shearing the other
way, an impressive experiment to watch, e.g. for un-stirring of die in a cylinder. Laminar,
as opposed to turbulent, flow is the rule for the Earth’s mantle since viscosities are high
(§4.1.1), which is why we may refer to viscous flow as creeping flow interchangeably here.

If we consider an incompressible fluid with ∆̇ =∇ · v = 0, eq. (2.16), the full, Newto-
nian viscous flow law is given by

σij = −pδij + 2ηε̇ij , (3.84)
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Figure 3.42: Classification of rheologies into linear and non-linear, where thixotropy refers to time-
dependent viscosity where, e.g., shaking of a gel will lead to a drop of viscosity (cf. Fig. 3.41).

which, if only deviatoric terms are considered, is analogous to elasticity, eq. (3.4), if η → µ
and ε̇ → ε. In the interior of the mantle, we expect η to be of order 1019 . . . 1022 Pas
(§4.1.7.1, §5).

However, Newtonian creep does not mean that the viscosity has to be constant, it only
has to depend linearly on strain-rates. For example, for the diffusion creep behavior of
many rocks and minerals, there is moderate grain-size, and strong (exponential via an
Arrhenius term, §3.8.2) temperature and pressure-dependence of viscosities (§3.8.3). As a
consequence, shear viscosities for rocks vary over wide orders of magnitude as a function
of temperature and pressure within the thermal boundary layer of the lithosphere (§3.8.6).
While other creep mechanisms for rocks such as dislocation creep (§3.8.4) lead to non-
linear behavior (Fig. 3.42), many bulk properties of convection can be approximated by
Newtonian flow (§4.4.1.4).

3.4.1.1 Bulk viscosity and partial melting

If we allow for ∆̇ 6= 0, compressible fluid behavior, the isotropic component of Newtonian
flow is given by

p = pth − κ3ė = pth − κ∆̇ = pth − κ∇ · v

where κ is a volumetric viscosity, and pth the thermodynamic part of the pressure that is
not dependent on the volumetric strain rate, ∆̇. For an isothermal case, pth = −K∆ such
that

p = −K∆− κ∆̇ (3.85)

Geological fluids can usually be treated as near incompressible (Expanded details 21),
meaning that dilation rates ∆̇ are very small compared to the maximum ε̇ components.
Any κ effects are usually neglected; not because κ is small, but because it is large. How-
ever, variations in κ can become important for certain cases, such as a bubble-filled magma,
κb, or a partially molten fluid. The effective shear, ηm, and bulk viscosity, κm, are approx-

DRAFT 131



3.4. VISCOUS AND PLASTIC FLOW

Figure 3.43: Average shear, ηm,
and bulk, κm, viscosity for par-
tial melt at inclusion aspect ra-
tio α from self-consistent esti-
mates, and bulk viscosity for
bubble filled magma κb. Schmel-
ing et al.’s (2012) approximations
are k1 = a1(a2 + α(1− a2)), c1 =
b1α

1+b2αk3
, and c2 =

4αc
−k2
1

3 (c3(1 −
α) + α) with a1 = 0.97, a2 =
0.8, b1 = 2.2455, b2 = 3.45,
k2 = 5/4, k3 = 1.29, and c3 =
2.4. We also show the exper-
imentally determined melt vis-
cosity effect, ηem, from eq. (4.170)
for ω = 25, which predicts a
stronger shear viscosity reduc-
tion than eq. (3.86).
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ηm
η

=

(
1− φ

c1

)k1
,
κm
η

=
c2(c1 − φ)k2

φ
, and

κb
η

=
4

3

(
1

β
1
3

− 1

)
. (3.86)

Here, η is the shear viscosity of the matrix or magma, φ the melt fraction (assuming melt
has zero shear viscosity), and β is the volumetric bubble concentration. Figure 3.43 shows
ηm and κ for these relationships, where constants k1 and c1,2 are functions of α, the aspect
ratio of the melt inclusions; α = 1 for spheres, α = 0.1 for connected tubes, and α ∼ 0.01
for melt films (Schmeling et al., 2012).

These bulk viscosity variations matter for magma ascent and melt compaction, for ex-
ample, and the partial melt shear viscosity may matter for mantle convection in high melt
regions such as underneath spreading centers. Eq. (3.86) predicts sharp drops in the ef-
fective shear viscosities for critical partial melt fractions from ≈ 2% to ≈ 50% depending
on α (Fig. 3.43). Physically, this behavior is akin to a phase transition and would corre-
spond to complete failure and disaggregation. Mathematically, such behavior arises in
the self-consistent averaging approach used by Schmeling et al. (§3.9; O’Connell and Budi-
ansky, 1977). Turned around, the effects of partial melt on bulk viscosity are dramatically
different depending on the degree of connectivity (§4.4.1.2).

3.4.1.2 Viscous dissipation

We noted that viscous deformation is associated with irreversible, dissipative processes
(Fig. 3.1b), and most, though not necessarily all, of the mechanical energy involved in
shearing fluids is converted to heat. For the full, σ, and deviatoric, τ , stress, eq. (2.31), the
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Figure 3.44: Sketch of typical rock behavior at
high temperatures for viscous flow in stress-
strain rate space for which ε̇ ∝ τn, illustrating
Newtonian (n = 1) and non-Newtonian (n 6= 1)
flow, capped by a plastic yield stress σy which
behaves similarly to a n→∞ power-law.

associated viscous dissipation function is given by

Φ = σ :∇v = −p∇ · v + τ :∇v (3.87)

=
∑
i,j

σij
∂vi
∂xj

= σij
∂vi
∂xj

Newtonian
= η

(
ε̇i,j ε̇i,j −

1

3
ε̇2
ii

)
εii=0
= ηε̇2i,j = η|ε|2 = 2ηε̇2II = τ̇IIε̇II. (3.88)

Here, ∇v is the velocity gradient matrix, eq. (2.13), : indicates the inner product of two
tensors, and eq. (3.88) holds for an incompressible Newtonian fluid, with the tensor norm,
eq. (2.44), and second (shear) invariants (Expanded details 4)

ε̇II =
√
−IIτ =

√
1

2

∑
i,j

ε̇2ij , and τII =

√
1

2

∑
i,j

τ2
ij . (3.89)

Φ is a volumetric energy rate, and balanced by the mechanical energy imposed by
stirring, or by the change in gravitational potential energy for density-driven flow (§4.3.3
and §9.8.1). It also corresponds to an internal energy source. However, the heating will
only be significant if both high deviatoric stress and strain-rates can be sustained.

For typical mantle convection values, η ∼ 1021 Pas and ε̇ ∼ 10−15 s−1, Φ ∼ ηε̇2 =
1 nW/m3. This is an order of magnitude smaller than, e.g., radiogenic heating sources
in the mantle, which are H ∼ 16 nW/m3 for bulk silicate earth estimates (§4.2.1.1).
Shear heating may be more important in specific tectonic settings in the crust such on the
megathrust interface (§9.4), or other intense shear layers within convection where strain-
rate peaks are found (Expanded details 21). However, feedback due to temperature-
dependent viscosity may also reduce the η terms in eq. (3.87), and so may ε̇ dependent
viscosities, discussed next.

3.4.2 Non-Newtonian fluids

There are a number of complex, nonlinear fluid behaviors where viscosity may not only
depend on strain-rates themselves, but also on time, total strain, or other parameters
(Fig. 3.42). The most common non-linearity considered for rocks is that of stress or strain-
rate dependent, but time-independent, viscosities, i.e. a power-law fluid. In terms of devi-
atoric components, this means that

ε̇ ∝ τn or, properly, ε̇ij = Aτn−1
II τij ,
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Figure 3.45: Dependence of
effective viscosity, ηeff , on
deviatoric stress τII (left)
and strain rates, ε̇II (right),
in log-log space, as inferred
from eq. (3.92), for differ-
ent power-law exponents n.
n → ∞ can be seen as a
proxy for plastic behavior
(Fig. 3.44).
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where A is a constant, and with the invariants of eq. (3.89), and ε̇II = AτnII , we can write,
in analogy to eq. (3.84) (Fig. 3.44),

τij = A−
1
n ε̇

1
n
−1

II ε̇ij . (3.90)

Eq. (3.90) is an example of a generalized Newtonian fluid

τij = f(ε̇II)ε̇ij , (3.91)

where we can define an effective viscosity or f(ε̇II) = 2ηeff

ηeff =
τij
2ε̇ij

=
1

2
A−1τ1−n

II =
1

2
A−

1
n ε̇

1
n
−1

II . (3.92)

An example for power-law behavior for rocks is the dislocation creep type of defor-
mation of olivine, for which n ≈ 3.5 (§3.8.4). For n > 1 (Fig. 3.44), the effective viscosity
of such a power-law fluid is therefore strongly reduced for increased shear stresses, and
less drastically so as a function of strain-rate (Fig. 3.45). For τII → 0, any n > 1 will lead
to ηeff → ∞ which indicates that pure power-law behavior cannot be a physically real-
istic model. In the Earth, we expect different deformation mechanisms to take over, as
discussed below.

3.4.2.1 Work-hardening and work-softening

Other kinds of non-Newtonian deformation behavior arise when the yield stress or the
degree of power-law flow depend on the deformation history, in particular the maximum
strain to which the material has already been deformed. Figure 3.46 illustrates what this
means for a constant strain-rate test in terms of the evolution of the shear stress associated
with that deformation, in τ vrs. ε space. For example, a material that exhibits strain-
hardening will first deform elastically at small stresses, where a full reversal of the strain
is possible as long as the strain remains within the elastic deformation regime (path (A) in
Fig. 3.46, cf. Fig. 3.4).

Once the non-linear regime of creeping deformation is reached for higher than elastic
strains, plastic behavior kicks in, and irreversible deformation occurs within the sample,
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Figure 3.46: Schematic stress-
strain curves for constant strain-
rate experiments for strain hard-
ening and softening materials,
compared to plastic yielding at a
constant critical, or yield stress,
σy . (A), (B), and (C) indicate
load paths, and σhy a hysteresis-
dependent, new yield stress of
the pre-deformed (B) path sam-
ple, reloaded via (C).

by definition. For strain-hardening at constant strain-rate, this is accommodated by a non-
linear increase of stress needed for the deformation. If the material is then unloaded, part
of the strain can be recovered elastically. Upon reloading (path (C) in Fig. 3.46), the plastic
behavior sets in at a higher yield stress, σhy , that depends on the prior loading. This is
an example of hysteresis, or history dependence of deformation. Such an increase in yield
stress is a desired property for building materials, for example, where pre-strained, or
work hardened, steel can sustain higher elastic deformation before plastically yielding.

3.4.2.2 Plastic behavior

Brittle fracture (§3.2) and plastic behavior are other kinds of non-linear behavior (Fig. 3.15).
For a perfectly plastic material (which approximates more realistic creep mechanisms
such as Peierls creep (§3.8.7) and is a subset of the behavior illustrated in Fig. 3.46), there is
no deformation until a yield stress, σy, is reached, after which the material deforms freely
and no further stress increase is needed to achieve arbitrary strain rates.

The one dimensional analog would be a frictional slider (Fig. 3.1c). That element does
not show any deformation until the frictional sliding strength is overcome, after which
the slider can be moved arbitrarily far without additional increase of stress.

Von Mises yield criterion. There are a number of yield criteria to evaluate when plastic
behavior kicks in. Perhaps most commonly, we use the von Mises criterion which is defined
via the second invariant of deviatoric stress, eq. (2.36), τII, and says that material will be
elastic or brittle for τII < σy (ε̇ij = 0), and plastic if τII = σy (ε̇ij 6= 0). Seeking a fluid
analogy, from eqs. (3.91) and (3.92), we can write

τII = 2ηeff ε̇II.

Since τII = σy in the case of yielding, an equivalent, quasi-viscosity can be written as

ηy =
σy
2ε̇II

(3.93)

for plastic behavior. The constitutive law in 3-D for von Mises plasticity is therefore

τij =
σy
ε̇II
ε̇ij for τII = σy, (3.94)

ε̇ij = 0 for τII < σy.

Comparing eqs. (3.90) and (3.94), we can see that the power-law transforms into the plastic
behavior for n→∞ (1/n→ 0) with A = σy (Fig. 3.44).
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Drucker-Prager criterion. If the yield stress, σy, is pressure-dependent, such as for soils
and rocks experiencing dilation effects, Drucker and Prager (1952) suggested that the yield
function of Mohr-Coulomb (MC), eq. (3.30), can be generalized as

τII ≤ σy = A+Bp, (3.95)

with constants A and B, pressure p = −1
3 Iσ, eq. (2.30), and failure occurs for equality

in eq. (3.95). The von Mises criterion is recovered for B = 0, and A plays a role akin to
the cohesion, C, from MC failure. Unlike the MC failure pyramid, Drucker-Prager (DP)
yielding, eq. (3.95), describes a smooth failure cone in the 3-D principal stress axes space
which faciliates numerical implementation and simplicity alone often motivates the use
of DP. For detailed considerations of lithospheric dynamics, the pressure, p, in eq. (3.95)
should, in general, not be converted to depth, z, via the lithostatic pressure pl = ρgz,
eq. (1.3), since dynamic pressure effects, i.e., those due to fluid dynamics (§4.1.2) may matter
in the shallow crust, such as in shear zones.

The quantitative relationship between A and B to the internal friction, φ, and C of MC
depends on how the failure surfaces are matched (e.g. Alejano and Bobet, 2012); e.g.,

A =
6C cosφ√

3 (3 + sinφ)
and B =

6 sinφ√
3 (3 + sinφ)

,

holds if the middle surface corresponding to eq. (3.95) circumscribes the surface of eq. (3.30),
for which

A ≈ C cosφ and B ≈ sinφ

is an OK (±5%) approximation for φ ∼ 0.3 . . . 0.7, and eq. (3.37) is recovered for 2-D, in-
compresible settings. Byerlee type equations for different fault loading states as a function
of pressure and differential stress are spelled out in §3.11.1.

While there is thus mathematical equivalence between the frictional and plastic ap-
proaches, the underlying physics are quite different, and eq. (3.95) tends to overempha-
size the role of the intermediate stress (cf. eq. 2.33), and slightly overestimate strength
(Alejano and Bobet, 2012). Moreover, visco-elasto-plastic constitutive laws require special
care for certain modeling approaches. Some formulations are mathematically ill-posed
(Spiegelman et al., 2016; de Borst and Duretz, 2020), leading to possible mesh-dependence
and numerical instabilities that can be overcome with regularization (Duretz et al., 2021;
Pranger et al., 2022).

3.4.2.3 Strain-rate weakening

Over geological history, rocks will undergo a range of fractionation and deformation
episodes, imprinting some memory and path dependence on them. Moreover, the gener-
ation of plate boundaries relies on strain-localization (§4.4.4). That is, the stress needed
to deform decreases with progressive deformation, similar to the strain-dependent work-
softening model (Fig. 3.46).

One way to approximate strain-localizing, weakening behavior is by means of a sim-
plified, strain-rate dependent viscosity and corresponding Carreau fluid type constitutive
law (Bercovici, 1993)

η(ε̇II) = C1

(
γ + ε̇2II

) 1
n−1

2 and τij = 2C1

(
γ + ε̇2II

) 1
n−1

2 ε̇ij
n=−1

=
C2

1 +
(
ε̇II
ε̇c

)2 ε̇ij , (3.96)
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Figure 3.47: Schematic comparison
of the predicted stress–strain-rate
curves for a logarithmic velocity de-
pendence (e.g. rate and state friction,
§3.3.5), power-law fluids with expo-
nents n = 3 (for dislocation creep,
§3.8.4) and n = 20 (near-plastic),
eq. (3.90), and the strain-rate weaken-
ing approximation of eq. (3.96) with
n = −1. See Fig. 4.60 for global plate
motion predictions.

whereC1,2 are constants and ε̇c a critical, deviatoric strain-rate where stress reaches a peak
value. Eq. (3.96) recovers the regular power-law, eq. (3.92), for γ → 0 and C1 = A−

1
n /2.

Figure 3.47 compares such behavior schematically with the stress expected from a
power-law fluid, eq. (3.90), and a logarithmic velocity dependence of rate and state fric-
tion, eq. (3.65). It is clear that pure plastic failure does not correspond to progressive
weakening, and of course also does not capture any memory effects. The strain-rate weak-
ening formulation of eq. (3.96) is a mixture of initial, plastic-type failure, and progressive
reduction of the yield stress as may be expected based on velocity-dependent friction or
other strength reduction mechanisms, where we will return to the candidate microphysi-
cal mechanism below (§5.6.3).

One complication with eq. (3.96) is that the stress is now a multivalued function,
meaning that there are two possible strain rates that correspond to a single stress value
(Fig. 3.47). This makes numerical solutions using eq. (3.96) difficult (Tackley, 1998, 2000b).

3.5 Combined material behavior and transient visco-elasticity

More realistic material behavior (Fig. 3.41), particularly in the time domain, can be mod-
eled by combining the fundamental elastic, viscous, and plastic rheologies (Fig. 3.1), and
we will discuss some of the combinations that can be useful to understand solid Earth
dynamics. In this section, we will assume that we are only concerned with deviatoric
properties, and we further assume scalar stress, τ , and strain, ε̇, corresponding to the
second (shear) invariants of the deviatoric tensors, unless otherwise indicated.

3.5.1 Bingham visco-plasticity

One example is a combination of the perfectly plastic body with a viscous dashpot in
parallel (Fig. 3.48). For any parallel combination of rheological elements 1 and 2, strain
rates will be identical in each branch, ε̇ = ε̇1 = ε̇2, and stresses will be additive, τ = τ1 +τ2.
Viscous behavior is only activated once deviatoric stress is above yielding.

For this Bingham fluid,

τ = σy + 2ηpε̇II for τ > σy. (3.97)

We can solve for an effective viscosity as

ηeff = ηp +
σy
2ε̇II

.
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Figure 3.48: Visco-plastic Bingham fluid, charac-
terized by a “plastic viscosity”, ηP , and a yield
stress of σy .

An example for a Bingham fluid is tooth paste: squeezing the tube overcomes the yield
stress, but once the fluid sits on the brush, the shear forces are too small for further flow. It
has also been suggested that the lower mantle may exhibit behavior similar to a Bingham
fluid because of entangling of dislocations which might first have to be overcome before
effective creep deformation (Massmeyer et al., 2013).

Models of mantle convection often use pseudo-plastic behavior to approximate brittle
or ductile yielding at high stresses, effectively limiting the creep viscosities which are
predicted to be very high for cold temperatures. For this type of visco-plastic behavior, a
fluid dashpot is, however, in series with a slider element (§4.4.4.1), such that the different
strain-rates add up.

3.5.2 Two viscous dashpots in series

More generally, it is expected that rather than having either/or situations for mantle rocks,
there are several, viscous or plastic, creep processes active at the same time, e.g. by means
of diffusion and dislocation creep (exercise 4). For such scenarios, the 1-D representation
are two (or more) viscous dashpots in series, for which the strain rates of each process add
up to the total strain-rate, ε̇ = ε̇1 + ε̇2. The shear stresses are constant through the chain of
rheological elements in series, and this constant stress condition, τ = τ1 = τ2, can be used
to derive the effective viscosity for this case

ηeff =

(
1

η1
+

1

η2

)−1

=
η1η2

η1 + η2
. (3.98)

The average viscosity as per the harmonic type mean is 2ηeff (§3.9).

3.5.3 Viscoelastic behavior: The Maxwell body

Mixing elastic and viscous elements leads to important, time-dependent effects. A Max-
well body consists of an elastic and viscous element in series for which the total strain-rate
has to be the sum of the elastic and viscous parts such that (Table 3.1)

ε̇ = ε̇e + ε̇v =
1

2µ
τ̇ +

1

2η
τ. (3.99)

Since the rheological element is linear, one can use tools from systems analysis to study the
general behavior of this and other coupled rheological elements. However, some simple
loading tests are useful to get a feeling for the behavior.
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Figure 3.49: Time-dependence
of stress for a Maxwell body
with elastic shear modulus µ
and fluid viscosity η under
a constant strain-rate test,
eq. (3.100), as a function of t/tMrl
where tMrl = η/µ is the Maxwell,
or relaxation, time.

The stress-time behavior of the Maxwell body for a constant strain-rate test where ε̇0 is
imposed at t = 0 from a stress- and strain-free state is (Fig. 3.49, cf. Expanded details 8)

τ(t) = 2ηε̇0

(
1− exp

(
− t

tMrl

))
with tMrl =

η

µ
. (3.100)

From dimensional analysis of [µ] = Pa and [η] = Pas, the ratio of tMrl = η/µ had to
appear, and this relaxation time or Maxwell time determines the transition between short-
term elastic behavior where τ̇ → 2µε̇0 for t

tMrl
� 1, and long-term viscous flow, where

τ → 2ηε̇0 for t
tMrl
� 1.

Expanded details 8: Derivation of the visco-elastic Maxwell body response

The constant strain-rate test assumes that the Maxwell body is unstrained at ε̇ = τ = 0 at time t = 0,
and then deformed at constant ε̇0 thereafter for t > 0. Plugging this into eq. (3.99), we get

ε̇0 =
1

2µ
τ̇ +

1

2η
τ =

1

2µ

dτ

dt
+

1

2η
τ.

This is an ordinary differential equation, the type of which arises throughout the Earth sciences, for
example in radioactive decay. There are a range of tricks to solve such equations.

Here, we perform a separation of variables where we bring the t and τ terms on either side (as if we
could use simple algebra for the dτ/dt and split it up)

2µ dt =
dτ

ε̇0 − 1
2η
τ
. (3.101)

Now, integrate over t and τ , respectively, noting that (§C.2.4)∫
1

x
= |ln(x)| ,

and taking care of the factors due to the inner derivative if we were to get eq. (3.101) by differentiating
eq. (3.102)

2µt+ C = −2η ln

∣∣∣∣ε̇0 − 1

2η
τ

∣∣∣∣ , (3.102)

with integration constant C. We can now simplify and take the exp on both sides

−µ
η
t− C

2η
= ln

∣∣∣∣ε̇0 − 1

2η
τ

∣∣∣∣
± exp

(
−µ
η
t

)
exp

(
− C

2η

)
= ε̇0 −

1

2η
τ.
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We define A = ± exp
(
− C

2η

)
, and so obtain the general solution for τ

τ(t) = 2η

(
ε̇0 −A exp

(
−µ
η
t

))
.

A can be found from the initial condition at t = 0 where τ has to be zero,

τ(t = 0) = 2η (ε̇0 −A) = 0→ A = ε̇0,

so that the constant strain-rate response of the Maxwell body is at last determined to show the stress-
time behavior of eq. (3.100)

τ(t) = 2ηε̇0

(
1− exp

(
−µ
η
t

))
= 2ηε̇0

(
1− e−

t
tc

)
,

where the µ/η factor was identified as the inverse of a characteristic timescale tc = η/µ which governs
the rate of exponential decay of the exp(−x/xc) type of term. Phew.

The Maxwell time can also, in principle, be used to distinguish if a material behaves
like an elastic solid or a viscous fluid if it is deformed, or observed, at characteristic
timescale of tc: Define a Deborah number based on the ratios of timescales using tMrl (Fig. 3.41),

De =
tMrl
tc

=
η

µtc
=
ηε̇c
µ

so that (3.103)

De� 1 for approximately elastic (solid) behavior, and
De� 1 for viscous, fluid behavior.

A characteristic time tc might be given by a seismic wave period, the inverse of a char-
acteristic strain-rate, ε̇c, or arise from density-driven flow (§4.1.4). However, in practice,
distinctions based on De are complicated by finding an appropriate timescale as the latter
may evolve during deformation (e.g. Kaus and Becker, 2007; Thielmann et al., 2015).

A similar solution to eq. (3.100) can be found for Maxwell body under a stress relaxation
test, where we impose a sudden strain of ε0 at t = 0. The elastic element will accommodate
this strain at first, such that τ(t → 0) = 2µε0. The time-evolution leads to an exponential
decrease, a relaxation of the stress according to

τ(t) = 2µε0e
− t

tM
rl ,

where tMrl = η/µ as above. Stresses will be reduced to 1/e at t = tMrl (Table 3.1).
If we solve for a 3-D visco-elastic system, such as the relaxation of a visco-elastic crust

after removal of a sediment load, the relation time depends on the Poisson’s ratio (§3.1),
yielding

tM3D
rl =

3η

µ

1− ν
1 + ν

=
ν= 1

4

9

5
tMrl ,

illustrating that the actual decay times will be not exactly tMrl , but should be of the same
order of magnitude. If we assume that tectonic stresses are maintained over ∼100 Myr,
this implies that crustal viscosities should be at least of order ∼ 1026 Pas for incomplete
relaxation. Using an asthenospheric viscosity of ∼ 1019 Pas, the visco-elastic relaxation
times for the uppermost mantle are quite short,∼ 300 yrs (using µ ∼ 100 GPa for both esti-
mates). Post-glacial rebound estimates of relative sealevel yield decay times of∼ 4, 000 yr,
and hence viscosities of ∼ 1021 Pas for the upper mantle (§4.1.7).
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3.5.4 Other visco-elastic transient models

3.5.4.1 Kelvin-Voigt (KV) element

The KV element combines the elastic spring and viscous dashpot in parallel (Table 3.1),
meaning that

τ = τel + τvis; ε = εel = εvis; τ = 2µε+ 2ηε̇. (3.104)

The constitutive equation for KV, eq. (3.104), is of the same type as the isoviscous com-
pression case, eq. (3.85), which can be described by this rheological element. If we test the
Kelvin-Voigt body with a jump to some loading stress, τ0 at time t = 0 (a creep test), the
solution for the strain is

ε(t) =
τ0

2µ

(
1− e−

t
trt

)
,

with a retardation time
trt =

η

µ
, (3.105)

an asymptotic functional form similar to that of Fig. 3.49. Eq. (3.105) for the KV element
has the same form as eq. (3.100) but a different meaning because the spring and dashpot
are now coupled in parallel rather than in series.

For short timescales, the KV behavior is viscous (use eq. C.11)

ε(t)→ τ0

2η
t for t� trt,

and for long timescales, the behavior is elastic

ε(t)→ τ0

µ
for t� trt.

This behavior is the opposite of the Maxwell body, and the characteristic time for KV ele-
ment, trt, is called a retardation time because of the delayed transitional creep (or anelastic
creep) from viscous to elastic behavior. A Maxwell body is an appropriate approximation
for large-scale, visco-elastic behavior such as due to post-glacial rebound, whereas the
Kelvin-Voigt body can be used to represent microscopic viscous dissipation, or damping
(§3.6).

3.5.4.2 Standard Linear Solid (SLS).

For the Kelvin-Voigt representation of the SLS one uses a spring with stiffness µu in series
to the parallel spring (µ) and dashpot (η, Table 3.1), to obtain the constitutive law

τ̇ +
µ+ µu
η

τ = 2µuε̇+ 2
µµu
η
ε, (3.106)

and the response on a creep test with τ0 imposed stress as

ε(t) = τ0

(
1

2µu
+

1

2µ

(
1− e−

t
trt

))
.

The immediate response is governed by µu, and then by the transitional creep of the
Kelvin-Voigt element with trt from eq. (3.105). After removing the load, the strain is fully
recovered, the process is reversible (Fig. 3.50). A stress relaxation test in response to a
sudden ε0 deformation for the SLS is governed by

τ(t) = ε0
2µu

µ+ µu

(
µ+ µue

− t

tSLS
rl

)
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Figure 3.50: Response of the standard linear solid to a creep test (left) with sudden imposed
stress, and a stress relaxation test (right). Note two different timescales, trt, eq. (3.105), and tSLSrl ,
eq. (3.107).

Figure 3.51: Sketch of the Burg-
ers body consisting of instanta-
neous elasticity, µu, long-term
creep, ηss, and an anelastic creep
(Kelvin-Voigt) unit with a tran-
sient ηt.

where a new relaxation time of
tSLSrl =

η

µ+ µu
(3.107)

was introduced. First, the µu spring is loaded so that τ0 = 2µuε0, which is the reason for
calling µu the unrelaxed modulus (Fig. 3.50). After relaxation for t � tSLSrl , τ∞ = 2µrε0
where the relaxed modulus governing the long-term behavior is defined as (Fig. 3.53).

µr =
µuµ

µ+ µu
.

The two different timescales that were introduced for the SLS relate like so
trt

tSLSrl

=
µu
µr

> 1,

meaning that creep and relaxation tests (Fig. 3.50) will generally have different time-
dependence, with trt > tSLSrl . There are other versions of the SLS with different rheo-
logical element combinations in the literature; those have the same sorts of behavior, but
different material parameters combine into the relevant timescales trl and trt.

3.5.4.3 Burgers body

The Burger’s body is the last visco-elastic 1-D material we will consider, and quite popu-
lar for postseismic modeling (§3.7). This rheological model expands on the SLS by adding
another, steady-state creep dashpot (Fig. 3.51 and Table 3.1). The constitutive law is some-
what complicated

τ̈ +

(
µu
ηt

+
µu
ηss

+
µ

ηt

)
τ̇ +

µµu
ηssηt

τ = 2µuε̈+
2µµu
ηt

ε̇, (3.108)

and the creep test response is that of a Maxwell and KV element combined,

ε(t) = τ0

(
1

2µu
+

1

2µ

(
1− exp

(
− µ
ηt
t

))
+

1

2ηss
t

)
. (3.109)
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Figure 3.52: Burgers body re-
sponse to a creep test.

This behavior is characterized by instantaneous elastic response, transient (or primary
creep) and steady-state (or secondary creep; Fig. 3.52). The Burgers body behaves like
two Maxwell bodies A and B in parallel, with different sets of parameters {ηA, µA} and
{ηB, µB} and is characterized by the superposition of two different relation times, tA,B =
ηA,B/µA,B . An approximate description of the anelasticity observed for seismic waves
and tides, t1rl ∼ 30 days, and the transients of post-glacial rebound, t2rl ∼ 1000 yrs, can
be achieved with µu = 40 GPa (for seismic waves), µ = 4 GPa, ηt = 1016 Pas, and
ηss = 1021 Pas (the long-term, average, upper mantle viscosity). We will return to tran-
sient deformation in the seismic cycle below (§3.7).

3.6 Attenuation and frequency dependent-moduli

The standard linear solid, eq. (3.106), leads to internal friction and the associated dissi-
pation, i.e. the conversion of mechanical to heat energy, can be used to characterize the
damping, D, or attenuation of seismic waves during their propagation through the Earth.
Attenuation is traditionally quantified by the quality factor, Q, which is somewhat confus-
ingly the inverse of damping D (Budiansky and O’Connell, 1978)

D =
1

Q
=

∆W

2πWmax
,

whereWmax is the maximum elastic energy per volume within one wavelength, e.g. 1/2ρv2
S ,

and ∆W the loss due to dissipation per wavelength (or cycle). For small attenuation with
Q� 1, the decay of the amplitude,A, of waves traveling at speed v and angular frequency
ω = 2πf , eq. (C.1), over distance x is given by (Shearer, 1999, eq. 6.83)

A(x) = A0 exp

(
−ωx
vQ

)
,

which shows that Q enters as an exponential damping, and that higher frequency waves
are attenuated more.

One can compute the attenuation for the SLS, eq. (3.106),

Q−1(ω) = 2Q−1
max

(
ωtr

1 + ω2t2r

)
, (3.110)

with circular frequency ω (§C.1.3), which in its x/(1 + x2) dependence is characteristic of
resonance behavior. Here, the (geometric mean) timescale tr defines a resonance frequency
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Figure 3.53: Angular
frequency, ω, dependent at-
tenuation, Q−1, for the SLS,
eq. (3.110), on a log-scale
relative to the resonance
frequency ωr = 1√

trttSLS
rl

with the retardation and
relaxation times, trt and
tSLSrl from eqs. (3.105) and
(3.107), respectively. The ef-
fective shear modulus, and
hence the equivalent shear
wave velocity, increases
from the relaxed value µr
at ω � ωr to the unrelaxed
one, µu at ω � ωr.

ωr as
1

ωr
= tr =

√
trttSLSrl ,

with tSLSrl from eq. (3.107) and trt from eq. (3.105), and

Q−1
max =

µu − µr
2
√
µuµr

≈ µu − µr
2µr

.

Figure 3.53 shows the resonance behavior given by eq. (3.110). The maximum damping
happens at ω = ωr because this is where the forcing frequency is matched to the response
frequency of the SLS, and therefore the optimal amount energy is transferred into the
spring-dashpot system and dissipated there. At much higher frequencies than ωr, all
energy is stored in the µu spring, and there is almost no dissipation when the SLS responds
with the unrelaxed modulus (Fig. 3.53). At the lowest frequencies, ω � ωr, the dashpot is
only moving slowly, such that there is also very little dissipation, and the SLS is governed
by the relaxed modulus.

The effective elastic modulus as felt by a traversing wave if rocks behave as an SLS is
hence now also frequency dependent (Fig. 3.53), and therefore is the wave velocity; this
defines dispersion for wave propagation. In the Earth, the resonance due to internal friction
will be less peak-like, but more smeared out over a range of absorption frequencies which
can be thought of as consisting of a range of SLSs with a spectrum of tr (or ωr) values for
different response mechanisms (Kanamori and Anderson, 1977; Romanowicz and Mitchell,
2015). Such frequency dependent behavior becomes important when temperatures are
close to melting, for example (Takei, 2017). In analogy, one can also derive a frequency-
dependent viscosity for consideration of different timescales of viscous response, such as
from post-seismic, to GIA, to mantle convection (Budiansky and O’Connell, 1978; Lau and
Holtzman, 2019).

3.6.1 Temperature-derivatives of seismic velocities

The effects of attenuation are also relevant if we seek to understand the effects of tempera-
ture on seismic wave speeds, an important issue for a number of geodynamical problems
(§5). One can link the considerations of the effect of attenuation on seismic wave speeds
with a microphysical model of creep mechanisms (Minster and Anderson, 1981) to show
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that there is a frequency-dependent effect of attenuation on seismic velocity v, which for
constant Q is given by

v(ω, T ) = v0(T )

(
1 +

1

πQ
ln(ωτ(T ))

)
and τ(T ) = τ0 exp

(
H∗

RT

)
,

where τ(T ) is a temperature-dependent relaxation time, τ0 a constant, H∗ an activation
enthalpy, and R the gas constant (§3.8.2).

This model predicts a significant effect of dissipation and hence reduction of wave
speeds for low, seismic frequencies ω ∼ O(Hz), due to anelastic behavior, compared to
more modest decreases for ultrasonic, ω ∼ O(MHz), frequencies governing anharmonic
behavior, once temperature is & 0.5 the melting temperature (§3.8.3). Such a behavior is
indeed observed in the laboratory (Berckhemer et al., 1982; Jackson, 2000). For Q � 1, the
temperature-dependence of relative shear wave speed variations can be separated into
anharmonic and anelastic effects as (Karato, 1993)

∂ dv
v

∂T
=
∂ ln v

∂T
=
∂ ln v0

∂T
− 1

πQ

H∗

RT 2
.

Karato’s (1993) estimates for the sensitivity of shear wave speeds to temperature are shown
in Fig. 3.54a and indicate a significant effect of attenuation, implying that the total sensi-
tivity is ∼ 3 stronger than the anharmonic temperature derivative at mantle conditions.
Moreover, the effect of a given temperature anomaly of, say, 100◦K, corresponds to a larger
δvS of ∼ 1.2% in the upper compared to ≈ 0.4% in the lower mantle. With the ther-
mal expansivity, α, eq. (1.31), seismic velocity anomalies can be directly scaled to density
anomalies as

Π =
d ln ρ

d ln vS
= −α

(
d ln v

dT

)−1

, (3.111)

which is an important parameter for interpreting seismic tomography (§5). Karato’s (1993)
Π ∼ 0.2 . . . 0.35, with revised endmembers estimates from Karato and Karki (2001) bracket-
ing the range of scalings from Steinberger and Calderwood (2006) which are . 0.3 (Fig. 3.54b).

Figure 3.54 also shows estimates from the mineral physics model for pyrolite used
for Fig. 1.7 (Stixrude and Lithgow-Bertelloni, 2022). The effect of anelasticity on shear wave
speed sensitivity is much subdued compared to Karato’s (1993) estimates (Fig. 3.54a), and
overall temperature sensitivity of vS is diminished, particularly in the lower mantle. To-
gether with the pyrolite estimate for α (Fig. 3.54a), this leads to a significantly larger
Π values compared to other estimates throughout the mantle for Stixrude and Lithgow-
Bertelloni’s (2022) model (Fig. 3.54b). While the fluctuations around phase transitions are
not appropriate to consider for this computation (Fig. 1.12, with post-perovskite off-scale
in Fig. 3.54b), as mantle dynamics would serve to even out such contrasts, the homo-
geneous mantle parts are meaningful. Density anomalies as inferred from seismic to-
mography can explain geoid and dynamic topography anomalies and plate velocities for
Π ∼ 0.2 . . . 0.3 (§5). The pyrolite estimates of Fig. 3.54b are thus incompatible with these
constraints, which presents an interesting challenge.

Figure 3.54 also shows that even a homogeneous material can have depth-dependent
mineral physics properties. However, we know that compositional anomalies exist in the
mantle, and those will affect interpretation of seismic wave speeds. One way to see this is
by seeking to extract different moduli from seismic models. Besides P and S wave speeds,
eq. (1.24), one can consider the bulk sound velocity, vB , which is not directly measured but
theoretically convenient. From eq. (1.38), we find

d ln vP = γ d ln vS + (1− γ) d ln vB with γ =
4

3

(
vS
vP

)2
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Figure 3.54: Depth dependence of velocity derivatives and expansivity. a) Temperature sensitivity
of shear wave speed with (solid) and without the effects of attenuation (dashed lines) from Karato
(1993) (K93), and the pyrolite model of Fig. 1.7 using HeFESTo (Stixrude and Lithgow-Bertelloni, 2011,
2022), as well as thermal expansivity, α, eq. (1.31), along the adiabat of Fig. 1.11 where T13 is Tosi
et al.’s (2013) depth-parameterization of α. b) Depth dependence of the density to shear wave
velocity anomaly scaling, d ln ρ/d ln vS , compared to the estimate from Steinberger and Calderwood
(2006) (SC06) and two estimates from Karato and Karki (2001) (KK01). c) shows the S to P wave
anomaly ratio, d ln vS/d ln vP . HeFESTo estimates show strong excursions due to phase transi-
tions (cf. Fig. 1.12), and the nominal scalings are not dynamically realistic.

where γ ≈ 0.39 for PREM (Fig. 1.7). Previously, we did not specify the mechanism for
attenuation, but if there is no bulk attenuation, then the effect on the shear modulus also
implies that Q−1

P = γQ−1
S .

We can compute an R ratio from tomographic anomalies, for which a ξ ratio follows
as (Masters et al., 2000)

R =
d ln vS
d ln vP

; ξ =
d ln vS
d ln vB

for which R =
ξ

ξγ + 1− γ
and ξ =

(1− γ)R

1− γR
. (3.112)

Eq. (3.112) can be used to infer which seismological constraints indicate compositional
contributions. In particular, decorrelation of shear and bulk sound speeds, ξ < 0, requires
R & 2.56 with γ = 0.39 for a purely thermal origin. Figure 3.54c shows that only the
endmember case of Karato and Karki (2001) reaches R & 2.5 in the lowermost mantle, and
Karato’s (1993) and the HeFESTo pyrolite constraint show R . 2. Joint S and P inversions
show 2 . R . 3 below ∼ 1500 km depth (Houser et al., 2008), with some more extreme
R values indicative of a chemical origin of deep mantle structure in particular within the
LLSVPs (Masters et al., 2000; Trampert et al., 2004; Ishii and Tromp, 2004).
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Figure 3.55: Left: GEONET GNSS stations (gray dots;cf. Sagiya, 2004), slab contours, and inferred
coseismic slip of the Mw = 9.1 2011 Tōhoku-oki earthquake (cf. Fig. 9.36; Hashima et al., 2016).
Right: Selected GNSS location timeseries as sites indicated by colored dots on the left.

3.7 Transient deformation throughout the seismic cycle

With the range of visco-elastic behaviors for rocks in mind, we now return to cross-fault
deformation (§3.3.3) using a combination of elastic and viscous effects for a simplified
description of transients throughout the seismic cycle.

Figure 3.55 shows an example for rapid, earthquake-rupture timescale, static, co-seismic
deformation and a range of transient, post-seismic deformation for a few daily location
solutions from GNSS stations in Japan plotted with time, t, relative to the Mw = 9.1 2011
Tōhoku-oki event. The quasi-linear, interseismic, plate-tectonic loading for t < 0 looks
near flat on the scales of Fig. 3.55. However, well instrumented regions such as in Japan
have shown that even the interseismic periods have complex time-dependence besides
simple stick-slip loading, and offsets due to smaller seismicity such as seen in the green
curve of Fig. 3.55. This complexity not associated with seismic events includes slow slip
events, which in the case of the Tōhoku margin includes decadal scale loading transients
(§9.9.2. For now, we will focus on the postseismic complexity.

The post-seismic part of Fig. 3.55 for t > 0 shows clear transients, part of which
are likely associated with viscous flow in the asthenosphere. Single, 1 − exp(−t/ted) or
log
(
1 + t/tld

)
type functions with regional average decay times of ted ∼ 2.5 yr and tld ∼

0.3 yr, respectively can be fit, as motivated by Maxwell visco-elasticity, eq. (3.100), and
rate-state friction (RSF), eq. (3.65), or one can consider

√
t type curves for diffusive pro-

cesses (§3.7.1).
However, more than one decay time, and/or different decay functions, are required

for the M9 GNSS observations (Tobita, 2016), which is indicative of a superposition of
different physical processes (§3.7.4), or powerlaw rheologies. Freed et al. (2017) used three
exp type functions which breaks down into average∼14 day, 170 day, and 7 yr decays. The
geographic regions where shorter period decay is more dominant from curve-fitting are
close to where afterslip and aftershock activity is clustered (Fujiwara et al., 2022). Mapping
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Figure 3.56: Crustal surface displacements (a) and velocities (b) for post-seismic, visco-elastic re-
laxation for different times, t′, i.e. normalized by the relaxation time, τr, t′ = t

τr
since the earth-

quake, eqs. (3.114) and (3.115). Layer thickness L plays the role of the elastic locking depth here.

out decay times from timeseries such as in Fig. 3.55 is appealing and possible for densely
instrumented regions like Japan for a first-order analysis, but not straightforward in terms
of interpretation for material properties for layered media (§3.7.4).

3.7.1 Relaxation of an elastic plate over a viscous layer

Let us begin our discussion of postseismic transients by considering a simple, general
relaxation process. Elsasser (1969) showed that the deformation in an elastic plate with
shear modulus µ and thickness L over a viscous layer of thickness H with viscosity η,
such as due to an earthquake overlying a weak asthenosphere, evolves according to a
stress diffusivity

κps =
HLµ

η
. (3.113)

As for any diffusion problem (§4.1.1), this means that the distance over which deformation
is felt will grow with time t as ∝ √κpst, with solutions to Elsasser’s (1969) problem very
much like half-space cooling (§4.2.3.1; Segall, 2010, sec. 6.1).

Diffusion of stress through a viscous channel such as the lower crust can give some
insight into local, post-seismic stress redistribution (Lehner et al., 1981), or possibly long-
range earthquake interactions in case of the asthenosphere of the mantle (Pollitz et al.,
1998). We will return to stress diffusion within the post-glacial rebound context, where
isostatic loads replace the elastic driving component of eq. (3.113) (§4.1.7.1).

3.7.2 Dislocation solution for a visco-elastic half space

Surface displacements as can be measured by geodesy provide constraints on transients
more readily, however. Let us again consider the screw dislocation type, infinite fault into
the plane case (§3.3.3). The setting is similar to Fig. 3.27 but now with an elastic layer of
thickness L overlying a visco-elastic half-space with viscosity η and µL = µ.
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The solution for the transient displacements after a single slip event are (Nur and
Mavko, 1974; Segall, 2010, sec. 6.3)

ũ = arctan

(
1

x̃

)
+

∞∑
n=1

(
1− e−t̃

n∑
m=1

t̃n−m

(n−m)!

)
Wn(x̃, δ), (3.114)

with velocities

ṽ(x̃, t̃) = e−t̃
∞∑
n=1

Wn(x̃, δ)
t̃n−1

(n− 1)!
(3.115)

where Wn is from eq. (3.63), and the normalized distance, displacement, time, and veloci-
ties

x̃ =
x

D
, ũ =

πu

s
, t̃ =

t

τr
, and ṽ =

∂ũ

∂t̃
=
vπτr
s

, where τr =
2η

µ
,

and the relaxation time, τr, is proportional to the Maxwell time, eq. (3.100) (Fig. 3.56).
Comparison of eqs. (3.62) and (3.114) makes it clear that the visco-elastic solution is sim-
ilar to the layered elastic one with Γn ↔ 1 − e−t̃

∑
m t̃

n−m/(n − m)! evolving over time
(Fig. 3.27).

Relaxation of the co-seismic slip (e.g. Γ = 0 curve in Fig. 3.27) leads to post-seismic, vis-
cous deformation in the same sense of the co-seismic slip (Fig. 3.56), with a shape for t′ . 1
velocities in Fig. 3.56b akin to the buried elastically relaxed solution of eq. (3.61) (Fig. 3.30).
The stress relaxation serves to reload the elastic fault, in effect shortening stress-drop
driven earthquake sequences compared to the elastic case (Bonafede et al., 1986).

Using upper mantle estimates from post-seismic deformation in California, τr . 20 yrs
with µ = 30 GPa and η . 1019 Pas. This means, for example, that significant effects due
to post-seismic transients are expected to complicate interpretation of geodetic signals
for fault loading (Hearn et al., 2013). Those can be explored in a fault loading context as
follows.

3.7.3 Earthquake cycle solution for a visco-elastic half space

Eq. (3.115) can also be used to assemble the time-dependent crustal velocities for an re-
peating, visco-elastic earthquake cycle at constant recurrence time, Ts of eq. (3.58), at a
fault moving at long-term plate rate vp (Savage and Prescott, 1978; Segall, 2010, sec. 12.4).
The crustal velocities are then given by a summation like so

ṽ(x̃, t̃) = e−t̃
∞∑
n=1

Wn(x̃, δ)

(n− 1)!

∞∑
k=0

e−kT̃
(
t̃+ kT̃

)n−1
(3.116)

with
t̃ =

t

τr
, ṽ =

πv

T̃ vp
, and T̃ =

Ts
τr
.

Here, the k summation is in theory over all of the past slip events, but only the last few
events are still felt significantly at the present day.

If T̃ > 1, there will be possibly large viscous transients, with velocities slower than
those for the elastic half-space, block model for much of the earthquake cycle (Fig. 3.57).
If T̃ ∼ 1, then velocities are more similar to the block model, and we expect reduced
transients. Given the τr estimate from above and recurrence times of major San Andreas
events of order ∼100 yr (§3.3.2.1), T̃ & 5, and we expect visco-elastic relaxation to matter
for inferring fault slip-rates from geodetic velocities.
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Figure 3.57: Interseismic velocities
for an elastic layer of thickness Lwith
regularly repeating earthquakes with
period Ts on a fault of depth extent D
for δ = L/D = 1, overlying a visco-
elastic half-space, eq. (3.116). Top:
T̃ = Ts/τr = 1, bottom: T̃ = 5 at
given times as fractions of the relax-
ation time, τr. Gray line is the elastic
half-space solution, eq. (3.59).

In particular, note how velocity profiles early in the seismic cycle in Fig. 3.57, and
equivalently displacements in Fig. 3.56a, can be (mis-)interpreted as elastic block faults
with small locking depth, low ṡ and large locking depth, high ṡ, respectively (Fig. 3.28;
Hetland and Hager, 2006a). This reinforces that the locking depth parameter, eq. (3.59),
does not have to be related to any real brittle-ductile transition depth. Moreover, much
of the suggested mismatch between geodetically and geologically inferred fault slip rates
along the San Andreas may be due to visco-elastic transients (Chuang and Johnson, 2011).
Many faults in the region are late in the seismic cycle which leads to loading rates that
are slower than their cycle-average (Fig. 3.57), and an asthenospheric viscosity of 1019 Pas
leads to the most consistent fault loading rates (Tong et al., 2014).

Like for the elastic deformation case (§3.3.3.4), finite fault solutions for visco-elastic
relaxation of layered media can be constructed semi-analytically using propagator matri-
ces (Matsu’ura et al., 1981; Rundle, 1982), including for spherical geometries (Pollitz, 1997;
Tanaka et al., 2006; Zhou and Wang, 2023), where gravitational restoring forces and how
they are implemented matter (Rundle, 1982; Tanaka et al., 2006; Zhou and Wang, 2023). For
lateral material variations, finite element methods are again required.

3.7.4 Post-seismic response after earthquakes

In the absence of additional information such as the prior rupture histories, the horizontal
surface expressions of crustal deformation across continental transform faults for inter-
seismic periods alone are thus difficult to uniquely interpret in terms of the mechanical
behavior of the crust and mantle (Fig. 3.57). This situation is improved for individual
earthquakes and their transients which can be more easily constrained by a wider set of
geodetic information (Fig. 3.55). Figure 3.58 shows a layered, visco-elastic relaxation ex-
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Figure 3.58: Megath-
rust rupture type
coseismic shear stress
change (a, eq. 2.38)
and displacement
(c) fields, and total
stress change (b) and
substantially relaxed
post-seismic horizon-
tal displacements (d)
in side view for an
elastic lithosphere on
top of a visco-elastic
mantle with viscos-
ity of ∼ 1018 Pas
and corresponding
Maxwell times of
∼ 2 yr. e-g) and
h-j) show horizontal
and vertical surface
displacements in map
view for viscoelastic
relaxation in the lower
crust (e and h) and the
upper mantle (f and
i), and for afterslip,
prescribed similarly
to the coseismic de-
formation. 3-D, finite
element computation
by A. Freed.
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ample for a thrust fault, using models similar to those developed by Freed et al. (2017)
for the Tōhoko-oki Mw9.1. Comparison of the shear stress for the coseismic and 10 yrs
(∼5 Maxwell times) after the event, post-seismic state (Fig. 3.58a and b) shows how the
viscous relaxation of stresses in the asthenospheric wedge (§3.3.3.2) leads to enhanced
loading in the overriding, elastic plate. This increases the spatial extent over which stress
has changed by means of sustained deformation in the same sense of the coseismic signal
(Fig. 3.58c and d).

Figure 3.58e and f compares the horizontal signature of the postseismic deformation
field for viscous relaxation in different depth regions. Similar to the post-glacial rebound
problem (§4.1.7.1), rheological layering affects the wavelength of the post-seismic surface
deformation signal but overall horizontal deformation patterns are similar as for the trans-
form fault case. However, the vertical motions are more diagnostic (Fig. 3.58h and i), and
such information can be used to infer the rheology of the crust and mantle.

For much of our tectonic analysis (§2), we have so far considered velocities to be cor-
rected for any earthquake related transients, and purely corresponding to long-term mo-
tions and loading. (§9.9.2). Crustal deformation transients with deviations from long-term
loading are particularly apparent and more easily associated with a single event right af-
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Figure 3.59: Post-seismic dis-
placement of a GPS station af-
ter the 1999 M7.1 Hector Mine
earthquake can be fit by a Burg-
ers body-like transition between
a rapid decay as expected from
a transient viscosity of ηt ≈ 3 ·
1018 Pas and a longer-term creep
viscosity of 10ηt, or, alternatively
power-law behavior with stress
exponent n where the stress in-
crease due to the earthquake
temporarily lowers the viscosity
(eq. (3.92), see Fig. 3.45) (from
Freed and Bürgmann, 2004).

ter, and spatially close to, a major earthquake.
Transition between different rates of decay as indicative of at least two relaxation time-

scales as discussed for the visco-elastic Burger’s body (§3.5.3) is also observed for post-
seismic behavior (Figs. 3.55 and 3.59). Typically, one considers
� shallow fluid flow leading to distributed poro-elastic effects in the crust;
� fault-local, potentially rate-state-friction related afterslip (§3.3.6.2; Fig. 3.58g and j);

and
� distributed visco-elastic deformation of the crust and mantle (Fig. 3.58e, f, h, i)

as contributors. These signals occur happen on timescales of days to years and centuries,
and can be constrained from leveling, and more recently space geodetic techniques, in
particular GNSS and InSAR measurements which have complementary imaging capabil-
ities (§3.3.4).

Historically, GNSS measurements were first used to confirm plate motions, then to
consider more regional, block-scale motions and inter- or pre-seismic loading (Fig. 3.29),
and, once deployed densely enough, to image co-seismic and post-seismic deformation
(Fig. 3.55). Given the magnitude of the signal, InSAR’s first tectonic observations were
also confined to coseismic signals (Fig. 3.33), but interseismic loading, and post-seismic
time-series are now also being analyzed (Fig. 8.1; Tong et al., 2014; Weiss et al., 2020; Xu et al.,
2021). An important advance of combined GNSS and InSAR studies was to exploit the fact
that different postseismic transients are expressed with different signatures, particularly
in terms of their vertical rates (Fig. 3.58).

What are the physical mechanism of those transients then? It is clear that poro-elastic
effects after earthquakes are observed, including possibly via time-dependent seismic ve-
locity changes in the shallow crust (Jónsson et al., 2003; Hu et al., 2014; Wang et al., 2019c).
However, the bulk of the larger-scale surface deformation after earthquakes arises from
deeper effects, where afterslip and visco-elastic response are meant to capture short- and
long-term transients, respectively (Fig. 3.58). Often, geodetic timeseries such as in Fig. 3.55
show indications of an initial, rapid and log

(
1 + t/tld

)
type transients, followed by longer-

term, 1 − exp(−t/ted), asymptotes which may be associated with afterslip controlled by
RSF’s eq. (3.65) and visco-elasticity’s eq. (3.100), as noted. Two different, viscous relax-
ation processes can also be modeled by a Burgers body, eq. (3.109) (§3.5.4.3; Hetland and
Hager, 2005; Pollitz et al., 2006), indicating some non-uniqueness of timeseries alone.

However, there is also a spatial signature because afterslip is focused close to the fault;
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it is therefore often modeled like coseismic slip. Moreover, from more recent observations,
we now know that even immediately after large earthquakes, a significant part of the
transients arise by visco-elastic relaxation, even though afterslip can be significant, e.g.
equivalent to a Mw8.4 for the Tōhoko-oki Mw9.1 (Fig. 3.55; Sun et al., 2014; Hu et al., 2016;
Freed et al., 2017).

That viscous contribution from the crust and mantle need not be Newtonian, and as
an alternative to the Burger’s body, one may consider microphysical interactions between
diffusion and dislocation creep (Freed et al., 2012), or variable viscosity due to powerlaw
stress dependence (Fig. 3.59; Freed et al., 2006; Agata et al., 2019). For the seismic stress drop
of ∼ 1 . . . 10 MPa (Fig. 3.20) to matter for powerlaw type viscosity changes, eq. (3.92), the
background stress in the mantle needs to be quite low, so it is unclear to which extent
we are seeing non-Newtonian transients. Moreover, for powerlaw behavior, larger events
might show faster relaxation times (e.g. Mallick et al., 2022). In potential contrast, Sun et al.
(2018) find that megathrust earthquakes show relaxation times which increase with mag-
nitude. This may be because larger events sample deeper into the mantle where viscosity
increases.

Layering of viscosity can affect how local viscosities map into relaxation times, which
means that geodetic time-series cannot be directly interpreted for local Maxwell times
via eqs. (3.100) or eq. (3.107) (Hetland and Hager, 2006b), and more complicated, layered
or fully 3-D, modeling approaches are needed (Fig. 3.58). Those find, in general, that
uppermost mantle viscosities are ∼ 1018 Pas. This is of the order of, but on the lower
end of those viscosities inferred, e.g., from GIA, perhaps indicative of a weak lower crust
(§3.11), or different timescales of sampling different relaxation processes as in the Burger’s
body (§3.5.4.3; Bürgmann and Dresen, 2008).

The well-instrumented Tōhoko-oki event sampled depths scales that are comparable
to those seen by GIA and mantle convection, ∼ 600 km. Postseismic modeling results
indicate long-term viscosities not far off from those inferred from other constraints on the
upper mantle, including an asthenosphere as expected from the p, T dependence of vis-
cosity and possibly an indication of Peierls weakening of the oceanic lithosphere (§3.8.6;
Sun et al., 2014; Freed et al., 2017). We will revisit how rheology affects transform system
evolution (§8.4) and subduction zone transients (§9.9.2) below.

3.8 Microphysical mechanisms for viscous creep

Let us consider some of the microphysical mechanisms which give rise to the effective
flow or plasticity constitutive laws for creeping rock deformation (§3.4), focusing on tec-
tonics and mantle convection (Fig. 3.60).

3.8.1 Pressure solution

Pressure solution is a common mechanism of dissolution creep, active under a range of rel-
atively low pressure, deviatoric stress, and temperature conditions (Fig. 3.60). It relies on
fluids moving material and is commonly observed in fine grain lithologies (Sorby, 1863;
Rutter, 1976). Pressure solution is an example of diffusion creep where atoms or vacan-
cies move (Fig. 3.61a; §3.8.3), rather than the imperfections (dislocations) in the lattice
connecting them (§3.8.4).

Pressure-solution operates by dissolving material along the mineral or grain bound-
aries, where stresses are high, and transporting mass by fluids, to be redeposited in low
stress regions or pressure shadows, or in veins. This plays a role during the modification
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Figure 3.60: Simplified modes of de-
formation of natural material in a
temperature, T , – differential stress,
τ , space. The likely τ , T tran-
sition values which determine the
dominant mechanism depend them-
selves on the material, fluid pres-
sure, and grain size, for example
(redrawn from Passchier and Trouw,
2005). For the case of pressure so-
lution (dissolution creep and twin-
ning), those boundaries are not clear,
whereas the other mechanisms are
described quantitatively by creep
laws (Fig. 3.69b).

of sedimentary rocks after deposition, diagenesis, but can also accommodate bulk defor-
mation. If the system is open, a significant amount of mass can be moved this way, and
the rock volume can decrease by up to a few percent, since porosity is reduced. Along
with granular flow, such processes may be involved in rate-state-friction observations (Ex-
panded details 6). If the system is closed, then the amount of removed material is limited
by the fluid saturation. Dissolution can also occur by removal of material along fractures
or other surfaces, sometimes leaving behind stylolites, macroscopic serrate surfaces where
material was removed by pressure solution.

At microscopic levels, in the same range pressure and temperature range for dissolu-
tion creep, it is also possible to have deformation due to mechanical twinning. This mech-
anism is mostly observed in plagioclase and calcite. Shear in the lattice can be produced
by bending or by simple shear (twin gliding) parallel to slip systems, producing twists in
the crystal structure. Across a symmetry platen, the twin crystal has the mirror structure
of the host after deformation. This mechanism has a weak dependency on temperature,
and some dependence on grain size.

Evidence for pressure solution related processes in the field, and found in the right
conditions to matter for fault zone processes. However, so far, there are no well-calibrated
creep laws which hinders our understanding of the role pressure solution mechanisms for
tectonic processes.

3.8.2 Temperature dependence: The Arrhenius law

One crucial aspect of many microscopic creep laws is that deformation happens much
more readily at higher temperatures. Temperature-dependence due to thermally-activated
processes is described by an Arrhenius relationship,

f = A exp

(
− H

RT

)
= A exp

(
−E + pV

RT

)
approx.
∝ exp

(
−aTm(p)

T

)
. (3.117)

The associated terms follow from statistical mechanics, and are used, e.g., in physical
chemistry, where A is a constant, and the rate, f , of a reaction depends on temperature,
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Figure 3.61: a) Pressure solution, b)
Coble, c) Nabarro-Herring creep un-
der vertical extension (from Fantozzi
et al., 2000), and, d) an edge disloca-
tion under left to right simple shear
(from Wikipedia). Here, u indicates
the dislocation, the glide plane is in
yellow, and b is the Burger’s vector.

a) pressure solution creep b) Nabarro-Herring creep

c) Coble creep d) edge dislocation

T , and pressure, p, with H an activation enthalpy, H = E + pV , and the universal gas
constant R (Table A.1). Note that all thermodynamical temperatures should be provided
in the absolute temperature scale of Kelvin, rather ◦C (and, for sure, not F!), using

T [K] = T ′[◦C] + 273.15. (3.118)

The strength of the temperature-dependence of f is thus controlled by E, the acti-
vation energy, and V , the activation volume. This behavior arises because the statistical
distribution of the range of lattice vibrations changes with T , as predicted by the Maxwell-
Boltzmann distribution with similar dependence on T . The larger T , the more likely it is
that some atoms can overcome the energy step characterized by H , such as when we
consider the motion of defects within a lattice. The third term in eq. (3.117) uses a com-
mon simplification, where the activation enthalpy terms are parameterized by a possibly
pressure-dependent melting temperature, Tm(p). The ratio T/Tm is called the homologous
temperature; typically, thermally activated processes matter if T & 0.5Tm.

Temperature and pressure increase with depth in the mantle (§1.3). TheE and V terms
of eq. (3.117) which arise for most creep laws, including diffusion (§3.8.3) and dislocation
(§3.8.4) creep for olivine, can thus lead to a depth-dependence of creep rates in the upper
mantle. This can lead to a asthenospheric viscosity reduction underneath the lithosphere,
before a deeper increase toward the lower mantle (§5.5; Weertman and Weertman, 1975;
Karato and Wu, 1993). If V were constant, the pressure dependence would, in fact, become
dominant in the lower mantle, decreasing the strain-rates and inhibiting creep. We would
expect a strong increase of viscosity in the lower mantle, possibly inhibiting convection.
This is not observed (O’Connell, 1971) because of the pressure dependent reduction of V
itself (O’Connell, 1977; Poirier and Liebermann, 1982).

3.8.3 Diffusion creep

Often a crystal configuration is not pure, in that the same atoms are connected in an ideal
fashion, but there may be vacancies, i.e. gaps in the lattice. It can be shown that the diffu-
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sion of such vacancies through the lattice by means of jumping between atomic connec-
tions is given by

D = D0 exp

(
−Ea + pVa

RT

)
= D0 exp

(
−aTm

T

)
with a ≈ 30. By considering diffusion of vacancies and defects, one can show (Ranalli,
1995, sec. 11) that this deformation mechanism leads to a Newtonian creep law with

ε̇dif = Adifd
−m exp

(
−Edif + pVa

RT

)
τ (3.119)

where d is grainsize, and one can also write Hdif = Edif + pVa.
The Nabarro (1948)-Herring (1950) creep mechanism applies for diffusion of vacancies

through the volume (Fig. 3.61b), which leads to a grain size exponent m = 2, Edif =
Ea, and Adif = 12VaD0

RT . This creep mechanism is efficient for very small grain sizes (.
10−4 m).

Coble (1963) creep considers diffusion of vacancies around grain boundaries (Fig. 3.61c),

which implies m = 3, and Adif = 12
VaDb0δ
RT where δ is the width of the region where

diffusion happens around grains with different Db
0 and modified activation energy Edif =

1
2Ea . . .

2
3Ea. Coble creep thus has reduced temperature-dependence and stronger grain-

size dependence compared to Nabarro-Herring.
For typical grain sizes for the mantle and silicate rocks, we expect that grain boundary

diffusion is the predominant mechanism, meaning that m = 3 is most likely (Fig. 3.60,
§3.10). This is reflected in olivine creep laws (Table 3.3), while there is some indication for
m = 2 for crustal rocks (Table 3.2).

3.8.4 Dislocation creep

Dislocations are imperfections in the connections between atoms in a lattice which can
move throughout the lattice by different mechanisms (Fig. 3.61d). The offset that can be
achieved by moving the disconnection is the Burger’s vector b = |b|, and Orowan’s equation
links the average rate of motion of dislocations, v̄, with the macroscopic strain-rate ε̇ and
dislocation density ρd

ε̇ = ρdbv̄.

If dislocations move within a glide plane, then the density is proportional to the num-
ber of dislocations per area, meaning that ρd ∝ 1/l2 with a typical distance l between
dislocations. If the local stress decays as µb/l, with shear modulus µ, then

ρd ∝
(
τ

µb

)2

,

and if τ ∝ v̄, then ε̇ ∝ τ3. A general dislocation creep law can be written as

ε̇dis = Âdis

(
τ

µ

)n
exp

(
−Edis + pVdis

RT

)
= Adisτ

n exp

(
−Hdis(p)

RT

)
(3.120)

with n ∼ 3 power-law behavior, and Adis absorbing the µ normalization of the Âdis ver-
sion.

Dislocation creep is an important mechanism within the uppermost mantle relative to
diffusion creep if grain sizes & 1 mm (§3.10). Dislocation creep also leaves a characteristic
signature in fabrics, including by forming crystallographically preferred orientations (CPO) of
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grains. These can be measured to obtain an idea of the sense and amount of strain. Bulk
CPO orientation of intrinsically anisotropic olivine single-crystals oriented under shear
are also considered the major cause of uppermost mantle seismic anisotropy (§5.6).

During fabric evolution, the dislocation density and with it the grain size distribu-
tions may also evolve. Dislocation creep can affect the dislocation density in two ways,
by recovery and recrystallization. Recovery is a mechanism that moves, cancels, and con-
centrates dislocations into planar features, deformation bends, and decreases the dislo-
cation density in the surroundings. In microscopic analysis, recovery can be identified
by the presence of sub-grains. A crystal lattice with large number of dislocations may be
folded, generating undulose extinctions. Recovery concentrates dislocations in deforma-
tion bends, eventually leading to subgrain boundaries. Another intracrystalline deforma-
tion mechanism at low temperatures is the formation of lamellae with a distinct preferred
orientation.

Recrystallization occurs through a recovery process which can remove all the disloca-
tion in a subgrain, and can be driven by progressive deformation or by temperature. In
the first case it is a related to the deformation kinematics, whereas for the second case is
it mainly time-dependent, leading to grain size evolution (Expanded details 10). Static
recrystallization, or annealing, produces mostly grain of similar size, forming a polygonal
pattern.

Dynamic recrystallization can occur in three or four different ways, depending on
temperature and deviatoric stress conditions. At high temperatures (>500-600◦C) and
high stress, grains may recrystallize by the migration of boundaries, grain boundary sliding
(GBS), from the less to the highly deformed subgrain. GBS is both grain-size dependent
at m ∼ 2 and power-law stress dependent with n ∼ 3.5 (Hirth and Kohlstedt, 2004). At rel-
atively high temperature and low strain rate, the grain boundaries can migrate through
crystals to remove dislocations, a mechanism commonly defined as grain boundary mi-
gration (GBM; Fig. 3.62a). A similar process at lower temperature is bulging, involving
only local migration and producing new, smaller grains. At higher temperatures, we can
also have subgrain rotation (SGR), where nucleation of a strain-free grain occurs inside the
deformed host grain (Fig. 3.62d).

3.8.5 Mapping ductile crustal deformation

Geologists make observations of deformed geological objects, fossils, or crystals to get
information on their finite strain (§2.5) and deformation. One fundamental observation
(§2.6.7), is to understand if the lines parallel to the principal strain axes preserve their
initial orientations or not. If they do, the deformation is defined as coaxial (Fig. 3.63). The
axes of strain are aligned, also resulting in pure-shear deformation. Rock fabrics resulting
from coaxial deformation may then show a preferential stretching direction which can be
deduced in the field by the orientation of objects and elongated minerals, and indicated
on the map (Fig. 3.64).

If the strain axis is not aligned, the line parallel to the strain axes rotate away from
their initial position, changing their angle, producing a non-coaxial deformation, also de-
fined as simple shear. In non coaxial deformation it is possible to describe a shear plane.
Considering the finite strain ellipsoid (Fig. 2.5) and the principal strain axes, {X,Y, Z}
of eq. (2.23), on the shear plane one can find stretching lineation for elongated minerals
along the X axis. On the X −Z plane, asymmetric fabrics are often observed and one can
deduce the shear sense. The volume of rocks with intense non-coaxial deformation and
containing shear planes is defined as a shear zone.
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Figure 3.62: Examples of quartz microtextures in deformed granitoid rocks from the Granite Har-
bour Intrusives, North Victoria Land, Antarctica (Crossed Polars; Sample courtesy of F. Rossetti
and G. Vignaroli). a) Quartz microfabric showing undulose extinction and elongated subgrain
boundaries (evidence of recovery). Irregular grain boundaries (central and lower part of the
picture) indicate recrystallization operated by HT grain boundary migration (GBM). Evidence of
strain-induced (dynamic) bulging recrystallization is also documented by the formation of small,
new grains along the migrating boundaries. b) High-strain shear band defined by dynamically re-
crystallized (DRX) quartz grains formed by subgrain rotation (SGR) recrystallization. The recrys-
tallized quartz grains developed and oblique foliation (from lower left to upper right) enveloping
a K-feldspar crystal (on the right) showing internal micro-fracturing. Low-strain domains (top
and bottom of the photomicrograph) are characterized by larger quartz grains with undulose ex-
tinction and subgrain formation. Dextral shear. c) Sutured (lobate) grain boundaries formed by
GBM. d) High strain shear fabric in a quartz-feldspar mylonite (section parallel to the stretching
lineations and normal to foliation). The shear matrix consists of fine-grained recrystallized quartz
grains and high-strained biotite. DRX textures in quartz are dominated by SGR. Larger (relic)
quartz grains show evidence of subgrain formation. Large feldspar porphyroclasts are deformed
brittle fashion with bookshelf microfaulting. Sinistral shear. e) Strain-induced GBM by bulging
in quartz veins from the low-grade metasediments of the Robertson Bay Terrane, North Victoria
Land, Antarctica (Rossetti et al., 2006). Formation of small, recrystallized grains surrounded by
large quartz grains showing evidence of undulose extinction. f) Quartz-feldspar ultramylonite
(section parallel to the stretching lineations and normal to foliation). Very fine-grained aggregates
of DRX quartz and and biotite envelope sigma-type feldspar porphyroclasts. For scale the feldspar
is about 800 µm. DRX of quartz is produced by SGR recrystallization; dextral shear sense.
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Figure 3.63: Cartoon illustrating
most common structures formed
during coaxial (right) and non-
coaxial (left) deformation (redrawn
and modified from Fossen, 2016)
based on Choukroune et al. (1987). cf.
Fig. 2.11.
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Also, deformation may result from a combination of coaxial and non-coaxial deforma-
tion or a coaxial deformation may progressively change in non-coaxial one, for example
during rock exhumation. The shear sense along shear zones is usually indicated with an
arrow on a map, and is described in a geographical reference frame, indicating where the
top of the shear zone is moving respect to the bottom, i.e. top-to north. Depending on the
intensity of shear, on a single volume of rocks, it is possible to observe domains of coaxial
deformation and localized band of non-coaxial deformation.

All those observation provide fundamental constraints on the localization of shear.
An important exercise in the field is to provide constraints on the size of shear zone
and thickness. The example of Tinos Island (Fig. 3.64) illustrates that the intensity of the
shear decrease moving away from the detachment (Jolivet et al., 2010). The analysis of the
detachment itself illustrates that deformation progressively localize during exhumation
from middle to upper crustal level, as brittle and semi-brittle deformation superimposed
on ductile one.

Coaxial and non-coaxial fabric can be useful to reconstruct strain axes. However, they
do not provide indication on the tectonic regime that produce this deformation. Only by
reconstructing the geometry of the structure, the juxtaposition of the different rock units,
and the overall deformation pattern, it is possible to associated deformation to a tectonic
regime, extensional compressional and strike-slip.

In a non-coaxial fabric, the shear criteria is usually given by asymmetry. Any kind of
asymmetric object (crystal) or structure (fold or foliation) may be used as sense of shear
indicator. It is appropriate to use more than one. The localization process is well visible
along exhumed metamorphic core or granitoid complex, as during their cooling, defor-
mation progressively change style, towards more brittle regime, ending up with a fault.
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Figure 3.64: Exam-
ple of shear criteria
mapped at different
scales in the Aegean.
The Island of Tinos
represents an excel-
lent example on the
transition of coaxial to
non-coaxial deforma-
tion moving towards
the North Cycladic
Detachment system.
This can be observed
in the map and in the
section (modified from
Jolivet et al., 2010).

3.8.6 Laboratory derived creep laws

A general, power-law constitutive relationship for ductile deformation as determined
from laboratory testing, e.g. for crustal rocks such as quartz, can be written as:

ε̇ = Aσndd
−mf rw exp

(
−E + pV

RT

)
. (3.121)

Here, ε̇, A, σd differential stress, eq. (2.29) (not the second invariant), n, d, and m are uni-
axial strain-rate, a constant pre-factor, differential stress, power-law exponent, grain size,
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Figure 3.65: Creep law, eq. (3.121), pre-
dictions in in differential stress (σd) –
temperature (T ) space for wet condi-
tions at pressures of p = 0.5 GPa un-
der dislocation creep for strain-rates ε̇
between 10−13 (high σd) and 10−15 s−1

(low σd) for quartz (qu; Jaoul et al.,
1984; Rutter and Brodie, 2004; Tokle
et al., 2019; Lusk et al., 2021) and
feldspar/anorthososite (fe; Rybacki et al.,
2006) and olivine (ol; Hirth and Kohlst-
edt, 2004). Quartz creep laws are shown
in light colors for T > 650◦C where
their applicability is questionable since
melting is expected. White dots are
piezometer estimates (§3.8.8) from ex-
humed rocks (Behr and Platt, 2011, using
eq. (3.134) for grain-sizes without fur-
ther corrections). Also see Fig. 10.12.
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and grain size exponent, respectively. The volatile dependence of creep is here quantified
via the water fugacity, fw, also written as fH2O, and r is the fugacity exponent. This prop-
erty is used for phase equilibrium computations and replaces the pressure p, e.g. for an
ideal gas, in equilibrium computations with fw = φp, where the fugacity coefficient φ is
dimensionless and depends on pressure and temperature. For crustal rocks, it is typically
assumed that water is near saturation, and water content, COH, is alternatively used for
mantle rocks (Expanded details 9).

Eq. (3.121) can be used to describe Newtonian diffusion creep and non-Newtonian,
power-law dislocation creep but cannot capture more than one microscopic creep mecha-
nism. Since relationships like eq. (3.121) are typically fit from log-log plots of experimental
σd and ε̇measurements, parametersA and fw are usually given in MPa, and d in µm. Con-
version to SI units can thus be done via a stress scale B

ε̇ =
(σd
B

)n
d−mf rw exp

(
−E + pV

RT

)
with B = 2

1+ 3
n

2 A′−
1
n

where A′ = A
(
10−6

)n+m+r, where m = 0 and r = 0 if there is no d or fw dependence.
Care must also be taken to convert the differential stress σd to the shear-strain invariant
τII, e.g. as used in eq. (3.92) and for geodynamic modeling (exercise 4).

Figure 3.65 illustrates how different experimentally, or mixed (partially field and natu-
ral sample) constrained, rheologies for crustal (Table 3.2) and mantle (Table 3.3) rocks can
be interpolated and extrapolated, e.g. to the low σd and small ε̇ rates not reached in the
laboratory. Mixed creep laws for quartz seek to integrate natural deformation constraints,
such as piezometer inferred stresses from exhumed rock fabrics (§3.8.8).

Figure 3.65 visualizes the strong temperature-dependence of flow stresses at constant
strain-rate due to the Arrhenius term. Moreover, there is an increase of viscosity from
weak quartz, to stronger anorthosite/feldspar, to strongest olivine, in a quasi succession
from the upper to the lower crust, and mantle. Different laboratory studies, and different
ways of integrating other constraints still leave some systematic uncertainties for quartz,
with much debate about appropriate extrapolation to natural conditions.

Moreover, besides different theoretical fits to the data (Table 3.2), it is important to
keep in mind that other effects such as melting may take over for high temperatures, ren-
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Table 3.2: Experimentally determined creep law parameters for materials used to approximate
the upper (quartz) and lower crust (anorthosite, feldspar) (cf. Table 3.3 for olivine). Conditions
are nominally dry and wet, and deformation mechanisms for diffusion (diff) and dislocation (disl)
creep, and grain boundary sliding (GBS) with parameters for eq. (3.121) as listed. Values for Tokle
et al. (2019) are from the “extrapolated” fit, and low/high pressure estimates from Lusk et al. (2021)
are for p . 560 MPa and p & 700 MPa, respectively.

log10 n m r E V

material (A [MPa]) [kJ/mol] [µm3/mol]
quartz dry −5.41 2.8 - - 184 - Jaoul et al.

wet −5.05 2.8 - - 163 - (1984)
wet diff. −0.4 1 2 - 220 - Rutter and Brodie

quartz disl. −4.9 3 - 1 242 - (2004)
wet disl. −11.96 3 - 1.2 115 - Tokle et al.

quartz GBS −11.76 4 - 1 125 - (2019)
wet low p −9.3 3.5 - 0.49 118 2.59 Lusk et al.

quartz high p −7.9 2 - 0.49 77 2.59 (2021)
anorth. dry 12.7 3 - - 641 24 Rybacki et al.

wet 0.2 3 - 1 345 38 (2006)

dering creep laws potentially inappropriate when used for low stress, high temperature
geodynamic modeling. That said, some clear differences in strength between crustal and
mantle rocks arise from the comparison of Fig. 3.65, and this is further explored through-
out the text, with focus on sediment and crustal rheologies in Fig. 10.12.

3.8.7 Peierls creep/plasticity

Peierls creep is a low temperature, plastic deformation mechanism which corresponds to
dislocation glide at high stress, and is active for high differential stress, σd & 200 MPa of
eq. (2.29), with different forms of creep laws in the literature, including

ε̇G = A exp

(
− H

RT

(
1−

(
σd
σp

)q)2
)

or ε̇M = Aσ2
d exp

(
− H

RT

(
1−

√
σd
σp

))
.

(3.122)
For ε̇G, Goetze and Evans (1979) found for the Peierls stress σp = 8.5 GPa, H = 536 kJ/mol,
A = 5.7 · 1011 s−1, and q = 1. Demouchy et al. (2013) find σp = 15 GPa, H = 450 kJ/mol,
A = 1 · 106 s−1, and q = 1

2 . For the ε̇M version, Mei et al. (2010) suggest A = 1.4 ·
10−7 MPa−2/s, σp = 5.9 GPa, and H = 320 kJ/mol. This mechanism is thus highly
nonlinear and depending on the implementation combines an exponential dependence
on stress with additional power-law behavior.

Peierls creep and grain boundary sliding will be relevant for limiting the strength of
the oceanic lithosphere at high stresses in the brittle ductile transition (§3.11.2).

Expanded details 9: Fugacity and volatile concentration
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Figure 3.66: Left: Water fugacity, fw, in [MPa], as a function of pressure and temperature, as deter-
mined using the equation of state theory of Pitzer and Sterner (1994) (background shading; computed
from Withers, 2021), and from the crustal approximation, eq. (3.123), with two nominal geotherms at 50
and 100 mW/m2 surface heatflow between 10 and 40 km depth, roughly bracketing the range of appli-
cability (gray lines). Right: Corresponding water content, COH, in [H/106 Si], as of eq. (3.124), along
with nominal half-space cooling geotherms for the indicated ages.

For crustal rocks, such as quartz, it is often assumed for “wet” rheologies that rocks are water
saturated, in which case the water fugacity, fw = φp, is the controlling parameter, as in eq. (3.121).
Fugacity is a non-linear function of pressure and temperature and can be determined from an equation
of state (Pitzer and Sterner, 1994). Figure 3.66 shows fw on the left for uppermost mantle conditions;
φ ∼ 0.1 . . . 3 at typical crustal pressures and temperatures. Figure 3.65, for example, uses this fw,
equivalent to complete water saturation, for the quartz and feldspar rheologies.

Since lookup tables or direct solution of Pitzer and Sterner’s (1994) equation may be cumbersome,
approximations can be derived. Shinevar et al. (2015) suggests

fw ≈ A1 exp

(
−A2 + pA3

RT

)
, (3.123)

for the crust with A1 = 5.521 GPa, A2 = 31.28 kJ/mol, and A3 = −2.009 · 10−5 m3/mol, and the
equivalent fw are shown as contours in Fig. 3.66; care needs to be taken with such approximations, as
the range of approximation is limited.

For olivine, i.e. mantle rocks, volatile variations are likely such that the the water content is only a
fraction of the saturation values, and many regions within the mantle are believed to be under-saturated
(Hirschmann, 2006). Therefore, water content for olivine is often expressed as water concentration, COH,
in units of H/106Si, or ppm H/Si, as in eq. (3.126), where COH is typically varied in experiments from
“dry” to very “wet” conditions as ∼ 50 . . . 5000 H/106Si. Water concentration COH can be converted to
ppm by weight for different mineral compositions.

At water saturation, the water content relates to fugacity as

COH = A(T )fqw exp

(
−pVhyd

RT

)
, (3.124)

where Vhyd is the activation volume for incorporating H atoms into olivine, and A and q experimental
parameters (Kohlstedt et al., 1996). For olivine, one finds for the solubility (Zhao et al., 2004)

COH = Aw exp

(
−Ew + pVw

RT

)
fw, (3.125)

with Aw = 26 H/106Si/MPa, Ew = 40 kJ/mol, Vw = 10 · 10−6 m3/mol, and fw assumed to be in
MPa (Fig. 3.66, right). One can plug in eq. (3.125) into the regular experimental creep law, eq. (3.121),
in order to express things as a function of COH as in eq. (3.126) where E, V , and A have to be adjusted
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Table 3.3: Creep law parameters for olivine under upper mantle conditions, using the constant
water content versions of Hirth and Kohlstedt (2004), see Table 3.2 for crustal rocks. A′′ factor is
converted from eq. (3.128) using a water content of COH = 1000 H/106Si and r = 1. For a discus-
sion of olivine creep law uncertainties, see, e.g., Jain et al. (2019).

A eq. (3.121) A′′ eq. (3.127)
type Hirth and Kohlstedt SI units n m E [kJ/mol] V [10−6m3/mol]

diffusion creep
dry 1.5·109 4.5·10−15 1 3 375 6
wet 1.0·106 3.0·10−15 1 3 335 4

dislocation creep
dry 1.1·105 7.4·10−15 3.5 0 530 14
wet 90 6·10−15 3.5 0 480 11

accordingly (Hirth and Kohlstedt, 2004). The COH saturation values as a function of p and T are shown
along with nominal half space cooling geotherms on Fig. 3.66.

One can derive simplified conversions from water content to fugacity empirically, for example as

fw = c0 + c1COH + c2C
2
OH + c3C

3
OH,

where c0 = 0.31648, c1 = 0.005714, c2 = −1.08643 · 10−6, c3 = 2.1581 · 10−10 with COH in H/106Si
and fw in GPa for the 25 Myr age curve in Fig. 3.66. However, in general, the full dependence as in the
lookup tables of Fig. 3.66 should be used as fits only work regionally (note that the approximation in Li
et al., 2008c, contains typos).

Exercises: 4) Laboratory derived creep laws

Laboratory creep laws for crustal rocks are typically written like eq. (3.121). For mantle rock such
as olivine, one typically replaces fugacity with water content COH (Expanded details 9) (e.g. Hirth and
Kohlstedt, 2004, without the melt effect, §4.4.1.2)

ε̇ = Aσnd d
−mCrOH exp

(
−E + pV

RT

)
. (3.126)

The water content of a sample is sometimes specified in units of H/106Si, i.e. hydrogen ions per million
silicate atoms within the olivine, and r is∼ 1 and∼ 1.2 for diffusion and dislocation creep, respectively.
For dry conditions, one can use COH = 1 H/106Si, and COH = 1000 H/106Si is a good number for wet
conditions. If water content is assumed constant, we can rewrite A as

A′ = ACrOH

and plug in different r and COH values.
Hirth and Kohlstedt (2004) give a range of parameters for dislocation and diffusion creep of olivine

under upper mantle conditions, for dry and wet states. To evaluate those laboratory measurements in
terms of viscosities, we want to use a rheological constitutive law of type

ε̇II = A′′τnII d
−m exp

(
−E + pV

RT

)
, (3.127)

the difference to eq. (3.121) being that τII is now the second, deviatoric shear-stress invariant, eq. (3.89),
ε̇II is the second strain-rate invariant, eq. (3.89), and all parameters are also to be specified in SI units.
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The conversion from differential stress and uniaxial strain-rates leads to a factor of

3
n+1
2

2
,

and the units used in the Hirth and Kohlstedt (2004) compilation for A and d lead to the last conversion
rule of

A′′ =
3

n+1
2

21−n 10−6(m+n)CrH20A, (3.128)

where CH20 has to be set to unity for dry conditions. The fraction of published papers that makes the
distinction between the differential stress and shear stress is actually quite small, and sometimes unit
conversions might also cause trouble (Ranalli, 2003; Burov, 2003). Table 3.3 shows the constants from
Hirth and Kohlstedt (2004), A, and A′′, when converted to our units for d and τII for use in eq. (3.127).
Note the units, which you will have to incorporate into eq. (3.127) properly. For example, use Kelvin for
temperature T and not ◦C (eq. 3.118).

Consider the following questions:

1. Why are the n and m parameters in Table 3.3 so different for dislocation and diffusion creep?

2. We will use a simplified definition of viscosity for a generalized Newtonian fluid as

τ = 2ηε̇, (3.129)

where τ and ε̇ are shorthand here for the second invariants of the deviatoric tensors, τII and ε̇II, re-
spectively. (See eq. (3.90) for the proper, tensorial form of the generalized Newtonian constitutive
law.) Now, rewrite eq. (3.127) in terms of an effective viscosity as a function of ε̇.
The recipe is to plug eq. (3.129) into eq. (3.127) and solve for η, assuming constant ε̇. Then, to
express the shear stress as a function of the viscosity parameters, multiply the effective viscosity
by ε̇. This kind of stress function would be used for a strength diagram (§3.11).
Refer to eq. (3.92) to verify the strain-rate dependence (and see eq. 4.164, but only if you get
stuck), and write the Arrhenius, exp term so that it includes n. What does this modification
imply for the temperature dependence of rheologies with n > 1?

3. What are the units of A′′ for dislocation and diffusion creep, respectively?

4. Use a d = 4 mm grain size (a good number for the upper mantle? See, e.g., Becker, 2006; Behn et al.,
2009), T = 1623◦ K, p = 1 GPa, ε̇ = 10−15 s−1 as reference parameters, and compute viscosities
for diffusion and dislocation creep, ηdif and ηdis.
Examining the results, do you think the lab-derived viscosity values are reasonable compared to
other geophysical constraints? How different are wet and dry rheologies? Where in the mantle
might these differences matter?

5. Vary parameters such as T and d and describe the behavior of ηdif and ηdis, for dry rheologies.
In particular, plot η against temperature, and vary grain size and strain-rates. Label all plot axes
and curves within plots clearly, and comment on your results.

(a) How much do viscosities change for temperature changes of ∆T = 100◦K, say, at astheno-
spheric temperatures of 1700◦K?

(b) What are the predicted viscosities for surface temperatures if you allow T to decrease to
273◦K? Do you expect cold slabs to deform purely viscously?

(c) What kind of role do grain-size and strain-rate variations play?

(d) Which creep law is more temperature dependent?

Note: For most plots, using a logarithmic y axes will be a good idea as η changes over a wide
range of orders of magnitude.

6. Plot ηdif and ηdis for wet and dry rheologies as a function of depth, 100 km< z <600 km, assum-
ing that d = 4 mm, ε̇ = 1 · 10−15 1/s, and the temperature and pressure approximations

p ≈ 5.863 + 30.191z + 8.281 · 10−3z2 (3.130)

T ≈ 1593 + 0.3z (3.131)

where z is to be inserted in units of km. Then, T will be in Kelvin, and p in MPa.
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(a) Start by plotting temperature and pressure versus depth (in one plot with two different y
axes, or two plots). Which physical processes lead to the behavior approximated by the
two functions for p and T ? Why did we use 1623◦K for T (100km)?

(b) Plot four curves for dislocation and diffusion creep viscosities, and wet and dry conditions,
against depth.

(c) Comment on the overall trend of viscosity with depth. Would you expect this trend to con-
tinue to the lower mantle, and what parameter might keep this from happening? (§4.1.7.1
for a hint).

(d) At what depths does which deformation mechanism dominate for these parameter choices?
What happens when you change the temperature profile, or strain rate?

7. What would the joint, average viscosity of the mantle be be if one imagines that both ηdif and ηdis
operate together, as two dashpots in series? You should find that

ηjoint =
ηdisηdif
ηdis + ηdif

(3.132)

or
ηjoint =

(
η−1
dis + η−1

dif

)−1

Plot ηjoint for the dry rheologies. Comment. (To do so, you might want to simplify eq. (3.132) and
plot ηjoint/ηdis against ηdif/ηdis (for a hint: §3.9).

8. Bonus: Verify that the A′′ values follow from Hirth and Kohlstedt’s A values for our assumptions
of water content etc.

3.8.8 Piezometers and grainsize-dependent power-law flow

We have seen that dislocation creep has powerlaw stress dependence, and diffusion creep
depends on grain size. However, the latter evolves during deformation, and statically, e.g.,
due to grain growth. Grain size evolution adds an interesting complexity, and provides
constraints on deformation conditions from the rock record.

In particular, laboratory experiments indicate that grain size decreases according to the
deviatoric stress applied during deformation, τ , and the grain-size, d, of the type (Twiss,
1977)

d ∝ τ−f , (3.133)

with little temperature dependence. This indicates that some balance between grain growth
and recrystallization holds and is controlled by τ (§3.8.4; Expanded details 10).

For example, Stipp and Tullis (2003) for quartz

d = 1631σ−1.26
d for τ < 368

d = 78σ−0.61
d for τ ≥ 368 (3.134)

with d in µm and σd in MPa, σd = σ1 − σ3 = 2τ with τ deviatoric stress. Similar empirical
relationships exist for feldspar (f ≈ 1), olivine (f ≈ 1.2, cf. Fig. 3.69a), and orthopyroxene
(f ≈ 1.3) (Speciale et al., 2022) with some debate as to the translation of field and experi-
mental constraints to creep laws (Tokle et al., 2019). Nonetheless, exhumed rocks provide
constraints on strength during intense deformation from piezometers that is broadly con-
sistent with laboratory derived creep laws (Fig. 3.65).

A value of f ∼ 1 can be compared with different proposed grain size evolution laws.
Those agree that grain growth is governed by an Arrhenius type relationship, albeit with
large variations in the resulting growth rates. However, how grain size is reduced by
means of recrystallization is less clear, as only diffusion creep is grain size sensitive, and
recrystallization happens in dislocation creep.

Among the different models, the field boundary approach (Expanded details 10) sug-
gests that material sits between dislocation and diffusion creep, from which f = n−1

m =
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2/3, eq. (3.137). The synchronous deformation model proposes that grain size reduction is
driven by the strain-rates in dislocation creep, which leads to f = n/p, eq. (3.139), and the
popular wattmeter model stipulates that it is in fact the viscous dissipation in dislocation
creep driving recrystallization; then f = (n + 1)/(p + 1), eq. (3.140). Therefore, f ∼ 1 for
all models when using n = 3 and p = 3, and only slight variations of f ≈ 1 . . . 1.2 for
other plausible choices (Tables 3.2 and 3.3). It it thus difficult to distinguish between dif-
ferent microphysical models based on experimental results for the power-law exponent,
but both synchronous and wattmeter models appear plausible. How can the piezometer
relationship, eq. (3.133), hold without (strong) temperature-dependence? This would be
the case it the respective activation energies of the grain growth law and the creep mech-
anisms are similar, e.g. Hdis ≈ Hg in eq. (3.139).

Assuming that a piezometer holds, we can plug eq. (3.133) into the grain-size depen-
dent term of eq. (3.119) which yields a stress-dependence of τ1+mf for diffusion creep
laws. For f = 1 and m = 3, this implies is stronger powerlaw dependence than the
n ∼ 3 of the dislocation-creep law. Convection computations using grain-size evolution
(Dannberg et al., 2017; Foley, 2020) do indicate that grains indeed are close to steady-state
in large regions of the domain, making upper mantle viscosity possibly strongly non-
Newtonian.

Expanded details 10: Grain size evolution laws

We have seen how different ambient conditions of temperature, pressure, and stress, as well as grain
size and volatile content determine which creep mechanism may be active. In the convecting mantle,
or during tectonic deformation, things can get more complicated, since properties such as stress and
grain-size, of course, evolve over time. In particular grain size evolution remains a challenging aspect
to capture in terms of well-constrained laboratory constrained creep laws, and in terms of the implica-
tions for the dynamics of the upper mantle. Those include melt transport at spreading centers, and the
formation of crystallographic preferred fabrics typically involved when explaining seismic anisotropy
of the mantle. The latter is thought to rely on dislocation creep dominated flow, and if diffusion or
dislocation creep are activated depends on grain-size (§3.10).

We can write the temporal evolution of grain size, d, as a balance of growth and reduction terms,

ḋ = ḋg − ḋr.

Grain growth kinetics from an initial d0 can usually be expressed as a power-law of time with growth
exponent p (Evans et al., 2001)

dp − dp0 = Gt = G0e
−Hg

RT t (3.135)

whereG(T ) is an Arrhenius type term, and different theoretical relationships yield p = 2 . . . 4 (Atkinson,
1988). Eq. (3.135) can be rewritten as a time derivative

ḋg = p−1d1−pG0 exp

(
−Hg
RT

)
(3.136)

with values of Hg ∼ 520 kJ/mol for p = 2 and Hg = 600 kJ/mol for p = 3 (Karato, 1989), and quite large
variability on growth rates from other published laws (e.g. Fuchs and Becker, 2021).

A number of grain reduction laws have been proposed with one major uncertainty being how dis-
sipation is partitioned between grain-size dependent diffusion creep and stress-dependent dislocation
creep which leads to reworking of grain assemblies. In the simplest mechanical setup, we have to con-
sider diffusion and dislocation creep, as in exercise 4, with

ε̇ = ε̇dis + ε̇dif ,

where the laws of eqs. (3.119) and (3.120) are assumed for the diffusion and dislocation creep strain-
rates, respectively.
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The “asynchronous”, or more commonly field boundary, model of De Bresser et al. (2001) suggests re-
crystallization does not happen in diffusion creep, and that grain growth is not important in dislocation
creep. The resulting equilibrium grain-size is inferred to be that at the boundary between diffusion and
dislocation creep (Fig. 3.69a), with steady-state grain sizes given by

dass =

(
R
Adif

Adis
exp

(
Hdis −Hdif

RT

)) 1
m

τ−
n−1
m , (3.137)

where R = ε̇dis/ε̇dif and of order unity under the assumptions. Eq. (3.137) only depends on the creep
rheologies and no grain size associated properties.

Dynamic recrystallization is the adjustment of grain size to the deviatoric stress under which ag-
gregates are deformed under dislocation creep. Microstructurally, this can happen by grain boundary
migration, subgrain rotation, and a combination thereof (§3.8.4). Hall and Parmentier (2003) suggested
the simplified synchronous model for recrystallization so that

ḋsr = λε̇disd, (3.138)

where λ is an estimate of the strain needed to obtain a new grainsize, of order unity from experimen-
tal results (Bystricky et al., 2000). Eq. (3.138) implies that the timescale for recrystallization scales as
(ε̇disd)−1. The steady-state grain size for this description is given by (from eqs. 3.120 and 3.136)

dsss =

(
G0

pλÂdis

) 1
p

exp

(
Hdis −Hg
pRT

)(
τ

µ

)−n
p

, (3.139)

and this grain-size is reached on a timescale of (pλε̇dis)
−1 which is ∼ 1 Myr for ε̇dis = 10−14 s−1 and

p = 3, λ = 1.
The wattmeter model of Austin and Evans (2007) is similar to eq. (3.138) but based on viscous dissi-

pation, or work, eq. (3.87), which for temporally constant stress is given by τ ε̇, and the assumed pro-
portionality of recrystallization with changes in internal energy. The latter is proportional to the grain
boundary area, and hence reduction rates

ḋwr =
βλ

cγ
(τ ε̇dis)d

2

are ∝ d2, rather than the ∝ d scaling of eq. (3.138). Here, c is a geometrical constant, γ the specific
grain boundary energy, λ is the fraction of dislocation creep work that relates to changes in internal
energy, and β the fraction of dislocation creep to total work, in analogy to R. The associated steady-
state grainsize is

dwss =

(
G0cγ

pχAdis

) 1
1+p

exp

(
−Hg −Hdis

(p+ 1)RT

)
τ
−n+1

p+1 , (3.140)

where χ is the fraction of the dislocation creep work that goes into changing grain boundary area. A lot
of different parameters, for sure. Moreover, the numerical similarity of stress exponents of eqs. (3.137),
(3.139), and (3.140), and their comparable ability to explain no, or small, temperature-dependent behav-
ior makes it hard to distinguish which explains relationship might experimental piezometers such as
eq. (3.134) best.

3.9 Averaging of material properties

Since we have to consider several creep mechanisms at the same time for mantle rocks,
it is useful to explore in some more detail how mixtures of different viscosity media can
be averaged for some treatment of their bulk behavior. Let the volume fraction of two
layered, viscous media with viscosities η1,2 be 0 ≤ c1,2 ≤ 1, respectively, with c1 + c2 = 1
(Fig. 3.68). We can then use different averaging approaches, depending on the deforma-
tion conditions.

Harmonic (weak) mean: If the deformation of the assemblage is of simple-shear type
with respect to the interface, it is as if the two dashpots representing the two flu-
ids were in series (Fig. 3.67a). In this case, the strain rates in each part, ε̇1,2, add up,
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a) simple shear, harmonic mean

η1 η2 η1

η2

b) pure shear, arithmetic mean

η1

η2

η1
η2

Figure 3.67: Cartoon of the behavior of two adjacent viscous media of viscosities η1,2 under simple
(a) and pure-shear (b) (cf. Fig. 3.68). These are equivalent to two fluid processes acting at the same
time under constant shear stress (a, eq. 3.141), as for eq. (3.98), or when subjected to the same
strain-rate in parallel (b, eq. 3.142), as for eq. (3.97).

and deformation will be dominated by the weak element that will deform more at
constant stress, τ , which means (§3.5.2)

τ

2ηavg
= ε̇total = c1ε̇1 + c2ε̇2 = c1

τ

2η1
+ c2

τ

2η2
,

assuming 1-D viscous rheology, τ = 2ηε̇. The average viscosity in this case is thus
given by the harmonic mean of the viscosities

ηHavg =

(
c1

η1
+
c2

η2

)−1

or ηHavg =
η1η2

c1η2 + c2η1
, (3.141)

with the general harmonic average of eq. (C.49). From eq. (3.98), ηeff = 1
2η

H
avg for

c1 = c2. For elastic springs, we can replace η in eq. (3.141) with the elastic moduli.
This is called the Reuss average which applies for constant stress loading of media
with different elastic moduli.

Arithmetic (strong) mean: If the material is under pure shear deformation (Fig. 3.67b),
the strain rates are the same in both dashpots and the stresses add up such that

τtotal = 2ε̇ηavg = c1τ1 + c2τ2 = 2ε̇c1η1 + 2ε̇c2η2.

The average viscosity in this case where deformation is controlled by the strong
element is given by the arithmetic mean

ηAavg = c1η1 + c2η2, (3.142)

the most common definition of an average, eq. (C.47). In the elastic equivalent,
the constant strain average is called the Voigt average. This average is what we
used for seismic anisotropy (Expanded details 5) and may be appropriate for long-
wavelength seismic waves averaging over small-scale heterogeneity.
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Geometric (intermediate) mean: In a convective fluid such as the mantle, strain-rate pat-
terns are expected to be neither under pure or simple-shear except in approximate
cases (e.g. pure shear under a spreading center, simple shear under the center of a
plate). This motivates the use of the geometric mean, which lies in between the weak
and strong means,

ηGavg = ηc11 η
c2
2 or ηGavg = exp(c1 ln η1 + c2 ln η2), (3.143)

(e.g. Schmeling et al., 2008). This is a special form of the general geometric mean,
eq. (C.48), and such ln-type averaging is often preferred for obtain bulk properties,
e.g. when trying to obtain an average viscosity for a convecting, variable viscos-
ity mantle’s Rayleigh number (Christensen, 1984); it does consist of one interme-
diate strength compromise (Fig. 3.68). For elasticity, a compromise in use is the
Voigt-Reuss-Hill average, the mean of eq. (3.141) and eq. (3.142), but considering
the physics-based Hashin and Shtrikman’s (1963) bounds is preferred.

Self-consistent approach: Homogenization, or up-scaling, of complicated micromecha-
nical models is an important problem as we already saw for the partial melt case
(§3.4.1.1). Figure 3.68 compares the three simple ways of averaging viscosity with
the self-consistent averaging approach (O’Connell and Budiansky, 1974, 1977). This
method takes into account the mechanical effects, such as stress concentrations around
fluid inclusions, in an approximate way. The solution for the average viscosity for
spherical inclusions is (Laws and McLaughlin, 1978)

ηSCavg =
1

6

(
(5c2 − 2) η2 + (3− 5c2) η1 +

√
24η1η2 + ((5c2 − 3) η1 + (2− 5c2) η2)2

)
.

(3.144)

Eq. (3.144) is useful when considering distributions of strong inclusions in a melange,
for example, and unlike the other averages has transitional behavior (Fig. 3.68). This
is indicative of mode switching when heterogeneities start to interact and would
connect, as we had already encountered more dramatically for the effective viscos-
ity of partially molten rock (Fig. 3.43). Which approximations for homogenization
work best, and how inclusion interactions and link up should be captured continues
to be debated. However, self-consistent approaches often do surprisingly well when
compared with full numerical representations of heterogeneous media.

3.10 Deformation maps

Given the complexity of potential deformation mechanisms and their respective depen-
dency on grain-size, temperature, pressure, and stress, it is helpful to map out the pa-
rameter space using deformation maps (Ashby and Verrall, 1977). Figure 3.69a shows such
a map for dry diffusion and dislocation creep for olivine, along with the grain-boundary
sliding mechanism, and Peierls type plasticity. These maps are computed by prescrib-
ing differential stress at a given pressure, temperature, and grain-size to four dashpots in
series

ε̇t = ε̇dif + ε̇dis + ε̇GBS + ε̇Peierls (3.145)

and then evaluating which one takes up most of the deformation to denote a dominant
creep mechanism regime. This typical, and likely appropriate, microphysical assumption
leads to ready dominance of the weakest deformation mechanism according to eq. (3.141).
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Figure 3.68: Average viscosity
estimates of a mixture of mate-
rials with and η2/η1 = 1000 as
a function of the volume frac-
tion c2 ∈ [0; 1] of the stronger
material, η2. Harmonic, arith-
metic, and geometric mean from
eqs. (3.141), (3.142), and (3.143),
respectively, and self-consistent
approach from eq. (3.144).
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Figure 3.69a provides context for the example computations of exercise 4 by exploring
the grainsize-deviatoric stress space more fully for dry olivine. With the parameters cho-
sen, grain boundary sliding will take over from diffusion creep at small grain sizes once
high deviatoric stresses are reached, before Peierls plasticity caps stresses. The strain-
rate contours nicely show the absence of grainsize, d, dependence for dislocation creep,
eq. (3.120), and the wider ranges of ε̇ for fixed stress increase intervals for non-Newtonian
creep (Fig. 3.44). If grain-size evolution is such that d remains close to where ε̇dif ≈ ε̇dis

(Expanded details 10), the boundary between the diffusion and dislocation domains of
Fig. 3.69a defines a piezometer with σ ∝ d−p and p ≈ 1.2 (§3.8.8).

If we choose a ∼mm size d, Fig. 3.69b results for the temperature vrs. deviatoric stress
map. This is, at last, a proper version of Fig. 3.60 which led this section, though we cannot
include pressure solution, as there are no developed creep laws yet. As was anticipated,
Peierls plasticity is a low temperature, high stress mechanism, and dislocation creep dom-
inant for much of the higher temperatures, as long as there are moderate stress levels. GBS
requires d . 1 mm to be active in the low ε̇ domain and is not activated for the parameters
shown.

What this means for the dominant deformation mechanism in the mantle depends on
the flow scenario. This becomes a non-linear problem since viscosity itself depends on the
strain-rates, and is something that we will return to when discussing global mantle flow
below (§5). However, Fig. 3.69c can provide some clues and converts the temperature
axis of Fig. 3.69b into depth by using a geotherm that is typical for 100 Myr old oceanic
lithosphere, from half-space cooling (§4.2.3.1).

Strain-rates for mantle convection are somewhere within the range of 10−15 . . . 10−12 s−1.
For those values, Fig. 3.69c would indicate that mantle convection is in the dislocation
creep regime in a range of depths below the lithosphere from ∼100. . . 300 km, at devia-
toric stress levels of perhaps∼10 MPa. Similar values are found by more complete bound-
ary layer computations (Podolefsky et al., 2004), and when employing such creep laws in
full mantle convection computations (Becker, 2006; Behn et al., 2009). While grain sizes are
uncertain and evolving in general, this also means that the mm-level choices provide an
explanation for why CPOs from dislocation creep may be concentrated at those astheno-
spheric depths (§5.6).

While the mantle is not pure, dry olivine and we could have used alternative creep
laws or parameter choices for Fig. 3.69, similar considerations will hold.
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Figure 3.69: a) Map of the domi-
nant creep mechanisms for olivine
as a function of grainsize, d, and
differential stress, σ, at tempera-
ture T = 1250◦ and pressure p =
1 GPa (∼ 30 km depth) for dry dif-
fusion and dislocation creep (cf. ex-
ercise 4), as well as grain bound-
ary sliding (GBS; Hirth and Kohlst-
edt, 2004). We also show the Peierls
mechanism of Mei et al. (2010), as
in Fig. 3.71. Contours indicate to-
tal strain-rate, ε̇t, values in log10

units, e.g. “-5” = 10−5 s−1, between
−20 . . . − 2. b) Dominant deforma-
tion regimes as a function of tem-
perature and stress for d = 3 mm
and p = 1 GPa; Peierls restricted to
T ≤ 1250◦C. c) Dominant deforma-
tion mechanism for dry olivine at
d = 3 mm along a nominal 100 Myr
old half-space cooling p, T trajec-
tory (§4.2.3.2). Heavy dashed line is
the approximate yield stress follow-
ing Goetze and Evans’s (1979) Peierls
parameters.
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Figure 3.70: Brittle “strength” expressed as the differential stress, eq. (2.29), reached prior to
Byerlee frictional failure under compression (red), extension (blue), and strike-slip (green) from
eqs. (3.146) and (3.147). Pressure p is computed from a simple overburden relationship as
p = pl = ρcgz with ρc = 2750 kg/m3. Using a pore pressure factor λ > 0, eq. (3.35), allows
for effective normal stress reduction from lithostatic, where hydrostatic pressure is λl = ρw

ρc
≈ 0.4

(§3.2.1).

3.11 Strength of the lithosphere and upper mantle

We can now assemble a profile of the maximum deviatoric stress throughout the litho-
sphere as governed by different rheological mechanisms to get a feeling for the strength
of the plates. Often this involves assuming some deformation state, such as a constant
strain-rate for creeping deformation. Such assumptions then lead to somewhat arbitrary
stress levels, as discussed below. We also caution that the term strength which is some-
times used interchangeably with that creep-law stress predicted for certain assumptions
is thus model dependent and not a true property of the rock per se. Formally, we can
define strength of the lithosphere as the depth integral of the deviatoric stress, realizing
that is not a constant but dependent on the style of deformation, or changes in thermal or
volatile state.

Taking things from the top, we expect that the shallow, cold lithosphere will be in
the brittle regime, where stresses are elastic until Mohr-Coulomb type, frictional failure
is reached. If there are numerous faults in a crust that has experienced prior deforma-
tion, such as on an oceanic plate subducting, we expect that Byerlee’s rule may hold, for
example (§3.2.1). The deeper and hence hotter lithosphere and asthenosphere will experi-
ence creeping, fluid-like deformation, e.g. in the dislocation or diffusion ductile regimes,
depending on the stress, grain-size, and volatile content (§3.10).

In the high-pressure ductile regime in between, Peierls creep plasticity may be active,
and things get tricky overall in that brittle-ductile transition, which may hold much of the
strength of an oceanic plate.

3.11.1 Byerlee’s law as a function of pressure

In the shallow lithosphere and crust, we can use a Byerlee strength envelope (§3.2.1),
eq. (3.38), to evaluate the maximum stresses that are expected in a fractured lithosphere
with ubiquitous faults that are ready to slide. For this, it is useful to express the deviatoric
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stress, written typically as differential stress, σd, as a function of effective pressure, p′,

σd = σ1 − σ3 = fp′ + S (3.146)

where p′ is the ambient pressure reduced by the pore fluid pressure, p − pp. If we ignore
dynamic pressure effects, which may be relevant for the shallow crust (§3.4.2.2), for the
sake of argument in a simplified setting, and associate p = pl with the lithostatic pressure,
then p′ = pl − pp = (1 − λ)pl = (1 − λ)ρgz, for example, with the pore pressure factor
λ, eq. (3.35) (exercise 3), and eq. (3.146) is formally similar, but not equal, to the Drucker-
Prager criterion, eq. (3.95).

We can rescale Byerlee’s (1978) friction µ and cohesion C (eqs. 3.31-3.33) for Anderson
(1905) type faulting (Fig. 2.8) as (e.g. Weijermars et al., 1997, p. 99)

fc =
2µ

µ′ − µ
;Sc =

2C

µ′ − µ
; fe = − 2µ

µ′ + µ
;Se = − 2C

µ′ + µ
; fs =

2µ

µ′
;Ss =

2C

µ′
(3.147)

with µ′ =
√

1 + µ2, for compression, extension, and strike-slip type faulting, respectively.
These expressions imply that brittle failure stresses, |σd|, are ∼ 3 times higher for com-
pression than extension for µ ∼ 0.6 (exercise 3; Fig. 3.70), consistent with a potential
stress-dependence of the frequency-magnitude relationship b value (Fig. 3.22).

These deviatoric stresses, σd, can be considered a limit to the brittle lithosphere’s
strength (Fig. 3.70), and, as expected, the pore pressure state as expressed by λ can be
quite important. Fluids are indeed often invoked to explain plate failure, e.g. for subduc-
tion initiation, since the GPa level stresses of Fig. 3.70 at mid lithospheric depths are hard
to achieve in mantle convection (§4.4.4.1).

3.11.2 Brittle-ductile behavior

Crust and mantle rocks are also able to deform like a fluid, and the viscosity controlling
all creep processes is strongly temperature-dependent at constant pressure (§3.8.2). We
can combine brittle and ductile behavior to derive lithospheric strength profiles (Goetze
and Evans, 1979; Brace and Kohlstedt, 1980; Ranalli, 1997).

3.11.2.1 Oceanic plates

Figure 3.71 again uses the simplest geotherm that describes an oceanic plate as a cooling
half-space (§4.2.3.1) and shows results for differential stress when a constant deformation
rate of ε̇ = 5 · 10−15 s−1 is assumed for the laboratory derived olivine creep laws explored
in exercise 4. As expected, relatively modest changes in temperature for different plate
ages lead to large differences in the depths where the high viscosity of the cold thermal
boundary lead to stress predictions that exceed Byerlee’s law.

For the creep laws considered, differences in volatile state have a comparable effect
to that of temperature. This means that depletion of water due to fractionation, such as
when the oceanic plate is generated at the spreading center, or when cratonic lithosphere
is formed, may be highly dynamically relevant for planetary evolution (§7.3; Hirth and
Kohlstedt, 1996; Dixon et al., 2004). On the scales of the lithosphere as in Fig. 3.71, the
pressure-dependence of the enthalpy in the Arrhenius term (§3.8.2) is a minor effect (cf.
exercise 4) but the pV term matters on scales of the upper mantle and leads to an expected
increase in viscosity below ∼ 300 km depth. I.e., an asthenosphere forms simply because
of the temperature and pressure dependence according to the E and V terms (§3.8.2).

We can associate the depth of the brittle-ductile transition with the depth of the maxi-
mum deviatoric stress, zBDT, in Fig. 3.71, which is just when creeping behavior is expected
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Figure 3.71: Oceanic lithosphere
strength profiles building on the
λ = 0, extensional Byerlee limiter of
Fig. 3.70 (blue heavy line, thin for
compressive envelope, both using
ρm = 3300 kg/m3 below 7 km
depth for p), considering creeping
deformation for plate ages as indi-
cated; temperatures (dotted) are from
half-space cooling (§4.2.3.2). The
creep rheology (orange to red) is for
nominally “wet” (solid) and “dry”
(dashed) olivine in dislocation creep
(cf. exercise 4; Hirth and Kohlstedt,
2004) at strain-rate of ε̇ = 5·10−15 s−1.
Also shown are similar curves that in-
corporate low-temperature plasticity
(§3.8.7) and use the deformation state
for a plate subducting at 7 cm/yr
and bending in the trench region,
using the formulation of Buffett and
Becker (2012), and Mei et al.’s (2010)
parameters (cf. Hunter and Watts,
2016).
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to kick in in the mantle lithosphere. We can also compute the total strength, T , of the
plate, from the depth-integral over the yield envelope. For the wet (dry) olivine cases of
Fig. 3.71, T = 8 (11) and and 43 (61) TN/m for 25 and 150 Myr old plates, respectively.
If instead of limiting brittle strength under extension, as might appropriate for a bending
plate, for example, we chose the compressive state with fluids (λ = 0.4) for the Byerlee
limiter (cf. Fig. 3.70), as might be appropriate for breaking an intact plate, much higher
differential stresses arise (Fig. 3.71). If we cut off brittle and creep at deviatoric stress of
1 GPa, around which plastic failure is expected to ensue, the corresponding strength of the
lithosphere is ∼ 2 that of the extensional case, T = 16 (21) and and 76 (100) TN/m for wet
and dry olivine for 25 and 150 Myr old plates, respectively. It is thus the uncertain high
stress region of the brittle-ductile transition where much of oceanic plate strength is ex-
pected to reside, and there is a big difference between breaking plates initially or bending
them once subduction is initiated.

Given the strain-rate dependence of dislocation creep viscosities, assuming constant ε̇
is of course not necessarily a good idea, and strength envelope analyses have considered
constant stress or hybrid formulations (Porth, 2000). Moreover, neither the pore pressure
nor deformation state in light of faulting is clear a priori for a specific setting (Fig. 3.70). For
specific cases of tectonic deformation, and assuming that rock rheology is known (a big
assumption given the existence of heterogeneity across scales, for example), more com-
plete mechanical models can be used to estimate effective yield stress envelopes and their
validity over time (e.g. Burov and Watts, 2006; Pusok et al., 2018). However, the major de-
pendencies on strength, e.g. temperature controlling deformation behavior in the ductile
region, of course, still hold and can provide useful insights, even if stresses will in reality
be quite different in detail.

Besides the constant strain-rate cases, Figure 3.71 also shows olivine strength curves
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Figure 3.72: Continental strength under compression for λ = 0.4 and ε̇ = 10−15 s−1 using linear
geotherms with surface heat flow as labeled, total crustal thickness of 35 km indicated by hori-
zontal dashed line. The mantle part assumes dry olivine (Fig. 3.71), as might be appropriate for
old continental lithosphere. For a), the crust is uniform wet feldspar under dislocation creep law
(anorthosite of Rybacki et al., 2006). For b), upper crust (second dashed line) is replaced by wet
quartz (creep law of Tokle et al., 2019).

for a slightly more complicated deformation model. We consider of oceanic plates bend-
ing upon subduction in an oceanic trench, for which bending strain-rates can be computed
(Buffett and Becker, 2012). For the particular convergence velocity we use (7 cm/yr) and
the choices of Buffett and Becker, the effective Byerlee limit is expectedly very close, and
the deeper, creep law curves similar to our constant ε̇ estimates.

However, a major difference in the Buffett and Becker estimates is that those curves ad-
ditionally allow for another ductile deformation mechanism at high stress and low tem-
peratures, according to Peierl’s creep (§3.8.7). Assuming such plastic behavior drastically
changes the strength envelope (Fig. 3.71). The details of microphysical deformation at the
brittle ductile transition are likely more complicated in reality and may reflect a mix of
weakening in both the brittle and ductile domain (e.g. Thielmann and Kaus, 2012; Hirauchi
et al., 2016; Gerya et al., 2021). However, this example emphasizes that the mechanics of
the region around zBDT matter greatly for determining bulk plate strength (§9.8.1).

3.11.2.2 Continental plates

When viewed in terms of seismicity or geodetically determined strain-rates, continental
lithosphere shows more intraplate deformation than oceanic plates (Fig. 2.14), and we
expect crustal lithologies to be weaker than the peridotitic mantle (Fig. 3.65).

Figure 3.72 is an estimate of a continental strength profile under compression for a
single, 35 km thick crust (a), and allowing for a lower crust (b) using typical old and
young continental geotherms (§4.2.2.1). In all profiles considered, the lower regions of
the crust are expectedly found to be quite weak. Moreover, there is now more than one
brittle-ductile transition (Brace and Kohlstedt, 1980). These sharp layer strength contrasts
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are important for a range of tectonic processes, and could possibly allow for lower crustal,
pressure driven, channel flow, as has been invoked, e.g., for Tibet (Fig. 2.15, §10.9.3).

Moreover, having a sandwiched, lower crustal viscous part of the lithospheric rhe-
ology complicates both the interpretation of elastic thickness values (§3.1.2.2), and the
expression of mantle driven topography (§4.1.4.2), for example. However, if most of
the strength resides in the mantle lithosphere, or if the brittle part of the crust carries
higher stresses, clearly depends on the geotherm for given rheological choices (Fig. 3.72a),
leading us to expect quite different behavior for old, thick and young, thin lithosphere.
The two-layer crust case of Fig. 3.72b introduces a second crustal weakness layer for the
warmer geotherms, and adds a third brittle-ductile transition, motivating the term xmas-
tree diagrams.

While there is more to discuss, this wraps up our overview of rheology, but we will
revisit strength profiles throughout, including in §10.4 for the discussion of orogeny. Next,
we will explore what happens if viscous rocks are being pushed around. Better watch out.
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Chapter 4

Transport of mass, momentum, and
heat

Chapter 2 dealt with kinematics (displacements and velocities, strain and strain-rate), dy-
namics (stresses, pressure, and forces), and the link between the two, rheology. With this
sometimes perhaps a bit tedious background out of the way, we can now finally address
transport problems, i.e. how the tectonic driving forces evolve over time in terms of the
transfer of momentum (§4.1) and heat (§4.2). Mantle convection, and hence nearly all
tectonic activity on Earth, arises from those two processes acting jointly. Mass and heat
transport within the mantle control the long-term evolution of our planet (§4.4).

4.1 Transfer of momentum: Fluid dynamics

We now consider the equations governing fluid motions in the non-turbulent, laminar
flow regime that applies for the Earth’s lithosphere and mantle. These equations describe
the transfer of momentum, i.e. an evolving force balance, which together with the transfer
of mass and heat energy are the ingredients of mantle convection.

We start our discussion with a consideration of non-dimensional numbers. Those arise
when the importance of the terms in complicated equations are assessed, and knowing the
order of magnitude of these numbers is often sufficient to understand the basic workings
of a certain natural setting. We then proceed to discuss a simplified derivation of the
1-D version of one particular simplification that holds for certain values of one of these
numbers, the Stokes equation which applies to flow in the mantle. We can easily solve
this equation for three problems that can provide insights for many Earth science fluid
problems: Couette, Hagen-Poiseuille, and Stokes sinker flow. Physicists call such basic
problems paradigms; they are examples which might not apply in many cases directly, or
ever, but they can help our thinking about problems.

4.1.1 Non-dimensional numbers and flow regimes

The field of fluid dynamics is a part of continuum mechanics that deals with transport
of material by means flow, e.g. rather than granular or elasto-brittle material behavior.
The degree to which fluid behavior dominates over, say, elastic deformation is often hard
to define, and typically depends on the spatio-temporal scales of behavior, and complex
constitutive laws (§3.5.3). That said, we will assume pure fluid behavior in this section.

The general equation describing force balance (or conservation of momentum) for
fluid flow is the Navier-Stokes equation, eq. (B.2), which for an incompressible fluid
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driven by thermal anomalies T̃ reads as eq. (B.3),

1

Pr

(
∂ṽ

∂t̃
+
(
ṽ · ∇̃

)
ṽ

)
= −∇̃p̃+ ∇̃2ṽ −RaT̃ez, (4.1)

where ṽ, p̃, and t̃ are non-dimensionalized velocities, pressures, and time, respectively.
We will explore non-dimensionalization below (exercise 5, §4.3.4), but it is a rescaling
trick that collects all material parameters such as viscosity into non-dimensional numbers.
Here, those are Ra, the Rayleigh number, with which we will spend quality time, and Pr
the Prandtl number, which we will discuss now. If the non-dimensionalization works, all
quantities like ṽ in eq. (4.1) are of order unity, and Ra and Pr measure the importance of
the terms on the left and right.

Eq. (4.1) looks scary, and it should, because in its general form, it allows for turbulent
flow due to inertial terms of type ∂v/∂t as in eq. (1.1), and is very hard to solve. However,
in the Earth’s mantle and lithosphere, most flow is rather sluggish because of high resis-
tance to shear (viscosities) and the inertial terms are negligible. Why this is the case can be
explored intuitively with focus on the physical processes by comparison of relevant time-
scales, as we had done for the De, eq. (3.103), for example, or the strength of forces. To
consider if we should worry predominantly about inertia or viscous drag for any sort of
flow, not just eq. (4.1), let us consider an inertial force, eq. (1.1), and some relevant length
scale, l,

Fi = ma ∝ ρl3 v
tc

= ρl2v2, (4.2)

where we assumed that mass, m = ρV ∝ ρl3, eq. (1.2), and acceleration, replacing deriva-
tives with ratios of scales, a = dv/dt ∝ v/tc, and the characteristic timescales is tc = l/v.
The values for l and v depend on the problem and need to be chosen appropriately. For
viscous drag, consider Newtonian flow, eq. (3.83), τ ∝ ηε̇ shear stresses. Force is stress
times area, eq. (2.24), so for the viscous drag,

Fv ∝ τ l2 ∝ ηvl, (4.3)

where we have used ε̇ ∝ v/l. Considering the ratio of these forces leads to the Reynolds
number (Stokes, 1851),

Re =
Fi
Fv

=
ρvl

η
=
vl

ν
, where ν =

η

ρ
, (4.4)

with kinematic viscosity, ν.
Re → 0 means that Fv � Fi, leading to laminar, oozing flow, like syrup or honey

at low temperatures. For Re � 1, inertia dominates, leading to turbulent flow. Strictly
laminar flow patterns break drown for Re & 10 around a sphere (§4.1.4), and the transi-
tion to the fully turbulent with formation of eddies, like in a fast, narrow stream, happens
at Re & 2500 for flow in a pipe (Reynolds, 1883). An interesting property of Re is that
it is not just viscosity controlling the behavior, but also the length scale. Water appears
turbulent to humans swimming, but we can drown in molasses. At much smaller l, mi-
crobes cannot use turbulent eddies separating from their limbs to propel themselves in
the same viscosity water, but have to rely on corkscrew-like features to propel themselves
(Fig. 4.1). Returning to geology, let us consider a typical plate velocity of 10 cm/yr and a
generous (whole mantle) l ∼ 3000 km, η = 1021 Pas (§4.1.7.1) and ρ = 3300 kg/m3. Then,
Remantle ∼ 3 · 10−20; mantle flow is quite safely in the laminar regime.

Engineering often uses the kinematic viscosity of eq. (4.4). The division of η by ρmeans
that ν has dimensions of length2/time, i.e. those of a diffusivity (§4.2.2). If fluid flow
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Figure 4.1: Illustration of the scale de-
pendence of the Reynolds number, Re
eq. (4.4), of the same viscosity fluid,
water. What feels turbulent to hu-
mans and allows us to swim feels like
molasses for microbes. Those propel
themselves by rotating their flagella
(Berg, 1975) in their lowReworld (from
Purcell, 1977).

serves to transport heat (§4.3), as for eq. (4.1), then another way to assess the dynamics of
flow and compare the effects of inertia to heat is by dividing the characteristic timescales
for the diffusion of momentum, tm = l2/ν, and those for heat th = l2/κ, where κ is
thermal diffusivity, a measure of conductive transport efficiency (§4.2.2). Those timescales
arise simply from considering the units of κ or ν (exercise 5), or the solution of PDEs
(§4.2.3.1). The ratio of the two is the very Prandtl number that arose in eq. (4.1) from non-
dimensionalization,

Pr =
th
tm

=
ν

κ
=

η

κρ
. (4.5)

With values as above and κ = 10−6 m2/s, Pr ∼ 3 · 1023. Therefore, Pr ≫ 1, and thus
momentum diffuses much faster than heat in the mantle. This means, e.g., that changes
in plate motions at the surface of the mantle will have an immediate effect at the core-
mantle boundary. Neglecting the inertial terms in the Navier-Stokes equation, eq. (4.1),
leads to the Stokes equation (Expanded details 12). This is called the infinite Prandtl number
approximation (exercise 5).

Near zero Re and near infinite Pr can thus be used to delineate the laminar, sluggish
fluid dynamical regime of the mantle, where mantle convection is more like warming a
pot of honey rather than the textbook example of boiling water. Whenever you see wave
(i.e. inertia-related) phenomena, or turbulent eddies, in a mantle convection computation,
start to ask questions.

Expanded details 11: Coriolis forces and geodynamo dynamics

Our magnetic field is generated by the geodynamo, driven by vigorous convection in the outer,
liquid part of Earth’s predominantly iron core. While convective mixing is expected to limit the extent
of lateral density anomalies to near nothing (Stevenson, 1987), the actual viscosity of the bulk fluid is not
well constrained (Secco, 1995). However, ηoc is perhaps as low as ∼ 10−2 Pas (Poirier, 1988; de Wijs et al.,
1998), rendering the liquid inviscid and viscous shear irrelevant on global scales.

However, the flip side of this is that the core is strongly affected by the Coriolis force, with amplitude

Fc ∼ mΩv = ρl3Ωv

(exact equation: ~F = −2m~Ω×~v) a deflecting force, perpendicular to the path as experienced by an object
moving with velocity v in a rotating reference frame of angular velocity,Ω. We can define a global Rossby
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number as the ratio between inertial, eq. (4.2), and Coriolis forces to measure the importance of rotation

Ro =
Fi
Fc

=
ρl2v2

ρl3Ωv
=

v

Ωl
=
ts
tc
, (4.6)

where it can be seen that Ro is also the ratio of rotational, or spin, timescales, ts = 1/Ω, and convective
timescales tc = l/v, and we would use l→ d for the layer thickness.

For the Earth, a full spin of 2π radians is completed in a day, such that Ω ≈ 2π/(24 × 60 × 60 s)
≈ 7.3 · 10−5 rad/s. With the parameters from above and d for the mantle, this yields Rom ∼ 7 · 10−12,
with much leeway considering l, leading to Rom ∼ 2 · 10−10 for l = 100 km, for example. Thus,
Rom ≪ 1, and Coriolis forces are very small, but in fact they are ∼ 108 times larger than inertial forces
since Ro/Re ∼ 2 · 108.

This ratio is the Ekman number which measures viscous, eq. (4.3), to Coriolis forces

Ek =
Fv
Fc

=
ηvl

ρl3Ωv
=

ν

l2Ω
=
Ro

Re
. (4.7)

Ekm ≫ 1, and viscous forces clearly dominate over Coriolis forces in the mantle. However, the ap-
proximation of neglecting rotation is not as near-perfect as those for Rem or Prm. In the atmosphere,
ocean, and core, Re is large, meaning that viscous drag is only relevant in the boundary layers of these
turbulent systems.

For the core, Rec = 109, Roc = 10−7, and thus Ekc ∼ 10−16 (Christensen and Aubert, 2006), i.e.
rotation is very important for organizing geodynamo convection. Coriolis forces contribute to flow and
dynamo action that leads to a dipolar external magnetic field that is mainly aligned with the rotation
axis (Busse, 1975a; Roberts and King, 2013, Expanded details 3).

In analogy with eq. (4.4), but with the magnetic field playing the role of momentum diffusion gov-
erned by ν, we can quantify the power of the geodynamo from a balance of magnetic induction from
convective motions compared to magnetic diffusion of the field from a non-dimensionalization of the
induction equation, which yields a magnetic Reynolds number

Rm =
vl

λ
, with λ =

1

µ0σ
,

where λ is the magnetic diffusivity, µ0 magnetic permeability, eq. (1.45), and σ the electrical conductivity,
units of S/m, with σc ∼ 5 · 105 S/m. Similar, a magnetic Ekman number, Eλ, follows from eq. (4.7)
with ν → λ. From energy considerations, sustained dynamo action may exist if the advective transport
outweighs diffusion at Rm & 10 . . . 100 (Stevenson, 2003), where Earth’s core has Rmc ∼ 500.

Fully self-exciting, dynamically consistent geodynamo computations were first realized in the 90ies
(Kageyama et al., 1995; Glatzmaiers and Roberts, 1995; Kuang and Bloxham, 1997). Computations have since
improved in realism, although the core’s true, turbulent flow, parameter space remains out of reach,
posing fundamental challenges in the interpretation of models and their dependency on boundary con-
ditions (Roberts and King, 2013; Wicht and Sanchez, 2019). However, we expect the current generation
of geodynamo models to be in the right dynamical regime based on scaling and force-balance analy-
sis (Christensen and Aubert, 2006; Schwaiger et al., 2019). Such computations show, for example, that the
nature of the magnetic field generated by the dynamo depends on a local Rossby number,

Rol =
`u
π
Ro

where `u is a characteristic spherical harmonic degree of flow, and we expect dipolar and multipolar
fields below and aboveRol ∼ 0.1, respectively (Olson and Christensen, 2006), i.e. fast spinΩ will organize
magnetic field generation.

Other aspects of field generation remain debated, e.g., the degree to which degree spatially variable
CMB heat flux imposed by mantle convection is able to affect field generation, and so possibly lead to
deviations from the rotationally aligned dipole field (Olson, 2016). In particular, it has been suggested
that the observed multipolar magnetic field variations of Earth are due to CMB heaflow variations im-
posed by mantle convection (Mound and Davies, 2023).

Exercises: 5) Scaling analysis and non-dimensional numbers

Scaling analysis refers to order of magnitude estimates on how different processes work together
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and control a system. Such theoretical considerations are very useful if we are interested in getting a
quick idea of the order of magnitude of terms that are of relevance for an equation for a certain setting,
and for the order of magnitude for solution values (§4.1.1 and §4.1.4.1).

For example, shear stress τ (in units of Pa) for a Newtonian, incompressible viscous rheology with
viscosity η (in units of Pas) is given by the simple constitutive law

τ = 2ηε̇

where ε̇ is the strain-rate (in units of s−1, §3.4.1). Say, we wish to estimate the typical amplitudes of
shear stress in a part of the crust that we know is being sheared at some (e.g. plate-) velocity u over a
zone of width L (see exercise 1). The strain-rate in 3-D is really a tensor, ε̇, eq. (2.9), and has to be either
constrained by kinematics or inferred from the full force balance. However, for our problem, we only
need a “characteristic” value, i.e. correct up to a factor of ten or so. Strain-rate is physically the change
in velocity over length, and the characteristic strain-rate is then given by

ε̇ ∝ v

L
(4.8)

where ∝ means “proportional to”, or “scales as”, to indicate that eq. (4.8) is not exact. Assuming we
know the viscosity η, we can then estimate the typical stress in the shear zone to be

τ ∝ 2η
v

L
.

If you think about the units of all quantities involved (“dimensional analysis”), then this scaling could
not have worked out any other way. Viscosity is Pas (stress times time), velocity m/s (length over time),
so stress=Pasm/(sm)=Pa as it should be.

Note I: Whenever you work out, or type up, a new equation, it is always a good idea to check if the
units on both sides make sense.

Note II: The scaling of velocities and stress for a buoyancy driven problem, such as the Stokes sinker
discussed in §4.1.4, is entirely different! Another example for non-dimensionalization considers the
Navier-Stokes equation, eq. (B.2), for an incompressible, Newtonian fluid. When body forces driving flow
are due to temperature T fluctuations in (the Earth’s) gravitational field

ρ
Dv

Dt
= −∇pd + η∇2v + ρ0αTg (4.9)

where D is the total, Lagrangian derivative operator, eq. (2.4), that can be used to simplify the LHS of
eq. (B.2), t time, pd the dynamic pressure (without the hydrostatic part), ρ0 reference density, α thermall
expansivity, and g gravitational acceleration. One can now choose typical quantities that can be derived
from the given parameters such as a ∆T temperature difference, a fluid box height d, and some choice
for the timescale. All other characteristic values for physical properties can then be derived from those
choices. Let us assume, for example, that we are dealing with a box heated from below and cooled
from above, i.e. held at constant temperature difference of ∆T = Ttop − Tbot, with no internal heating
(Rayleigh-Benard problem, §4.3).

A typical choice for a characteristic timescale is to use the diffusion time that can be constructed
from the thermal diffusivity, κ, in the energy equation

DT

Dt
= κ∇2T (4.10)

(no heat sources) that couples with the momentum equation, eq. (4.9) (§4.3.1). Because κ has units of
length2/time, any diffusion-related time scale td for a given length l has to work out like

td ∝
d2

κ
,

by dimensional analysis. This relationship is important for all diffusional processes (§4.2.1), including
half-space cooling (§4.2.3.1).

Using the characteristic quantities fc which result from this scaling and using l = d, for all variables
in eqs. (4.9) and (4.10), all other properties can be derived, e.g.

vc =
d

tc
ε̇c =

vc
d

τc = ηε̇c Tc = ∆T.
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If we divide all variables by their characteristic values to make them unit-less, non-dimensional f̃ =
f/fc, and deal with spatial and temporal derivatives like space and time variables,

∂

∂x
→ ∂

h∂x̃
;

∂

∂t
→ ∂

tc∂t̃
,

eq. (4.9) can then be written as a shortened version of eq. (4.1)

1

Pr

D̃ṽ

D̃t̃
= −∇̃p̃+ ∇̃2ṽ −RaT̃ez

where we have used g = −gez . I.e., all material parameters have been collected in two unit-less num-
bers after non-dimensionalization, recovering the Prandtl, Pr, eq. (4.5), and Rayleigh number, Ra,
eq. (4.35). This equation may still be hard to solve, but at least we now have sorted all material pa-
rameters into two numbers, Ra and Pr, which measure the importance of the respective terms since
all variables should now be of order unity. Particularly the Rayleigh number is key for mantle convec-
tion (§4.3.1), because we typically use the infinite Prandtl number approximation, (§4.1.1). In this case,
eq. (4.9) simplifies to the Stokes equation, eq. (4.18).

ρm

ρs

ηm

H h

v

g

Figure 4.2: Illustration of the geometry of the volcanic eruption problem.

Problems
1. Verify the non-dimensional Navier-Stokes equation, eq. (4.1), by plugging in characteristic quan-

tities.

2. Derive the Stokes sinker velocity, eq. (4.30), for a power-law,

τn ∝ ηε̇ (4.11)

(for rocks, n ∼ 3). This equation is written sloppily and does not have the right units. For correct
units, consider a relationship like τ (τII/µ)n−1 = ηε̇, where µ is the shear modulus, and τII the
second invariant (§3.4.2), but you may use eq. (4.11) for the scaling analysis.

3. Estimate the rise velocity of a plume head large enough to cause the Deccan traps.

4. Using dimensional analysis, such as used above for the Stokes sinker, estimate the velocity of
a volcanic eruption. Hint: You might want to proceed by first using the equations for laminar,
pressure-driven flow, eq. (4.23), a pipe of radius R, and then estimate the pressure difference
from Fig. 4.2.

4.1.2 Steady, unidirectional flow and the 1-D Stokes equation

With the Reynolds number assuring us that we do not have to worry about inertia for the
mantle, we now proceed to consider a somewhat heuristic force balance for laminar flow.
Consider an infinitely long plane or channel in the y direction in a Cartesian coordinate
system (Fig. 4.3) such that all quantities only vary in the 2-D, x−z system, and are constant
with y. For example, we may consider holding the fluid fixed at the base, z = 0 such that
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Figure 4.3: Unidirectional flow
scenario for a layer of height
h with no-slip bottom bound-
ary condition. Dynamic, i.e.
lateral, deformation-associated,
pressure variations in x are bal-
anced by shear stress variations
in z, eq. (4.13). The latter
can be related to velocity gradi-
ents by assuming fluid rheology,
eq. (4.14).

v = 0, a no-slip boundary condition holds, and shearing it with some constant velocity,
v0, at the top, where z = h. What results in the absence of inertial forces is a steady,
unidirectional flow. Irrespective of the boundary conditions, or rheology, forces within
the fluid have to balance at each instance, eq. (2.28).

To quantify the role of shear stress and pressure in this balance (§2.6), consider a test
area (or volume, when extended into y) that is δx wide and δz high (Fig. 4.3), where δ is
to indicate a small quantity, e.g. compared to h. If the pressure is not simply lithostatic, i.e.
due to gravity and only changing with depth, eq. (1.3), then dynamic pressure differences
due to p1 6= p2 may apply to the left and right of the test volume. The net normal force
per unit length (in y) due to any pressure gradient along x is given by

F ′p = (p2 − p1)δz,

because force per length is stress, or traction, times length. Now, consider the net shear
force in z, i.e. the shear force on the top relative to the one at the bottom

F ′s = τ2 − τ1

with τ = σzx, i.e. the traction in x direction acting on the plane with z normal. This shear
is needed to maintain the pressure difference p1−p2 during fluid flow. In case the stresses
change in a smooth (differentiable) way, then we can again Taylor approximate, eq. (C.10),

τ2 ≈ τ1 +
∂τ

∂z
δz,

such that the net shear force per length acting on the top side is given by

F ′s = (τ2 − τ1) δx =

(
τ1 +

∂τ

∂z
δz − τ1

)
δx =

∂τ

∂z
δzδx.

The shear and the pressure-related forces on the test volume have to balance such that

(p2 − p1)δz =
∂τ

∂z
δzδx, or

p2 − p1

δx
=
∂τ

∂z
. (4.12)

If we let δz → 0, the LHS of eq. (4.12) transitions into the derivative such that

∂τ

∂z
=
∂p

∂x
. (4.13)

(In our case, v and p only depend on z and x, respectively, meaning that we could re-
place the partial derivatives, ∂, with total derivatives d.) This balance holds regardless of
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which constitutive law applies, and is based on the same arguments as the general stress
equilibrium (§2.6.3).

If the fluid is Newtonian (§3.4.1),

τ = σzx = τxz = 2ηε̇xz = η
∂v

∂z

from eq. (2.15), and then

η
∂2v

∂z2
=
∂p

∂x
. (4.14)

This is the 1-D version of the Stokes equation for force balance for a Newtonian fluid with-
out inertia; it says that strain-rate gradients in the vertical have to be balanced by pressure
gradients in the horizontal. The 3-D version of this equation allowing for body forces fol-
lows from inserting the incompressible Newtonian creep law, eq. (3.84), into eq. (2.28)
(Expanded details 12).

The Stokes equation governs the velocities (and their spatial derivatives, stresses) for a
given distribution of viscosity, density anomalies, and boundary conditions. The solution
of the Stokes problem is an instantaneous solution, i.e. no temporal evolution is needed to
establish the flow field because there is no inertia in a problem (§4.1.1). For example, this
means that any given distribution of density anomalies and viscosity in the mantle plus
surface kinematic boundary conditions uniquely determine the flow velocity, and this is
exploited in global circulation models (§5).

Expanded details 12: Stokes (force balance) equation in 3-D

We have seen that simple force balance can serve to motivate the 1-D version of the Stokes equation,
eq. (4.14), which has important, basic solutions that we will rediscover throughout mantle dynamics.
More generally, the conservation of mass, or continuity equation for an incompressible fluid is simply (§B.1)

∇ · v = 0 or
∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0 , (4.15)

with x = {x, y, z} and v = {u, v, w}. The mantle is not incompressible, and, e.g., the adiabatic increase
of temperature with depth is due to compression (Fig. 1.11). However, often the incompressible ap-
proximation is not a bad start; it is often accompanied by the Boussinesq approximation to only account
changes in volume for thermal buoyancy (§4.3.1).

The general force balance, or conservation of momentum, equation without inertia for any continuum
is given by

∇ · σ = −f or
∂σij
∂xj

= −fi (4.16)

where σ is the stress tensor, and f a sum of body forces (§2.28). The notation using the differentiation
operator ∇ is general, but the index notation assumes Cartesian coordinates with i, j = 1, 2, 3 and
repeated indices implying summation (Einstein summation convention). Spherical geometries lead to
more complicate equations for ∇ and the like, eq. (C.29).

For an isotropic, incompressible, Newtonian fluid, the constitutive law is given by eq. (3.84)

σij = −pδij + 2ηε̇ij = −pδij + η

(
∂vi
∂xj

+
∂vj
∂xi

)
(4.17)

with strain-rate tensor, ε̇. If we plug eq. (4.17) into eq. (4.16) and use the gravitational force, fb = ρg for
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Figure 4.4: Comparison of, a) Couette (shear), b) Hagen-Poiseuille (pressure-driven), and, c), the
gravity-driven version flow of pressure-driven flow in a layer. From Batchelor (1967), cf. Fig. 5.21c
for a mantle flow estimate underneath the Pacific plate.

the body force, we get the 3-D version of the Stokes equation

− ∂

∂xj
(pδij) + η

∂

∂xj

∂vi
∂xj

+ η
∂

∂xj

∂vj
∂xi

+ ρgi = 0

− ∂

∂xi
p+ η

∂2vi
∂xj∂xj

+ η
∂

∂xi

∂vj
∂xj

+ ρgi = 0

− ∂

∂xi
p+ η

∂2vi
∂xj∂xj

+ ρgi = 0,

or, in more compact vector notation, for constant viscosity

−∇p+ η∇2v + ρg = 0 , (4.18)

where ∂vj/∂xj = 0 because of eq. (4.15). Eq. (4.18) governs flow in the mantle. Further assuming that
gravity is aligned with the z direction, g = gez ,

− ∂p

∂xi
+ η

∂2vi
∂xj∂xj

= −ρgδi3,

or spelled out

− ∂p
∂x

+ η

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
= 0 (4.19)

−∂p
∂y

+ η

(
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

)
= 0

−∂p
∂z

+ η

(
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2

)
= −ρg.

We recover the 1-D, steady layer flow equation eq. (4.14) from eq. (4.19) by assuming no x and y depen-
dence of u, ∂u/∂x = ∂u/∂y = 0, and v = w = 0.

4.1.3 Shear and pressure-driven flow: Couette and Poiseuille solutions

The solution for the velocities within a 1-D fluid layer from the PDE (4.14) can be found
in a straightforward way, by integrating over z (§C.2.4)

η
∂v

∂z
=
∂p

∂x
z + c2,

and, because it was fun, integrating again, such that

v(z) =
1

2η

∂p

∂x
z2 + c1z + c2. (4.20)

Now we can use the boundary conditions (BCs) of the problem to get at the constants and
go from a general to a specific solution, and since eq. (4.14) is “second order” (the second
derivative of appears), we need two BCs for the solution of eq. (4.20).
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Figure 4.5: a) Simple shear (Couette flow) for a single layer. b) Two layers with η1 < η2. c)
Numerous layers with η decreasing toward the top of the shear layer.

With the no-slip boundary condition at the bottom of the channel, Fig. 4.3, v(z = 0) =
0, eq. (4.20) reads v(0) = c2 = 0, and therefore c2 = 0. The other BC for the top says that
from v(h) = v0, from which after plugging this into eq. (4.20), we get with some algebra
the solution

v(z) =
1

2η

∂p

∂x

(
z2 − hz

)
+
v0

h
z. (4.21)

Again, possible lithostatic variations of pressure with depth, z, are irrelevant for the flow
solution. There are three interesting special cases of eq. (4.21) for the cases of kinematically
or pressure-driven flow (Fig. 4.4):

4.1.3.1 Couette flow

If there is no pressure gradient for eq. (4.21), ∂p/∂x = 0. Since the lower boundary is no
slip and the top has a prescribed velocity of v0,

v(z) =
v0

h
z. (4.22)

The velocity increases linearly from z = 0 to z = h (Fig. 4.4a), at a constant strain-rate
within the layer of ε̇ = v0/(2h). While typical settings in lithospheric or mantle flow usu-
ally do not have a well defined h, there is often some equivalent shear layer, for example
that which is inferred to exist under fast moving plates which may be pulled from the side
(Fig. 5.21c).

This Couette flow of eq. (4.22) is purely kinematically controlled, i.e. the prescribed v0

and h set the strain-rate; stresses from from ηv0/h and need not be “realistic” (exercise 1).
Within the shear layer, stress is constant, and in fact, stress continuity throughout the layer
can be used to solve for the velocities when a layer of lower viscosity, η1, overlies one of
higher viscosity, η2. Because the stresses in the layer τ1 = 2η1ε̇1 and τ2 = 2η2ε̇2 have to
be equal, the strain rates need to relate to each other as ε̇1/ε̇2 = η2/η1, such that shear is
stronger shearing in the weaker, top layer of Fig. 4.5b.

4.1.3.2 Hagen-Poiseuille flow

For the other type of solution, we also prescribe the top velocity, v0 = v(h) = 0, but
now allow for the existence of pressure gradients along x to push fluid through the layer
(Fig. 4.4b). The solution of eq. (4.21) in this case is most easily written in a coordinate
system centered on the middle of the channel and follows as

ẑ = z − h

2
; v(ẑ) = − 1

2η

∂p

∂x

(
h2 − ẑ2

)
, (4.23)
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Figure 4.6: Velocity profile across half the chan-
nel with with z̃ for Hagen-Poiseuille with New-
tonian viscosity (n = 1, cf. Fig. 4.4a) and power-
law behavior, n = 3 and n = 20 (near plastic),
eq. (4.25). Velocity is normalized by the velocity
at the center of the shear layer at ẑ = 0.

i.e. a parabola velocity profile as depicted in Fig. 4.6. To figure out the mean velocity, we
integrate eq. (4.23) over z and divide by channel width to find

v̄ = − h2

12η

∂p

∂x
, or v̄p = − r

2

8η

∂p

∂x
(4.24)

i.e. this Hagen-Poiseuille solution is linear in the pressure difference, inversely proportional
to viscosity. The alternative, axisymmetric solution v̄p in eq. (4.24) is for flow in a circular
pipe of radius r.

For a power-law rheology, eq. (3.92), for which ε̇xz ∝ τn, the solution is

v(ẑ) =
n

n+ 1

(
−1

η

∂p

∂x

) 1
n (

h
n+1
n − |z̃|

n+1
n

)
(4.25)

which leads to a more plug-like flow profile for n > 1 (Fig. 4.6). If we consider a pipe or
conduit with cross sectional area πr2, eq. (4.24) implies a total flux (volume per time) of

Q =
πr4

8η

∂p

∂x
. (4.26)

4.1.3.3 Gravity driven flow down a plane

If there is an incline, we can consider the v = 0 condition at the base at z = 0, and a shear-
stress free condition (free slip) at the top at z = h (Fig. 4.4c). The solution for this special
kind of pressure-driven flow is

v =
1

2η

∂p

∂x

(
z2 − 2zh

)
,

similar to eq. (4.23), with mean velocity

v̄ = −∂p
∂x

h2

3η
,
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Figure 4.7: Stokes sphere problem for a rigid
sphere of radius a and density contrast ∆ρ sink-
ing as driven by gravity, g, in an infinite fluid
medium with viscosity η. Gray lines indicate a
cylindrical or spherical coordinate system, {r, θ},
useful for the analytical solution. Velocities and
background pressure (normalized by ηmvS

a ) are
from the cylindrical solution, eq. (4.33).
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or flux Q = v̄h. If the plane along with fluid flows is at an angle α to the downward
vertical, then the gravity induced pressure gradient is

∂p

∂x
= −ρg cosα,

such that the steady-state layer height, hs, of the gravity driven flow results as

hs =

(
3ηQ

ρg cosα

) 1
3

for which the gravity induced pressure forces balance those due to viscous drag. The three
fundamental solutions for a layer or channel in steady-state assuming Newtonian flow
are compared in Fig. 4.4, and we will revisit global mantle flow which displays features
of both shear and pressure driven flow in §5.1.

4.1.4 Density driven flow: The Stokes sinker

The previous solutions are instructive, but they leave out the question what driving force
is actually causing the velocity at the top of the layer, or what is inducing the pressure
gradient that pushes flow through the channel. In general, in the Earth’s mantle, the
answer to those questions are density differences, be they of thermal or chemical origin.

For this purposes, it is useful to consider the problem of a sphere of radius a with a
density anomaly of∆ρ in an infinite fluid medium of viscosity ηm under the force of grav-
ity with gravitational acceleration g (Fig. 4.7). The driving force, Fb, in this case is due to
buoyancy differences between sphere and medium. Note that average density values for
each depth layer will never matter for driving flow, for that only lateral variations matter.
However, absolute density values will lead to hydrostatic pressure increase (Fig. 1.8) and
adiabatic compression and hence 1-D changes of temperature with depth (Fig. 1.11).

With eq. (1.1), g = |g|, and spelling out the volume, V , for a sphere, we can write

Fb = ∆mg = V ∆ρg =
4π

3
a3∆ρg. (4.27)

These buoyancy forces have to be balanced by viscous drag forces, Fv, due to shear on the
surface of the sphere, and due to deformation within the sphere. An equivalent statement
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is that conservation of energy requires that any change in gravitational potential energy,
due to the motion of the sphere in Earth’s gravity field, has to be balanced by viscous
dissipation, eq. (3.87). Thinking about forces, and if we assume a rigid sphere with ηs →
∞, we only have to consider drag due to shear, τ , on the surface of the sphere with area,
A,

Fv = τA = 4πa2τ = 4πa2ηmε̇ ∝ 4πa2ηm
v

a
= 4πaηmv, (4.28)

where we now assumed a Newtonian fluid with τ ∼ ηε̇, and we approximated shear-
strain rates ε̇ again by v/a, since velocity gradients have to scale with the only length-
scale in the problem, the radius of the sphere, a. Setting eqs. (4.27) and (4.28) equal to
each other, we can solve for the sinking velocity in an order of magnitude way to yield

vS ∼
1

3

∆ρga2

ηm
. (4.29)

The same reasoning can also be applied for a rigid sphere sinking (or rising) in a
power-law fluid with exponent n (exercise 5) for which

vs ∼
(
∆ρg

3

)n an+1

η̃m
, (4.30)

where we have used η̃m for a scaling viscosity as actual viscosity now depends on ε̇ (and
the behavior of eq. 4.29 is recovered for n = 1). Therefore, a power-law fluid with n > 1
will be expected to have density anomaly rise velocities that are more sensitive to density
anomalies or size than for Newtonian flow.

If one works through the math properly (Expanded details 13), one finds

vS = C
∆ρga2

ηm
with C =

2 + 2η′

6 + 9η′
and η′ =

ηs
ηm

. (4.31)

Therefore, the exact solutions for an infinitely strong (C = 2/9 for η′ →∞) or weak (C =
1/3 for η′ → 0) sphere are very close to our earlier rough estimate, eq. (4.29). Considering
that density anomalies will not always be spherical, we note that it is one of the intriguing
features of viscous flow in the laminar, Stokes equation regime that shape does not matter
much: an elongated needle’s sinking velocity will only be different from that of a sphere’s
vS by a factor of 0.5 to 2, for vertical or horizontal alignments within Earth’s gravity field.
Figure 4.7 shows an analytical solutions for the velocities and pressures surrounding the
sphere. Note how the decay of velocities with distance from the anomaly is fairly slow,
because of the 1/r terms in eq. (4.33); this relatively far field effect of local buoyancy
anomalies is another hallmark of Stokes flow.

The Stokes sinker velocity is the relevant velocity scale for all buoyancy driven flow,
where velocities are always proportional to ∆ρ/ηm. Given the simplicity of the approach,
the Stokes velocity is also used to infer fluid viscosity in laboratory tests by measuring
the sinking speed of a sphere of known density. If we use eq. (4.29) to derive a fluid flow
timescale tSc ∼ a/vS = η/(∆ρga), we can use this, for example, to consider if material
behavior will be mainly elastic or fluid using the Deborah number, eq. (3.103), such that

De =
∆ρga

η
.

Interestingly, this De estimate does not depend on the fluid viscosity, but only the elastic
shear modulus, µ, and buoyancy force-related quantities. In general, stresses within the
fluid for Stokes flow will scale as

τ ∝ η v
a
∝ ∆ρa, (4.32)
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plugging in vS and using η = ηm, i.e. the viscosity cancels out. Higher viscosities will re-
duce the strain rates surrounding a density anomaly, but stresses will be the same because
the smaller strain-rates will be multiplied by higher viscosity.

Expanded details 13: Details of the Stokes sinker/sphere solution

One can solve for the fluid velocities and pressure anomaly outside a sinking sphere in a cylindri-
cal system (superscript C , appropriate for an anomaly that is much wider than its radius a), or for a
spherical anomaly in 3-D (superscript S , a Stokeslet). For both, we assume that the coordinate system is
centered in the Stokes sinker (or sphere; Fig. 4.7). The fluid velocities {vr, vθ} and dynamic pressure as
a function of distance from the sphere, r, and angle between the vertical and the observation point, θ,
are (e.g. Batchelor, 1967, p. 230ff):

vr
vS

= −1

2

(
1

r′3
− 3

r′

)
cos θ

vθ
vS

= −1

4

(
1

r′3
+

3

r′

)
sin θ

pCd
ηmvS
a

=
3 cos θ

2

1

r′2
;

pSd
ηmvS
a

=
3 cos θ

2

1

r′3
, (4.33)

where we used the sphere radius as a length-scale, with r′ = r/a, and the velocity solutions are identical
for spherical and cylindrical.

The cylindrical solution is shown in Fig. 4.7. We can also approximate the surface effects once the
sphere reaches a fluid surface, like a plume anomaly when it gets close to the lithosphere. In this case,
we can estimate the pressure at the surface, ps, for a sphere at depth z by (Morgan, 1965)

ps = 3ηmvsa
z

r3
,

i.e. ps = 2pd (since z = cos(θ)r). We will return to this when discussing convection induced deflections
of the surface, i.e. dynamic topography (§5.2).

4.1.4.1 Rayleigh number from Stokes velocity and Peclet number

In anticipation of the discussion of convection, i.e. heat transport by advection and con-
duction (§4.3), let us briefly consider how we might quantify if transport by fluid motions
with some velocity v, or by solid state diffusion, as governed by the thermal diffusiv-
ity κ (units of m2/s, §4.2.2), is more important. One way to do so, without knowing the
relevant equation, is to compare typical advective and diffusive process timescales. A cor-
responding, non-dimensional ratio is called the Peclet number (or thermal Reynolds number,
see exercise 5),

Pe =
td
ta
.

For a given lengthscales l, diffusive timescales go as td ∝ l2/κ (§4.1.1), and convective
timescales scale as ta ∝ l/v. The Peclet number is then

Pe =
lv

κ
. (4.34)

If Pe� 1, then advection will dominate and little heat is lost in place by diffusion, and if
Pe� 1, diffusion will smooth out any temperature anomalies quickly. Pe is very impor-
tant for a number of tectonic problems, including in determining the state of subduction
zone thermal structure (§9.4).

Let us now identify the size of a density anomaly a as a characteristic length (exer-
cise 5) and use the Stokes velocity scaling, eq. (4.29), to estimate a relevant flow amplitude
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Figure 4.8: Illustration of the dynamic topography, h, and uplift, i.e. temporal change of h, ḣ, in the
absence of large-scale plate motions, for a positively buoyant, weak plume and a negatively buoy-
ant, strong slablet, where the anomaly viscosity is ηp = 0.1ηm and ηp = 10ηm, respectively. The
computation is for a pseudo-free surface with lithosphere/mantle viscosity ratio of 100 after es-
tablishment of an initial topography (∼ 2 Myr after initiation of model run) where ηm = 1021 Pas,
and ∆ρ± 100 kg/m3 (cf. Fig. 4.9). Lithospheric thickness is 100 km, and anomaly of radius 50 km
is at 400 km depth initially. Topography is of different amplitude because of anomaly advection,
cf. eq. (4.38), and estimates would be identical for uplift and the exact opposite for topography for
the instantaneous, free slip solution.

driven by the anomaly. If we further assume a thermal density anomaly due to ∆T , then
∆ρ = αρ0∆T , with the thermal expansivity α and a reference density of ρ0 (at ∆T = 0).
With that,

ta ∝
a

vS
=

η

∆Tαρ0ga
,

which leads to

Pe =
∆Tαgρ0a

3

κη
= Ra(h = a), (4.35)

where Pe has been converted into what is the bottom heated Rayleigh number which al-
ready made a showing in eq. (4.1) and measures the vigor of thermal convection of a box
with height h. Of course, a is not actually the box height, but dimensionally, the scaling
has to work out like eq. (4.35), and the basic physics are represented in this derivation, to
be expanded upon below (§4.3.1).

4.1.4.2 Dynamic topography of the Stokes sinker

The Stokes sinker stress scaling, eq. (4.32), is also relevant for consideration of the effects
of fluid flow on deflecting the surface of the Earth, or the bottom of the mantle, out of
their isostatic equilibrium (Fig. 1.4). The equivalent dynamic topography of amplitude hd
that is induced by flow underneath a fixed surface can be inferred from the total vertical
normal stress, σzz , e.g. at the surface of a numerical free slip computation, by considering
the overburden of that deflection, eq. (1.3),

σzz ≈ ∆ρlaghd or hd ≈
σzz
∆ρlag

(4.36)

DRAFT 193



4.1. TRANSFER OF MOMENTUM: FLUID DYNAMICS

for long wavelength, small amplitude deflections. Here ∆ρla is the density difference at
the interface, i.e. between lithosphere, ρl, and air, ρa, such that ∆ρla ≈ ρl.

Since σ ∝ ∆ρ, eq. (4.32), we thus expect dynamic topography to scale with the density
anomalies driving the flow, such that

hd ∝ ∆ρ,

while, e.g., plate velocities, v, will scale with v ∝ ∆ρ/η, eq. (4.31), which allows inferring
∆ρ and η independently, in theory (§5). The temporal change of dynamic topography, i.e.
uplift and subsidence as might be recorded geodetically or geologically, will scale with

ḣd ∝ hdv ∝ τv ∝
(∆ρ)2

η
, (4.37)

pointing to another way to invert jointly for different material parameters of Earth (Gurnis
et al., 2000a; Spasojevic et al., 2009).

The simple example of Fig. 4.8 illustrates how an isolated, uppermost mantle density
anomaly of plume or slablet type is expressed in terms of the patterns of topography
and uplift. Note that there is an asymmetry in terms of the uplift: A dense (slab-like)
sinker’s negative dynamic topography will be reduced over time, as the distance between
the anomaly and the surface increases. The opposite is true of the plume, disregarding
any changes of anomaly shape (§6), and effects of layered or lateral viscosity contrasts
(Expanded details 14).

Expanded details 14: Role of viscosity variations for dynamic topography of a Stokes sphere

A buoyant sphere rising in a Newtonian viscous mantle exerts a dynamic pressure, pd, at the surface
that is given by (Morgan, 1965; Olson and Nam, 1986)

pd = 3ηmva
z

(z2 + l2)
3
2

=
6∆ρga3

9

z

(z2 + l2)
3
2

,

where v is the Stokes velocity, eq. (4.31), for a solid sphere (η′p → ∞, note how ηm again cancels out), a
is the radius of the sphere, ∆ρms the density difference between sphere and mantle, g the gravitational
acceleration, ηm the mantle viscosity, z the depth, and l is the distance from the observational point to
the center of the sphere, respectively.

On top of the sphere, where l = z, this yields after consideration of both pressure and velocity
effects for σzz in the z

a
� 1 limit (Morgan, 1965, eq. 13)

hd ≈
1

3
√

2

(∆ρ)2

∆ρla

a3

z2
. (4.38)

Eq. (4.38) shows that dynamic topography, hd, scales to first order with the buoyancy contrast of the
sphere (for ∆ρla ≈ ∆ρ), as expected.

However, this equation does not consider the resistance exerted by a shallow, high viscosity layer.
Such effects were explored analytically by Morgan (1965) for an infinite cylinder, and later experimen-
tally (Griffiths et al., 1989; Sembroni et al., 2017; Bodur and Rey, 2019). Some effects are explored in Fig. 4.9
which uses an approximate, sticky air implementation of the true free surface of the Earth (Crameri et al.,
2012) alongside the free-slip approximation, eq. (4.37), and varies the viscosity ratio between lithosphere
and mantle, η′l.
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Figure 4.9: Role of surface boundary conditions and lithospheric viscosity η′l = ηl/ηm, on the dynamic
topography prediction for a plume riser with viscosity η′p = ηp/ηm.

As expected, the role of the riser viscosity, ηp, is minor, and for long-wavelength anomalies, ap-
proximate free surface results and the normal stress based approaches using eq. (4.37) match very well
for uniform fluids (Fig. 4.9). Lithospheric thickness and stratification can affect the temporal evolu-
tion and maximum amplitude of surface uplift, however (Griffiths et al., 1989; Burov and Guillou-Frottier,
2005). The free-slip topography estimates using eq. (4.37), as often employed for large-scale geody-
namics (§5.2.2), show an increase of topography with η′l which asymptotes to the solution for a no-slip
boundary condition at the base of the lithosphere (Fig. 4.9). The free surface estimates show an initial
thinning transient transient due to bending, before a topography decrease with η′l as perhaps expected
from physical intuition.

Direct interpretation of Fig. 4.9 is complicated by the time-dependence of establishing topography
while the density anomaly is moving. The presence of a rheologically layered lithosphere may fur-
ther affect dynamic topography, e.g. due to of lower crustal flow away from region of high topography
(Burov and Guillou-Frottier, 2005). Some of those effects can be captured by suitable averaging of the
layer viscosity (§3.9). Considering the simple example of Fig. 4.8, actual plume-lithosphere interactions,
including possible fractionation and delamination effect, will further complicate the expression of to-
pography (§7.1.4; Burov and Gerya, 2014). For this, an important process to consider is that of surface
processes redistributing the loads (§10.6; Braun, 2010; Király et al., 2015).

4.1.5 Stream function solutions

For 2-D geometry and incompressible fluids, we can find solutions by defining a scalar-
valued stream function Ψ(x, z). Once Ψ is found for a given set of BCs, viscosity distri-
butions, and density fields, velocities can be recovered from the spatial variations of Ψ
through the derivatives

u = −∂Ψ
∂z

and w =
∂Ψ

∂x
. (4.39)

You can verify that Ψ naturally satisfies the incompressibility constraint by plugging
eq. (4.39) into eq. (4.15). Without any lateral viscosity variations, the Stokes equation,
eq. (4.18), transforms into the biharmonic stream function equation (cf. Expanded details 22)

η∇4Ψ = −∆ρg. (4.40)

The Ψ formulation can be used as the basis for numerical codes or, more interestingly, for
analytical solutions to special problems, e.g., the complete Stokes sinker solution, eq. (4.33)
(e.g., Davies, 1999, sec. 6.82).
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Figure 4.10: a) Cylindrical {r, θ} and Cartesian {x, y} coordinates for the model geometry for
corner flow between prescribed velocities on either plane (1) or (2), separated by an angle α. b)
Cornerflow solution for the mantle wedge for a subducting plate at 45◦ with no overriding plate
motion. Background shading is the stream function, Ψc, eq. (4.43). See Expanded details 4.1.5.

4.1.5.1 Corner flow

Purely kinematic flow between two inclined planes with prescribed velocities or stresses
without buoyancy sources is called corner flow (Fig. 4.10b), and the solution for this prob-
lem can be found from eq. (4.40) with ∆ρ = 0 (Batchelor, 1967). In the cylindrical coordi-
nates {r, θ} of Fig. 4.10a,

Θ = A sin θ +B cos θ + Cθ sin θ +Dθ cos θ (4.41)
∂Θ

∂θ
= A cos θ −B sin θ + C(sin θ + θ cos θ) +D(cos θ − θ sin θ) (4.42)

Ψc = rΘ (4.43)

v = {vr, vθ} =

{
∂Ψc
∂θ

,−∂Ψc
∂r

}
=

{
∂Θ

∂θ
,−Θ

}
. (4.44)

The coefficients for eq. (4.41) are as follows:

boundary boundary
case condition 1 condition 2 A B C D

I τrθ = 0 v = vx
2vx cos2 α
2α−sin 2α 0 0 −2vx

2α−sin 2α

II τrθ = 0 v = vr
2vrα cosα
2α−sin 2α 0 0 −2vr

2α−sin 2α

III v = 0 v = vr
2vrα sinα
α2−sin2 α

0 vr(α cosα−sinα)

α2−sin2 α
vrα sinα
α2−sin2 α

IV v = vr v = −vr vrα
α+sinα 0 −vr(1+cosα)

α+sinα
vr sinα
α+sinα

This solution is often applied to settings such as subduction-zones, including the mantle
wedge, or spreading centers. However, temperature and stress dependent rheologies will
affect flow geometries, in particular in the sharp corner where the analytical solution has
a pressure singularity (Fig. 9.12).

4.1.5.2 Source in a uniform stream: Parabolic flow

Another useful Ψ solution is that of a uniform stream at velocity u = −va in x direction
being disrupted by a source of fluid from below with strength s (Fig. 4.11). In this case,
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Figure 4.11: Stream function for
uniform inflow, u = −va, being
disrupted by a source at {x, z} =
{0, 0}, eq. (4.45). The velocities,
u = {u,w}, are u

s = x
x2+z2 −

1
xp

and w
s = z

x2+z2 , or, with r =

{x, z}, x = {1, 0}, r =
√
x2 + z2,

u =
s

r
r − vax, (4.47)

with stagnation point/distance,
xp = − s

va
, eq. (4.46).

the stream function is (Milne-Thomson, 1968, p. 209-213)

Ψp = −vaz − s arctan
( z
x

)
=

s

xp
z − s arctan

( z
x

)
with s =

Q

2π
= vuR, (4.45)

where Q is the volumetric flux of the source, equivalent to an influx at velocity vu from
below through a cylinder of radius R, and

xp = − s

va
= − Q

2πva
= −vuR

va
(4.46)

is the parabolic width, or stagnation distance, where the flow has a stagnation point. This
solution is useful in the mantle plume context (§6.3; Sleep, 1987), where lubrication theory
can provide additional information on more realistic flow scenarios (Olson, 1990; Ribe and
Christensen, 1994).

4.1.5.3 Hale-Shaw flow and superposition

Another 2-D approximation for flow in a horizontal layer that is purely pressure-driven,
and hence irrotational,∇× Ψ = 0 (§C.6.2.1), is Hale-Shaw flow (Batchelor, 1967). Such ap-
proximations yield analytical approximations for the pressure around migrating bound-
aries, for example, that can be applied to subduction problems (Royden and Holt, 2020).
Several other useful analytical solutions to the Stokes equation exist (Batchelor, 1967), such
as flow through a gap (Dagan et al., 1982).

Among the notable properties of Stokes flow is its linearity, which implies that so-
lutions, e.g., for different density anomalies (such as Stokeslet sinkers, §9.11) can be su-
perimposed (Ricard et al., 1993; Kárason, 2002; Morra et al., 2010). If viscosity is radially
variable only, semi-analytical propagator matrix methods can be used (§5.1), but for lat-
erally variable viscosity, the Stokes equation has to be solved numerically, typically using
finite difference or element methods, or with boundary elements Zhong et al. (2007b); Gerya
(2019).

In terms of geometrical simplifications, another common approach for tectonics are
thin viscous sheet models which are 2-D after averaging over the lithosphere and can provide
insights for intraplate deformation including orogeny.
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Figure 4.12: Variation of gravitational potential energy (GPE) per unit area, U of eq. (4.52), from
the mean, based on an integration of a lithospheric model (uncompensated model of Ghosh et al.,
2009). Plate boundaries from Bird (2003) in black, and active normal faults from Styron and Pagani
(2020) in red. Nore the association of extension and rifting with high GPE besides back-arc regions
(§7.1.4).

4.1.6 Thin viscous sheets and gravitational potential energy

Let us consider the long-term, distributed deformation of the lithosphere as a viscous
flow problem (Figs. 2.1 and 2.15). In particular, if the deformation of interest is within a
“thin” layer, i.e. one where the thickness of the layer L is smaller than typical horizontal
variations in material properties or driving forces, then further approximations may work.
We can consider flow only in the horizontal plane, such that there are no vertical gradients
of velocities, including no significant normal or thrust faults. This condition implies

ε̇xz = ε̇yz =
∂τij
∂z

= 0, (4.48)

where τ is deviatoric stress, but the full stress tensor, σ, still depends on depth via the
lithostatic pressure.

As a consequence of the pure fluid assumptions, we also consider that topography is
locally supported by isostasy or fluid mantle forcing from below, in particular there is no
elastic, flexural support. This leaves us with having to solve for the horizontal velocities
{u, v} and the horizontal stresses σαβ within the sheet, where α, β = 1, 2.

If we assume an incompressible fluid, ε̇zz = − (ε̇xx + ε̇yy), as we had done for Fig. 2.15,
uplift rates can be inferred from the horizontal normal strain rates, and those can be in-
tegrated for total topography. Some worker using the thin viscous sheet assumption also
assume that there is a frictionless boundary condition at the base, i.e. no mantle tractions.
Such a situation may arise if the mantle moves with the lithosphere, or if the astheno-
spheric viscosity is small. In this case, τxy = 0 at the base, but this is not required.

If we consider the static force balance, eq. (2.28), with gravitational body force

∂σij
∂xj

= ρgδi3, and, for i = 3 :
∂σxz
∂x

+
∂σyz
∂y

+
∂σzz
∂z

= ρg,

where the first two terms scale with ε̇xz and ε̇yz , respectively, and hence via eq. (4.48)

∂σzz
∂z

= ρg.
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If we assume that all crustal thickness variations are in isostatic equilibrium, then there are
on lateral variations in σzz below the lithosphere, as in the floating crustal block of Fig. 3.8.
If we choose that base level of compensation as z = 0 of pressure p0, then σzz(z = 0) = −p0

and σzz(z = L + h) = 0 at the surface. The isostatic height of the crustal block follows
from the thickness l as (§1.1.1) h = l

(
1− ρc

ρm

)
. From the definition of deviatoric stress,

eq. (2.31), and accounting for σzz having a lithostatic and horizontally variable part

σzz = τzz − p =

∫ L+h

0
ρ dz + f(x, y). (4.49)

Since τzz = 0 at the compensation depth, −p = f(x, y), and hence f(x, y) = −p0 at z = 0.
At the surface, σzz = 0 at z = L+ h, and thus from isostasy (§1.1.1)

f(x, y) = −
∫ L+h

0
ρdz = −Lρmg. (4.50)

If we define vertically averaged quantities down to the compensation depth with an over-
bar

τ̄ij =
1

L

∫ L

0
τij dz,

then
∂τ̄xx
∂x

+
τ̄xy
∂y

=
∂p̄

∂x
and

∂τ̄xy
∂x

+
τ̄yy
∂y

=
∂p̄

∂y
.

Given eqs. (4.49) and (4.50),

p = τzz − g
∫ z

0
ρ(z) dz + p0; p̄ = τ̄zz + p0 −

U

L+ h
, with (4.51)

U =

∫ L+h

0
dz′
∫ z′

0
gρ(z) dz =

∫ L+h

0
dz (L+ h− z)ρ(z)g. (4.52)

The integral over density from the compensation depth up to the surface defines the dipole
moment of the density distribution, which we encountered for isostatic geoid anomalies,
eq. (1.21); U is the gravitational potential energy (GPE) of the lithospheric column per unit
area (Fig. 4.12).

Gradients in U were already discussed as a cause of an extensional stress state in ide-
alized, floating continents (exercise 2), for example, and the actual effects of high GPE can
be seen in the extension within Tibet (Fig. 2.1). Oceanic plate GPE variations also leads to
the “ridge push” force (exercise 7). The GPE integral and the stresses due to lateral varia-
tions in GPE are general, and the balance for averaged horizontal deviatoric stresses with
α, β as horizontal {1, 2} directions, in the absence of mantle tractions, is given by (Fleitout
and Froidevaux, 1983; Molnar, 1988)

∂τ̄αβ
∂xβ

+
∂τ̄zz
∂xα

=
1

L

∂U

∂xα
.

There are further simplifications in the literature, e.g. those that depend on isostatic
balance, and those need not hold regionally (§5.2). If we assume isostasy, we can manip-
ulate eq. (4.52) to

p̄ = τ̄zz +
gρcl

2
c

2L

(
1− ρc

ρm

)
+
gρmL

2
.
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Figure 4.13: Deformation pre-
dicted based on crustal thickness
variations and indenter kine-
matic boundary conditions for
Tibet (cf. Fig. 2.1). Black and
white bars are inferred compres-
sional and extensional stresses,
and the lithosphere is assumed
to deform like a power-law fluid
with stress exponent n = 3. Note
the effect of gravitational poten-
tial energy leading to a predom-
inantly extensional stress field
in the high crustal thickness
plateau. From England and Mol-
nar (1997).

Let us now consider a typical laboratory creep law, e.g. for dislocation creep, eq. (3.120). If
we integrate over a lithospheric geotherm, we can then find an average factor B such that

τij = Bε̇
1
n
−1

II ε̇ij ,

(cf. eq. 3.90) where ε̇II is the second invariant of the strain-rate (Expanded details 4). If we
combine this constitutive law with the incompressibility condition, eq. (4.15),

τ̄zz = −Bε̇
1
n
−1

II

(
∂ū

∂x
+
∂v̄

∂y

)
for h� L,

∂

∂xβ

(
Bε̇

1
n
−1

II ε̇αβ

)
+

∂

∂xα

(
Bε̇

1
n
−1

II (ε̇xx + ε̇zz)

)
=
gρclc

(
1− ρc

ρm

)
L

∂lc
∂xα

.

If we non-dimensionalize all lengths by L, velocities by u0, and time by L/u0, the Argand
number arises and governs such thin-sheet solutions (England and McKenzie, 1982)

Ar =
Lgρc

(
1− ρc

ρm

)
B
(
u0
L

) 1
n

=
∆p(L)

τ(ε̇0)
. (4.53)

The numerator of eq. (4.53) corresponds to the isostatic effect due to a buoyancy contrast
of thickness L, the denominator is a viscous drag corresponding to ε̇0 = u0/L strain rates.
Note that∆p are lateral differences in pressure throughout the lithosphere, the basal pres-
sure is still assumed constant according to isostasy. Ar thus measures GPE related forces
compared to those resisting deformation due to viscous creep strength. I.e., for Ar → 0,
crustal thickness and GPE variations are unimportant, and Ar ∼ 1 corresponds to a weak
lithosphere (§10.5).

Like the Deborah number, the Argand number, eq. (4.53), requires a velocity, which
would be the deformation imposed on a tectonic region, e.g. by far-field plate motions
driving an orogeny. This leads to an equation for horizontal velocities which balances
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the viscous drag terms with gradients and crustal thickness which can be used to solve
simplified tectonic problems (Bird and Piper, 1980; Fleitout and Froidevaux, 1983; England
and McKenzie, 1982). From the continuity equation, crustal growth follows

1

lc

∂lc
∂t

= −∇h · u,

where∇h and u are the horizontal gradient and velocities, respectively. One can further
derive, for n = 1 Newtonian flow, that

∇σ̄zz = −1

2
Ar∇l2c ,

meaning that gradients in GPE are balanced by gradients in crustal thickness squared.
It follows that orogeny will initially be controlled by the kinematics at small Ar, until

significant gravitational potential energy is built up such that the tendency of the moun-
tain to flow apart will begin to counteract the convergence. Tibet has a clear extensional
deformation signature within the plateau (Figs. 2.1 and 4.13), and this might indicate a
limit case where the buoyancy effects are now balancing or overcoming the kinematic ef-
fects of convergence (§10.9.3). Analysis of deformation in Tibet, e.g. as inferred from focal
mechanisms, indicates that the effective viscosity of the Asian lithosphere may be quite
low, ∼ 1022 Pas (England and Molnar, 1997).

Either with or without isostatic approximations, the thin viscous sheet equations have
to be solved numerically for the most general cases. However, given that the third di-
mension is getting taken care of by averaging, the methods for solution are much simpler
than for full 3-D deformation. Useful insights for plate boundaries can be derived. For
example, if a fault of length scale λ deforms a region under collision or shear, the veloc-
ities at distance x from the plate boundary will decay as ∝ e−x/λc with a characteristic
length scale of λc ∝ λ/

√
n, i.e. the larger the power-law exponent, the more rapid the

spatial decay away from the plate boundary (England et al., 1985). Numerical models can
also incorporate lateral variations in strength which provides insights into horizontal and
vertical deformation patterns along the San Andreas, for example (Whitehouse et al., 2005;
Fay and Humphreys, 2008; Platt et al., 2008).

Modern numerical modeling methods are capable of solving the full set of Stokes
equations in 3-D and the effects of the thin sheet simplifications have been studied sys-
tematically (e.g. Lechmann et al., 2014; Pusok and Kaus, 2015). However, the basic insights
from simple plate boundary deformation models (e.g. Houseman and England, 1986; Eng-
land and Molnar, 1997) are still useful on broad scales in particular given the uncertainties
about appropriate rheologies (§3.11.2.2). That said, we know that layered viscosity of the
crust will affect fault zone evolution and shear zone width, for example (Roy and Royden,
2000a,b) introducing non-uniqueness of interpretation of surface deformation (§3.7).

4.1.7 Post-glacial rebound and glacial isostatic adjustment

Observations of vertical changes of landscapes in Fennoscandia were well known but
Jamieson (1865) was among the first to suggest that relative changes between sealevel
and land mass over time were due to the melting of a prior ice cover (Fig. 4.14). We
now know that the Earth experienced a number of partial glaciations, as was suggested
by Croll (1875), such as the ice ages of the Quaternary (last ∼ 2.6 Ma; Fig. A.1) which
are well-documented. While the detailed dynamics of climate-cryosphere interactions in-
cluding glaciation cycles remain incompletely understood, some of the cyclicity is driven
by orbital effects including Milankovitch cycles (e.g. Hays et al., 1976; Zachos et al., 2001).
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Figure 4.14: Relative sealevel
markers back to 12,000 yr (top)
and best-fit, exponential relaxation
after datum shift (bottom) for
two sites in Fennoscandia. The
relaxation times are tr ≈ 4, 400 yr
(from Mitrovica, 1996).

There have also been several (near) global glaciations further back in time, in the Neopro-
terozoic (∼ 730 . . . 635 Ma) and the early Paleoproterozoic (Fig. A.1, ∼ 2450 Ma; Hoffman
et al., 2017). Those are likely controlled by interesting interactions between the super-
continental cycle, an ice-albedo feedback, weathering, and greenhouse warming (Kirschvink,
1992; Hoffman et al., 1998).

The last of the regional ice ages of the Pleistocene which ended recently, after at the
last glacial maximum (LGM) ∼ 26, 000 yrs ago, saw increased coverage of polar ice caps
(Fig. 4.15), and sealevel was correspondingly ∼ 120 m lower. Many of the landmasses
close to the poles are still recovering from this load (Walcott, 1973; Lambeck et al., 1998).
This is reflected in significant transient deformation while stresses are relaxed toward the
isostatic balance without ice loading, where total recovery should be ∼ 1

3 the ice load
thickness, eq. (1.26). The corresponding motions of the crust are both horizontal and
vertical, but the up component is most prominent, with geodetically determined rates of
∼ 1 cm/yr and in extreme cases ∼ 4 cm/yr (Fig. 4.16; Milne et al., 2001; Sella et al., 2007;
Barletta et al., 2018).

Those vertical rates are of the same order as horizontal plate speeds, associated with
intraplate seismicity (Fig. 2.9), and sufficient to matter for present-day infrastructure and
to have affected coastal communities since antiquity (Lambeck, 1996). Moreover, post-
glacial response is also one of the drivers of intraplate seismicity, such as the in the NE of
the US (Fig. 2.9).

The visco-elastic response to a spectrum of glacial load signals also provides important
constraints on Earth structure, and in combination of mantle and cryosphere dynamics,
a challenge to our understanding of future sealevel in the changing Earth system of the
Anthropocene.
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Figure 4.15: Progression
of the surface topography
difference, ∆t, due to
glaciation and subsequent
unloading according to
the ICE7G NA model (Roy
and Peltier, 2018) where
the present-day would be
∆t = 0. Maximum ice
load at the beginning of
the load model at the last
glacial maximum, here
26 kyr, is ∼ 4 km. Note the
depression of topography
over Laurentia at 7 kyr, for
example, which shows the
visco-elastic remainder of
the surface loads that are
still relaxing. Also note
subtle, large-scale response
visible for the regions
surrounding Antarctica
for 7 Ma, due to global
readjustment (cf. Fig. 4.18).

4.1.7.1 The Haskell constraint on mantle viscosity

The transient motions due to unloading from the LGM, and their cumulative and instan-
taneous effects on topography can be detected from relative sealevel measurements in-
cluding shoreline uplift (Fig. 4.14; Nansen, 1922; Lambeck et al., 1998), and from geodetic
observations (Fig. 4.16). The respective timescales of the relaxation processes provide a
major constraint on the absolute value of the viscosity of the underlying mantle.

The most popular original analysis of relaxation of an ice load to isostatic equilibrium
was provided by Haskell (1935) who considered a uniform, viscous half-space. With an
initial harmonic load of wavelength λ or wave number k = 2π

λ ,w(x, t = 0) = w0 cos (kx) =
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Figure 4.16: Post-glacial dis-
placements in the horizontal and
vertical from GPS geodesy (top
left and right, respectively) for
Fennoscandia from post-glacial
unloading, and the misfit (bot-
tom) trade-off between the best-
fitting upper, ηlm, and lower
mantle, ηlm, viscosities. There
is a strong preference for ηum ∼
0.7 · 1021 Pas, close to the
Haskell constraint (Fig. 4.14),
and a weaker preference for
ηlm/ηum & 10, comparable but
on the low end of similar con-
siderations for the geoid (§5.4)
(from Milne et al., 2001).

w0 cos (2πx/λ), the relaxation toward isostasy is given by (Lliboutry, 1971)

w(x, t) = w0 cos(kx)e−
t
tr with tr =

2ηk

ρg
=

4πη

ρgλ
, (4.54)

where ρ is the density of the fluid, and g gravitational acceleration. The relaxation time
tr captures a balance of the restoring isostatic terms ρg and viscous dissipation, η, like
the Argand number, eq. (4.53), and tr does not depend on the amplitude of the load, w0,
but on 1/λ. If we use tr = 4, 400 yrs from river uplift in Scandinavia (Fig. 4.14) for tr,
ρ = 3300 kg/m3, and λ = 1500 km, we find η = 2.2 · 1021 Pas from eq. (4.54), close
to Haskell’s (1935) value of η = 3 · 1021 Pas, and compatible with laboratory constraints
(Weertman, 1970).

In an interesting twist, an earlier analysis of Van Bemmelen and Berlage (1935) consid-
ered viscous flow only in a thin channel of thickness h � λ where stresses relax from an
initial surface load of w(x, t = 0) = w0e

−(x/λ)2 . This problem leads to a diffusion equation
(§3.7.1 and §4.2.2) for viscous stresses, with solution (Lliboutry, 1971)

w(x, t′) = w0

(
1 + t′

)− 1
2 exp

(
−
(x
λ

)2 (
1 + t′

))
. (4.55)

This equation has ∝ 1/
√
t′ decay of amplitudes, the universal diffusion timescale td ∝

λ2/κG (§4.1.1), and diffusivity κG ∝ h3, with

t′ =
t

td
; td =

λ2

4κS
=

3η

ρg

λ2

h3
; and κG =

ρg

12η
h3, (4.56)

and the density loading of ρg in κG of eq. (4.56) replaces the elastic load for the post-
seismic stress diffusion of κps, eq. (3.113) (§3.7.4).
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While reasonable timescales result for the post-glacial application, eq. (4.56) is strongly
affected by the geometry. For the more general, harmonic load with w(x, t = 0) =
w0 cos kx, the equivalent channel relaxation solution is (Cathles, 1975, III-25)

tCr =
td

4π2
=

3η

4π2ρgh3
λ2 =

3tr
16π3

(
λ

h

)3

=
3tr

16π3
λ̃3, (4.57)

with λ̃ = λ/h. The diffusion character of the asthenospheric solution means that the chan-
nel relaxation time tCr has a∝ 1/k2 ∝ λ2 dependence, unlike the tr ∝ 1/λ of the half-space
solution, eq. (4.54) (Takeuchi, 1963). Eq. (4.57) also shows that the half-space relaxation
time tr trades off with the λ̃3 term (Walcott, 1973). For many problems, the viscosity of a
layer does, in fact, trade-off with its thickness in general, and Richards and Lenardic (2018)
suggest to call ηhigh

ηlow
λ̃−3 the Cathles parameter when applied to a weak, asthenospheric

layer flow problems with viscosity contrast ηlow/ηhigh. However, not all channel relax-
ation problems have a scaling as in eq. (4.57); for example post-seismic relaxation over
a channel scales as tR = 2η

µ , eq. (3.100), on short, but with tR/4πλ̃ for long wavelengths
(Segall, 2010, sec. 6.4).

These relationships of eqs. (4.54) and (4.57) mean that the post-glacial, viscous relax-
ation times depend on the loading wavelength as well as the layered structure of the
mantle. This complicates the inference, but also provides an opportunity when consider-
ing loads from lakes to large-scale ice sheets (Takeuchi and Hasegawa, 1965; McConnell Jr,
1968). The effects of elasticity likewise introduce another wavelength dependence. As we
have seen, short wavelength perturbations of topography can be supported elastically,
and long-wavelength support will be isostatic (§3.1.2). Depending on the flexural rigidity,
or effective elastic thickness of the lithosphere, eq. (3.28), the transition wavelength may
be λe . 1000 km, such that Lake Bonneville, at λ ∼ 500 km, is strongly affected by flexure,
and Fennoscandia, at λ ∼ 1500 km, behaves as assumed in the viscous response (Walcott,
1973; Cathles, 1975, p. 50ff).

These complexities led to the modern study of post-glacial rebound, or more properly,
global isostatic adjustment (GIA; Peltier and Andrews, 1976; Clark et al., 1978) because of the
effects of mass redistribution on the sealevel which need to be considered for the sealevel
equation (§4.1.7.2). Within the global mantle convection context, an important advance
was work by O’Connell (1971) who showed that GIA constraints implied that the viscosity
increase toward the lower mantle should be much smaller than what one might expect
based on constant activation volumes for Arrhenius type creep laws (§3.8.6). This implied
that the whole rather than only the upper mantle was expected to convect vigorously
(O’Connell, 1977).

Mitrovica (1996) clarified related aspects of Haskell’s (1935) analysis and showed that
an average viscosity of η = 0.65 . . . 1.1·1021 Pas applies for the top∼ 1000 km of the mantle
based on visco-elastic modeling (Fig. 4.17). We expect a low viscosity asthenosphere on
top of a higher viscosity lower mantle (§3.8.6 and §5), but the GIA constraints allows for a
range of plausible viscosity profiles (Mitrovica and Forte, 2004). Numerous analyses have
been presented for post-glacial rebound but the number of viscosity layers that can be re-
solved appears quite limited even if geodetic and time-dependent gravity constraints are
included (Paulson et al., 2007), as might be inferred the two-layer trade-off shown in the
geodetic fit of Fig. 4.16 (§5.4). Nonetheless, the arrival of GNSS and time-dependent grav-
ity constraints from the GRACE mission provided a major push for GIA studies (Milne
et al., 2001; Paulson et al., 2007) including in light of modern deglaciation (Velicogna and
Wahr, 2005; Coulson et al., 2022). As for the post-seismic problem (§3.7.3), the solution of
global, visco-elastic relaxation problems for GIA can proceed semi-analytically with prop-
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Figure 4.17: Sensitivity kernels
showing which depths of the
mantle are sampled by the
ice load in Fennoscandia (for
Angermann river) and the
larger Canadian ice load (for
Richmond Gulf). The Haskell
(1935) constraint on upper man-
tle viscosity of Fig. 4.14 is thus
a weighted average over these
depths. The kernels themselves
depend on the physical model:
A) is using a homogeneous
upper mantle, B) uses a factor
10 viscosity jump at the up-
per/lower mantle boundary of
660 km depth (from Mitrovica,
1996).

agator matrix approaches, and lateral variations require finite element methods which
have been established only over the last few decades.

Leaving the complexities of layered response aside for now, two problems for infer-
ring mantle viscosity are space and time. The spatial variations can potentially be resolved
with better geodetic constraints and consideration of lateral viscosity variations (LVVs).
These LVVs may, for example, be due to different lithospheric structure and thicknesses
underneath Laurentia and Fennoscandia (Fig. 1.9c) and other regions of interest such as
Greenland and Antarctica. This means means that the relaxation times from different
uplifted regions may be indicative of local rather than global asthenospheric viscosities
(Paulson et al., 2005; Latychev et al., 2005). Smaller-scale variations of asthenospheric viscos-
ity can also be explored in the post-glacial rebound context (van der Wal et al., 2015; Kuchar
et al., 2019), and particularly horizontal deformation patterns are sensitive to LVVs. Verti-
cal rates are likewise strongly affected by LVVs, and such differences in vertical response
times are, for example, important for ice sheet stability (§4.1.7.2).

As for the timescales of loading, visco-elastic objects with several relaxation mecha-
nisms such as the Earth (§3.5.3) can also show a range of relaxation spectra (§3.6). This
means that the Haskell constraint on viscosity may only apply for intermediate timescales
of ∼ 10, 000 yrs, while post-seismic response may sense a shorter, and mantle convection
a longer, time-scale creep response. However, a consistent understanding of a range of
Earth processes at least permits for Haskell’s (1935) viscosity to apply globally for mantle
convection (§5).
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a)

b)

c)

Figure 4.18: Visco-elastic
response of the Earth
due to removal of the ice
load from a sequence of
glaciation cycles including
the last glacial maximum,
eq. (4.59), all in terms of
present-day vertical rates
of change [mm/yr]. a)
Temporal change in the
absolute sealevel, U̇ , in-
dicating the regions with
greatest mass loss over
land in red (compare to ice
load in Fig. 4.15). b) Solid
Earth surface motion, Ḃ
of eq. (4.58), showing the
subsidence bulge (blue col-
ors) around the rebounding
(red) regions in the polar
regions, and the flexural
response of the continents
at their margins due to
changes in ocean load (e.g.
Australia), continental
levering. c) Corresponding
change in relative sealevel,
including equatorial ocean
siphoning due to the infill
of the forebulge removal,
i.e. c) is the difference
between a) and b). From
Mitrovica et al. (2001a).

4.1.7.2 Glacial isostatic adjustment and sealevel

Melting of ice sheets on land leads to complex redistribution of mass and mechanical ef-
fects captured by the concepts of glacial isostatic adjustment. For example, the melting
experienced since the LGM leads to changes of the sea surface height, or more precisely,
the height of the sea surface equipotential due to mass redistribution. As defined in §1.2,
this equipotential surface is the geoid which is thus time-variable on the scales of glacia-
tion and melting, e.g. ∼ 10, 000, and on Myrs of because of mantle convection (§5.4).

One example of the change in the height of the sea surface equipotential is that the lo-
cally reduced gravitational attraction due to the now missing ice mass lowers the geopo-
tential over the previously glaciated regions (Fig. 4.18a). By definition, the geopotential
corresponds to the equilibrium sealevel (Fig. 1.4); this has the counter intuitive result that
melting leads to a near-field decease and only a far-field increase in sealevel (Woodward,
1888).

One mechanical, elastic response due to the redistribution of ocean loading is that of
continental levering where a local increase in sealevel leads to a rising hydrostatic pressure
load. That load pushes the continental shelf down, resulting in an upward flexural re-
sponse on the continent itself (Fig. 4.18b; Walcott, 1972; Farrell and Clark, 1976). Another
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mechanical effect arises from the ongoing recovery of the solid earth due to visco-elastic
relaxation due to rebound. This rises the land up, but leads to a sustained decrease in
the flexural bulge topography which had previously elevated regions around the load
(§3.1.2.1). Given where the LGM loads were, that bulge reduction is often offshore which
leads to a reduction in sealevel by means of increasing the oceanic basin storage capacity
(Nansen, 1922), an effect called ocean siphoning (Fig. 4.18c; Mitrovica and Peltier, 1991).

All of these effects need to be considered in a consistent framework including changes
of the center of mass and true polar wander responses to mass redistribution of an hy-
drostatically flattened Earth (Mitrovica and Wahr, 2011). This requires solving the sealevel
equation (McConnell Jr, 1968; Farrell and Clark, 1976; Mitrovica and Milne, 2003). Starting
with a definition of relative sea level (RSL)

S = U −B or
dS

dt
= Ṡ = U̇ − Ḃ (4.58)

where S is RSL or water depth, U the sea surface equipotential, or geoid, and B is the
height of the seafloor (Fig. 1.4). Fig. 4.18a and b show the temporal change of S for U̇ and
Ḃ terms, respectively. The change in RSL can be written as (Whitehouse, 2018)

∆S(x, t) =
ρi
g
GS ~i I(x, t) +

ρw
g
GS ~o ∆S(x, t) + Csl(t), (4.59)

where I(x, t) is the ice sheet evolution, ρi,w the densities of ice and water, respectively,
g gravitational acceleration, Gs a response function that accounts for gravitational and
mechanical effects, akin to geoid kernels (§5.4), and ~o,i indicates convolution over time
and space for oceans and ice, respectively. Mass balance is enforced through

Csl(t) = − mi(t)

ρwA(t)
− ρi
g
〈GS ~i I(x, t)〉 − ρo

g
〈GS ~o ∆S〉

where 〈〉 means spatial averaging, A(t) is the ocean area, which can change, e.g., due to
solid earth deformation, and mi(t) the change in ice mass. The first term with m is often
called the eustatic or barystatic term indicating a global mean change of sealevel due to a
change in the mass of the ocean itself.

Figure 4.18 is an example of a computation that solves eq. (4.59). Any deglaciation
and the mass and mechanical redistribution effects due to ice load removal will thus lead
to distinct patterns of sealevel change due to coming out of the ice ages. However, the
same sort of analysis can be also be applied for present-day melting scenarios (Conrad and
Hager, 1997; Plag and Jüttner, 2001), which leads to the fingerprinting concept for current
sealevel projections (Mitrovica et al., 2001b; Milne et al., 2009). Fingerprinting for recent
melt scenarios is complicated in practice, e.g. due to climatic fluctuations of ocean dynam-
ics on scales of ∼ decades. However, evidence for the expected GIA signatures sealevel
change from Greenland Ice Sheet melting, for example, has been presented (Coulson et al.,
2022).

While most GIA studies impose a fixed ice load history (Fig. 4.15), coupled approaches
are now also being explored (Gomez et al., 2013; de Boer et al., 2017). There are important
solid Earth – cryosphere feedbacks to consider. On Myr timescales, time-variable dynamic
topography due to mantle flow (§5.2.2) can be important to account for when seeking an
appropriate base level for studying sealevel and ice sheet dynamics (Austermann et al.,
2017). On timescales of decades, a reduction in relative sealevel can promote the local
advance of a glacier’s grounding line (Greischar and Bentley, 1980), which is the point where
the ice sheet is supported by water. The grounding line is an important parameter for
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ice sheet dynamics, and this means that GIA can have a stabilizing effect on marine ice
sheets due to the visco-elastic rebound of the solid Earth (Gomez et al., 2010; Book et al.,
2022). Since local asthenospheric viscosity on scales of . 100 km matters for such com-
putations (Gomez et al., 2018; Barletta et al., 2018), the exploration of the rheology of the
asthenosphere, such as inferring it from joint laboratory, electro-magnetic, and seismolog-
ical approaches has received renewed interest.
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4.2 Transfer of energy: Heat transport

Figure 4.19: Global
heat flow measure-
ments from Davies
(2013); many of
these measurements
are subject to site-
corrections (§7.2.4;
Pollack et al., 1993;
Hasterok, 2013).
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After a planet has gravitationally segregated by sorting compositional density differ-
ences into a stratified setting, e.g. of core and mantle, the convective cooling of the man-
tle controls almost all of the internal processes. The Sun’s energy is crucial not just for
Earth’s biosphere but also climate and ocean dynamics, and hence surface processes af-
fecting solid Earth dynamics such as erosion. In fact, most of our energy sources, be they
renewable (e.g. wind and solar) or fossil (e.g. coal, oil, gas) are ultimately due to the Sun
solar flux. The exception is nuclear energy, and besides secular cooling, radioactive decay
is also the main driver of our planet’s internal heat generation.

Heat is a form of energy, equivalent to the internal energy of vibrating atoms in a
solid(§3.8.2) but defined thermodynamically through transport due to a temperature dif-
ference. The units of energy are Joule, J, and energy per time (i.e. power) is J/s, or Watt,
W. Flux denotes power per area, and we can compare the heat flux through radiative ab-
sorption of sunlight (which equals the radiated flux outward) of ∼ 400 W/m2 to that of
heat loss from the deep Earth of the surface, ∼ 90 mW/m2 (Fig. 4.19), i.e. the solar flux is
∼5,000 times that of the internal heat loss. Nonetheless, the deep Earth heat transport as
associated with thermo-chemical convection are the ultimate cause of almost all tectonic
activity. Our planet is a giant heat engine.

Heat transport can occur in three ways:

Conduction refers to transport of heat through a solid, by means of interactions between
neighboring atoms’ vibrations. This process is why metal feels cold to the touch;
metal is a good conductor of heat (and electricity) and if at room temperature, colder
than your body, meaning that you feel the transport of heat away from your skin.

Advection means that cold or hot heat packets are moved around via fluid motion of a
viscous medium or a gas, without any heat exchange with the surroundings besides
that motion.

Radiation describes the transport of heat energy be means of electromagnetic waves,
such as infrared light. This is how the Sun’s energy makes it to Earth, and the
temperature dependence of the radiative spectrum is fundamental for the green-
house effect. Radiative transport requires a transparent medium, and some mineral
at high pressure, high temperature minerals might be translucent. However, impu-
rities will likely render any radiative transport minor, and we subsequently assume
it is irrelevant for the solid Earth.
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Figure 4.20: Illustration of Fick’s (1855) law,
which says that heat flow, q, is driven by tem-
perature gradients, here in 1-D with dimension
z, such that

q = −k∇T ; q = −k∂T
∂z

,

where k is the thermal conductivity. The change
in entropy, i.e. the state of disorder, due to the total
change in heat energy, EQ, at temperature T for
a reversible process is, eq. (1.29)

dS =
dEQ
T

. (4.60)

In the Earth’s mantle system, we expect the conductive and advective transport to be
dominant, and when those two work together, we call this thermal convection. We will
discuss the different contributions in turn, starting with conduction.

4.2.1 Conduction of heat and budgets

A change of thermal energy EQ with time defines the total heat flux, Q

Q =
dEQ
dt

or q =
Q

A
=

1

A

dEQ
dt

, (4.61)

where the normalized heat flux per area, q, measures the rate of change of energy per area,A
(q has units of W/m2). Fick’s law (or Fourier’s law) states that the rate of heat transported
from hot to cold regions by means of conduction is proportional to the temperature gradi-
ent, e.g. as in the 1-D example of Fig. 4.20 (Fick, 1855). To make this statement independent
of volume, we express things as a matter of q, writing

q = −kT2 − T1

z2 − z1
= −k∆T

∆z
= −k∂T

∂z

where the spatial derivative with respect to z follows when we let the spatial distance
∆z shrink to smaller and smaller value. The proportionality constant is called the thermal
conductivity, with units of W/m/K.

Lattice conductivity at high temperatures is controlled by point defects, yielding a
∝ T−

1
2 dependence of conductivity on temperature (Klemens, 1960). For crustal rocks,

k ≈ 2.65 W/m/K with some depth dependence, and for olivine at low pressues, with T
in Kelvin (eq. 3.118 for the conversion from ◦C) (Xu et al., 2004)

k(T ) ≈ 4.49 W/m/K
(

298

T

) 1
2

. (4.62)

Laboratory studies also find a ∼linear increase of k with pressure, leading to an expected
increase of k from 2 . . . 9 W/mK throughout the mantle (Fig. 4.21). Typically, we will,
however, assume k to be constant, for simplicity.

More generally, in 3-D,
q = −K ·∇T (4.63)
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Figure 4.21: Thermal conductivity,
k, using Tosi et al.’s (2013) depth-
dependent fit of Xu et al.’s (2004)
experimental data based on PREM
pressures (Fig. 1.8) for upper mantle
phases, and Manthilake et al.’s (2011)
results (defects included, model B)
for the lower mantle, along the adi-
abatic geotherm of Fig. 1.11 (dark
red line) including±500◦K variations
(shaded regions), as well as the cor-
responding thermal diffusivity using
constant cp = 1200 J/K/kg and
smoothed PREM densitites, eq. (4.73).
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where K is the conductivity tensor. A material might exhibit larger heat conduction in
one rather than another direction, i.e. display intrinsic anisotropy, or we might describe a
composite rock with fluid transport as an effectively anisotropic heat conductor. As for
seismic and mechanical (viscosity) anisotropy, the crystallographic preferred orientation
of olivine is one candidate for anisotropic conductivity, with possible variations of ∼ 30%
from the reference value (Tommasi et al., 2001). If the material is isotropic, which is a
common assumption and serves to gain some basic understanding, K = Kij = δijk, such
that the law governing conduction becomes

q = −k∇T . (4.64)

4.2.1.1 Heat budgets for the mantle

Figure 4.19 shows the distribution of global heat flow measurements for the Earth. Those
are made basically by applying eq. (4.64), i.e. measuring temperature gradients within the
shallow crust. The oceanic and continental mean heatflow values of this map are≈ 67 and
62 mW/m2, respectively, but biased by sampling, and values of ≈ 94 and 65 mW/m2, re-
spectively, are more appropriate, for a total heatflux of 46 TW (Table 4.1). Within the ocea-
nic plates, heat flow is mainly determined by half-space cooling of lithosphere generated
by seafloor spreading (§4.2.3.2), plus hydrothermal circulation at the spreading centers
(§7.2). Continental age is the major control within continents (Fig. 1.22). Archean regions
have∼ 10 mW/m2 lower heat flow than Phanerozoic ones. This is partly because they are
typically underlain by thicker, cold lithosphere (Fig. 1.9c), but also because of low crustal
heat production in old crust (§4.2.2.1).

If we consider the total heat energy change for a volume of z extent δz and area of
transport in x− y direction, A (Fig. 4.22), then the change in heat due to transport in the z
direction in terms of total flux is the surface, Σ, integral over heat flux

Q =

∫
Σ
n · q dΣ, (4.65)
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contribution type value [TW] range [TW] fraction of total [%]
total heat loss 46 43-49 100
total oceanic 32 70
total continental 14 30

continental heat production 8 7-8 17

mantle heat production 11 9-17 24
(secular) mantle cooling 16 1-29 35
core heat loss 11 5-17 24

convective total (core + mantle) 38 83

Table 4.1: Estimates of present-day global heat budgets and their likely ranges, where the most
recent geoneutrino estimates of the mantle heat production for U and Th range between 11 and
15 TW (from Jaupart et al., 2015, see there for discussion).

Figure 4.22: Illustration of volumetric heat trans-
port, considering how the heat content in a con-
trol volume δzA changes with total influx Qin

and outflux Qout.

or, in our case, Q = qA, (Q has units of W) by means of a gradient in temperature is

∆Qg = Qin −Qout = Q(z)−Q(z + δz) = Q(z)−
(
Q(z) +

∂Q

∂z
δz

)
= −δz ∂Q

∂z
, (4.66)

where we have again used the first term of the Taylor expansion for Q around z. An
additional source for changes in heat content may be internal, such as due to internal
heat production by means of radiogenic isotopes. Internal sources can be described by the
volumetric heating rate, H , with units of W/m3; those will contribute as

∆Qi = HV = HAδz (4.67)

for the test volume of Fig. 4.22, i.e.H is the internal heat production per unit time and unit
volume. Sometimes, heat production rate per unit mass, with units of W/kg, H ′, is also
used where

H ′ =
H

ρ
.

Heat production within the average, bulk continental crust is of order (Rudnick and Gao,
2003)

Hcc ∼ 0.9 µW/m3 or H ′cc ∼ 330 pW/kg,

with µ = 10−6 and p = 10−12 (§C.1.1). With q = Hlc, which should hold from the di-
mensions of H (§4.2.2.1), this corresponds to a surface heat flux of ∼ 20 . . . 40 mW/m2
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for lc = 40 km thick crust, and assuming all of the heat flux were produced by radio-
genic heating only. Estimates of the lithospheric mantle heat production are much lower
than for the crust, 0.02 . . . 0.1 µW/m3. Comparing heat flow and heat production from
different geological settings on continents shows that a linear relationship

qtotal = qMoho + lH

does hold, and this allows inferences on continental Moho, or basal lithospheric, heat flow,
with typical values qMoho ∼ 10 . . . 25 mW/m2 (Jaupart et al., 2015). This number is ∼ 0.1
that of the oceanic lithosphere, which indicates that continents can thermally insulate the
mantle, in particular when assembled in supercontinents (§7.1.4).

H ′cc can be compared with typical radiogenic heating values for mid ocean ridge basalts
(MORBs), for which the average, depleted MORB source of the upper mantle H ′um ∼
0.6 pW/kg (Workman and Hart, 2005). The heat production of the bulk silicate Earth (BSE)
(§6.6), can be estimated from the meteorite types that are considered to be representative
of it, or from refractory element ratios, to be H ′BSE ∼ 4.8 pW/kg (McDonough and Sun,
1995) (Fig. 4.23). This means that relative to the original silicate matle,

H ′cc
H ′BSE

∼ 70 and
H ′um
H ′BSE

∼ 0.1.

This range of H ′ values reflects that the continents were formed by melting of the pri-
mordial, silicic mantle material, upon which the predominantly incompatible radiogenic
elements moved from the host rock into the melt. This enriched the crust very strongly
in radiogenic elements compared to the BSE, and left behind a radiogenically depleted
residuum in the upper (or perhaps also lower) mantle.

At present-day, estimates are that out of the total heat flux of 46 TW of Earth, ∼ 32 TW
come from the mantle through the oceanic lithosphere, with another ∼ 6 TW from the
mantle at the base of the continental lithosphere (Table 4.1). This means that the total
flux from the convecting mantle is ∼ 36 TW, an important number relative to the total for
planetary evolution models (§11.3). The majority of this convective heatflux is expected
to arrive from internal heating, both due to radiogeneic elements and secular cooling, i.e.
the volumetric loss of heat from the initial conditions, with significant core heat flux con-
tributions (Olson, 2016). The degree of internal heating affects the style of mantle con-
vection, and in particular how important hot, upwelling plumes are compared to cold,
downwelling slabs (§4.3.5.1).

Expanded details 15: Internal heat production of the Earth’s mantle

Over Earth’s history, melting will lead to different concentrations of heat producing elements in
different parts of the Earth due to fractionation over the convective history of the mantle. However,
there will also be significant temporal variations in the total amount of internal heat production.

The productivity of a radioactive element is governed by the decay equation

h(t) = h0e
−t/th , (4.68)

where th is the half-life. The half-lives of the major, long-term heat producing elements 238,235U, 232Th
(thorium), and 40K (potassium) are given in Table 4.2.

214 DRAFT



4.2. TRANSFER OF ENERGY: HEAT TRANSPORT

 0.01

 0.1

 1

 10

 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

h
ea

t 
p

ro
d

u
ct

io
n

/
p

re
se

n
t-

d
ay

, H
t 

/
 H

t(
t=

0)

age before present [Ga]

238U
235U

232Th
40K

total

Figure 4.23: Time-
dependence of internal
heat production for the
mantle for the four ma-
jor, long-term isotopes
responsible for radiogenic
contributions (Table 4.2).
Total and individual con-
tributions are normalized
to the present-day total
(Table 4.1)

isotopic relative heat
isotope half-life th [Gyr] abundance [%] abundance production [µW/kg]

238U 4.468 99.27955 1 94.946
235U 0.704 0.72045 1 568.402

232Th 14.05 100 4 26.368
40K 1.248 0.0161668 1.27 · 104 28.761

Table 4.2: Radiogenic isotope parameters used for the heat production curves of Figure 4.23. Isotopic
abundance is the fraction of occurrence of isotope iX in total element X, and relative abundance mea-
sures amount of X relative to U; values are from Jochum et al. (1983) and Ruedas (2017).

Radioactive decay provides an absolute timescale for geology (Holmes, 1913), and radiometric dating
methods rely on eq. (4.68) in that the enrichment in terms of number of daughter isotopes, D, relative to
the original number, D0, depends on the number of parent isotopes, N , as

D −D0 = N
(
eλt − 1

)
(4.69)

where λ = ln(2)th is the decay constant of the parent isotope (cf. Stacey and Davis, 2008, sec. 3). For
fission tracks, one can measure the result of the rare, spontaneous fission of 238U which happens for
every 5.4 · 10−7 238U decays. We expect no original D0 for this process, such that we can use eq. (4.69)
directly for an age estimate after estimating N from irridation. For U-Pd dating, e.g., of zircons, we can
combine two decay series, 238U→ 206Pb and 235U→ 207Pb, which provide independent clocks. Those
can be combined for an age estimate of last contact between U and Pb which is independent of the
original U abundance

207Pb
204Pb

−
(

207Pb
204Pb

)
0

206Pb
204Pb

−
(

206Pb
204Pb

)
0

=
235U
238U

(
eλ235t− 1

)
(eλ238t − 1)

,

which yields 4.55± 0.01 Ga as the age of the Earth (Allegre et al., 1995).
Figure 4.23 shows how the internal heat production of Earth is expected to have varied over the lifetime
of our planet; Ht(t) is expected to have been ∼ 4 times larger at 4 Ga in the early stages of the planet’s
tectonic life. If we approximateHt(t) by a single quasi-decay, and t̃h = 3.1 Gyr, but the total production
is better approximated as (time t positive backward in time in Ga)

Ht(t) = H(0)
(
1 + 0.2365t+ 0.0175t3 + 0.0006t5

)
.

Because of their relative abundance and heat production, the decay of 235U and 40K explains much of
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the total decrease (Fig. 4.23). The estimates of Table 4.2 implies that, at present, 238U, 235U, 232Th, and
40K contribute ≈ 38%, 2%, 43%, and 17%, respectively, to the radiogenic heat production of the planet.

4.2.2 Diffusion of heat and the conduction equation

Heat energy,EQ, for a constant volume in a continuum is related to the local, state variable
temperature, T , via the mass, m, and the (specific) heat capacity at constant pressure, cp,
eq. (1.30), such that

EQ = mcpT or
EQ
V

= ρcpT, (4.70)

with volume V ; cp is ≈ 700 . . . 1200 J/K/kg for the mantle.
If we consider the temporal change in total heat energy, ∂EQ/∂t, in the stationary con-

trol volume of Fig. 4.22, it has to be balanced by the sum of the gradient, ∆Qg, eq. (4.66),
and the heat generation, ∆Qi, eq. (4.67), such that

1

V

∂EQ
∂t

= ρcp
∂T

∂t
= ∆Qg +∆Qi = −δz ∂Q

∂z
+HAδz.

Since Q = Aq from eq. (4.65), Q = −Ak∂T/∂z from eq. (4.64), and after multiplying by
V = Aδz, we find that

ρcp
∂T

∂t
=

∂

∂z

(
k
∂T

∂z

)
+H

k =const.
= k

∂2T

∂z2
+H, or (4.71)

∂T

∂t
= κ

∂2T

∂z2
+

H

ρcp
, (4.72)

where the second version clarifies that it is only a combination of parameters, the thermal
diffusivity,

κ =
k

ρcp
(4.73)

that controls the 1-D conduction equation, eq. (4.72), rather than k, cp, or ρ on their own.
Like the mechanical diffusivities we encountered above (§4.1.1), κ has units of m2/s; it is
of order 10−6 m2/s for mantle rocks, increasing from 0.4 . . . 1.4 m/s2 with depth because
of k (Fig. 4.21). Thermal diffusivity is the fundamental control on the efficiency of heat
transport by means of conduction.

For eq. (4.72), we have assumed that material parameters are constant. If, for example,
conductivity is allowed to be a function of space, then the LHS version of eq. (4.71) has to
be used, and if k is furthermore allowed to depend on temperature, the equations become
non-linear and typically need to be solved numerically. For the most of our discussion,
we will assume heat transport properties are homogeneous and constant.

A similar consideration to that for Fig. 4.22 leads to the 3-D version of the conduction
equation which captures conservation of heat energy for a solid (§B.1)

∂T

∂t
= κ

(
∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2

)
+

H

ρcp
= κ∇2T +

H

ρcp
= κ∇2T +

H ′

cp
. (4.74)

In the absence of any fluid motion, only diffusion of heat (κ term) and heat production (H
term) can lead to change of temperature at a given location within a continuum.

216 DRAFT



4.2. TRANSFER OF ENERGY: HEAT TRANSPORT

Figure 4.24: Illustration of specific
depth, z, dependent, 1-D, steady-
state solutions of the conduction
equation, eq. (4.74), as expressed by
eq. (4.76), when applied to the Earth,
those are geotherms.

4.2.2.1 Steady-state conduction solutions: geotherms

Let us first consider steady-state solutions of eq. (4.74), where ∂T/∂t = 0. Then,

∇2T = −H
k

or, for 1-D in z,
∂2T

∂z2
= −H

k
. (4.75)

With the same scheme used for the PDE in §4.1.3, let us integrate eq. (4.75) twice with
respect to z, and assume H is not a function of z. We then get the solution

T (z) = −H
2k
z2 + c1z + c2 (4.76)

where c1,2 are integration constants which have to be determined from the BCs as in
§4.1.3. When the 1-D axes is depth within the Earth, then eq. (4.76) captures some simple
geotherms, i.e. the surface-near, depth-dependent, steady-state temperature profiles that
are expected for the crust without recent convective or tectonic perturbations at the base
or surface, respectively.

Example 1 Consider the boundary conditions

1. Fixed temperature at the surface, T (z = 0) = 0. When the value of the function
one seeks is fixed, this is called a Dirichlet boundary condition. For eq. (4.74), it does
in fact not matter if the surface temperature is anything else besides zero, because
the equation is linear in T . This means that any offset temperature TO can be su-
perimposed on the solutions we seek here, by means of adding it, T (z) + TO. In the
absence of the dependence of material parameters such as k or H on T , only tempe-
rature differences matter for the solution of eq. (4.74) and T (z = 0) = 0 suffices as
an example Dirichlet boundary condition.

2. Fixed heat flux at the surface, q0, such that q(z = 0) = −q0, where we count heat
coming out of the Earth as positive, by convention. Because heat flow relates to the
gradient of temperature, eq. (4.64), a heat flow BC corresponds to a flux boundary
condition, where gradients of the solution are prescribed; such derivative type BCs
are called van Neumann boundary conditions.

From BC-1, we get c2 = 0, and from BC-2 with eq. (4.64) c1 = q0/k, such that

T (z) = − H

2K
z2 +

q0

k
z. (4.77)
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Figure 4.25: Steady-state geotherms for layer
thickness d = 100 km with prescribed surface
T (z = 0) = 0◦C and bottom temperatures T (z =
100 km) = 1350◦C. Cases: no internal heating,
constant k (blue, linear gradient of the steady-
state conduction solution, eq. 4.78 for H = 0);
no internal heating and k(T ) (red; eq. 4.62), and
constant k = 2.73 W/m/K (mean k(T )) and
H = 0.4 · 10−6 W/m3 (orange, cf. Fig. 4.26).
Temperature-dependence of k slightly steepens
gradients toward the colder surface, as if there
were a “heat sink” of H ≈ −0.25 · 10−6 W/m3.
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Fig. 4.24 illustrates the two components of this solution: q0 determines a linear increasing
part of the geotherm. It is pinned at the surface by T (z = 0) = 0, and its slope is governed
by the assumed heat flux at the surface, q0. If there is no internal heating, H = 0, the
geotherm will then follow that linear trajectory for all depths. If, instead, there is internal
heating with some constant H 6= 0, then the slop of the deeper geotherm gets reduced
since the internal heating part contributes to the surface heat flux, and the latter not just
the heat conducted along the linear gradient.

Example 2 Consider the boundary conditions

1. Fixed surface temperature, T (z = 0) = 0, as before.

2. Fixed temperature at the base of the crustal, or lithospheric, layer of thickness d,
Ta = T (z = d).

By plugging in these conditions into eq. (4.76) for the appropriate z values, we then find
that

T (z) = −H
2k

(
z2 − dz

)
+
Ta
d
z. (4.78)

In the absence of internal heating, H = 0, eq. (4.78) reduces to a linear increase T (z =
0) = 0 to T (z = d) = Ta over the thickness of the layer. The steady-state solution of the
conduction equation is, again, a linear increase between the top and bottom temperature
values, a conductive gradient. The latter can be either set by a temperature and heat flux
as in eq. (4.77), or by two temperatures as for eq. (4.78). However, for a single boundary,
only temperature or gradients can be prescribed, not both.

Figure 4.25 compares eq. (4.78) with a numerical solution where we allowed k to be
temperature dependent, without any heating, and an analytical one for constant k with
some internal heating, about half of typical continental value.

Example 3 Consider boundary conditions

1. Fixed surface temperature, T (z = 0) = 0, as in the previous two examples.

2. Fixed heat flux qd at depth, d, e.g. the Moho, q(z = d) = −qd.

218 DRAFT



4.2. TRANSFER OF ENERGY: HEAT TRANSPORT

Figure 4.26: Range of Archean
continental geotherms for a litho-
spheric mantle heat production of
H = 0.02 µW/m3, surface heat
flux of 41 mW/m2, and a range
of crustal heat production val-
ues as indicated. Symbols are
xenolith based estimates of pT
conditions from thermo-barometry
and can be fit with heat produc-
tion values for the crust of 0.4
. . . 0.5 µW/m3. Higher heat pro-
duction values of 0.7 µW/m3 lead
to plausible 12 mW/m2 Moho heat
flux, but would also predict very
large lithospheric thicknesses from
the intersection with the adiabat
(arrows). From (Rudnick et al.,
1998).

We then find
T (z) = −H

2k
z2 +

qd +Hd

k
z, (4.79)

where comparison of the last term on the RHS of eq. (4.79) with eq. (4.77) shows that this
means that the surface heat flux is

q0 = qd +Hd, (4.80)

i.e. the influx at the base plus the amount accumulated by internal heat production of a
layer of thickness d, as was anticipated (§4.2.1.1).

Figure 4.26 shows a comparison of Archean geotherms based on eq. (4.79) and xenolith
derived pressure-temperature, pT , conditions for cratonic regions. These data require low
mantle lithospheric heat production for cratons, else eq. (4.79) is too curved to intersect
with the adiabat (Fig. 1.11). Surface heat flux of ≈ 40 mW/m3 is consistent with crustal
heat production values of ≈ 0.45 µW/m3 which yield lithospheric thickness of ∼ 180 km
if xenoliths are indicative of equilibrium pT conditions (Rudnick et al., 1998).

Example 4 Consider boundary conditions

1. Fixed surface temperature, T (z = 0) = 0 as before.

2. Fixed heat flux q(z =∞) = −qm, i.e. the heat flux very far below from the surface is
given by some mantle heat flux qm.

We also now allow forH to depend on z and assume that the heat producing elements are
concentrated toward the surface (e.g. by some fractionation process), with a length scale ζ
such that

H(z) = H0e
−z/ζ .

If we plug this H(z) into eq. (4.75) and then integrate,

−k∂T
∂z

= −ζe−z/ζ + c1
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Figure 4.27: Boundary and initial conditions for the half-space cooling problem which starts with
the temperature on the left at t = 0, and then has the surface T dropped at t = 0∗, some small time
later, after which T (z, t) evolves while we hold T (z = 0) = T0.

then BC-2 implies that c1 = −qm such that

q(z) = −k∂T
∂z

= −qm − ζH0e
−z/ζ ,

and at the surface
− q(z = 0) = qm + ζH0, (4.81)

which looks like eq. (4.80), but instead of crustal thickness has the concentration length
scale ζ.

Besides these geotherm type examples, steady-state heat transport solutions can also
be derived for other useful cases and geometries (Carslaw and Jaeger, 1959). One example
is the internally heated sphere of radius a for which, if T = 0 at the surface of the sphere,
and T finite at the center,

T (r) =
H

6k

(
a2 − r2

)
,

with radial coordinate r, and surface heat flux of q0 = −Ha/3.

4.2.3 Time-dependent solutions of the conduction equation

Let us now consider time-dependent solutions of the conduction equation, eq. (4.74),
which reads in 1-D without any heat production, H = 0,

∂T

∂t
= κ

∂2T

∂z2
. (4.82)

This is a classical example of a diffusion equation, where κ is the only parameter controlling
how T (z, t) changes over time and space.

4.2.3.1 Half-space cooling (HSC)

A fundamental consideration in geodynamics is how eq. (4.82) governs the cooling of a
half-space (Fig. 4.27). The temperature is assumed to be constant with depth within an
semi-infinite region, and T = T1 at time t = 0 everywhere. At some very small ε time
t = t + ε = 0∗, the surface temperature is reduced to T = T0 with T0 < T1 (else, it would
be heating of a half-space!). We seek the solution for how temperature, T (z, t), evolves for
t > 0∗ as the cooling front instigated by the fixed surface at T0 propagates downward.

PDE (4.82) is still second order in space, and thus requires two boundary conditions,
but now we also have to deal with time-evolution, which means we also require an initial
condition (IC) to solve the equation. These conditions are
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1. T = T0 at z = 0 for t > 0 (BC-1),

2. T = T1 at z =∞, deep in the layer (BC-2), and

3. T = T1 at t = 0 (IC).

First, to make things easier mathematically and to get to the core of what is happening, we
introduce a dimensionless temperature, that is T normalized by some appropriate value
relative to ∆T = T1 − T0, and rewrite eq. (4.82)

θ =
T − T1

T0 − T1
=
T1 − T
∆T

so that

∂θ

∂t
= κ

∂2θ

∂z2
. (4.83)

The BCs and IC for θ(z, t) are then

1. θ(0, t > 0) = 1 (BC-1),

2. θ(∞, t) = 0 (BC-2), and

3. θ(z, 0) = 0 (IC).

Now comes a trick that sometimes works when solving time-dependent PDEs, the intro-
duction of a similarity variable,

η =
z

2
√
κt
, (4.84)

which combines the effects of space and time. Obviously, this will work, else we would
not describe it here, but how could one have come up with the idea of considering η?
As we discussed in §4.1.1, the dimensions of κ mean that we can derive a characteristic
length scale, lc, for a given time t, as lc ∝

√
κt. The denominator of eq. (4.84) is twice that

lc, and the factor of two arises from the details of the solution. Alternatively, any diffusion
timescale will be ∝ l2, as in eqs. (4.34) and (4.55).

Expanded details 16: Half-space cooling solution by seperation of variables

With eq. (4.84), the non-dimensionalized temperature now depends on time and space via the simi-
larity variable θ(η(t, z)). This means that we have to be careful if we want to change variables, e.g., from
z to η integrals and derivatives, e.g.

dη

dz
=

d

dz

z

2
√
κt

=
1

2
√
κt

such that dz = 2
√
κt dη. (4.85)

To rewrite eq. (4.83), we will need the first partial derivatives of θ with respect to time and space,
and the second derivative with respect to space. The derivatives can be worked out via the chain-rule,
and using the definition of η such that

∂θ

∂t
=

dθ

dη

∂η

∂t
=

dθ

dη

(
− z

4
√
κ
t−

3
2

)
= − η

2t

dθ

dη

∂θ

∂z
=

dθ

dη

∂η

∂z
=

1

2
√
κt

dθ

dη

∂2θ

∂z2
=

1

2
√
κt

d2θ

dη2
∂η

∂z
=

1

4κt

d2θ

dη2
.

If we plug those into eq. (4.83), we get

− η dθ

dη
=

1

2

d2θ

dη2
. (4.86)
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All of our trickery has transformed the PDE eq. (4.83) into an ODE, where we only have total derivatives,
of dθ/dη type. This is good, because given how η is defined, both the IC for T at t = 0 and the BC at
z =∞map to η =∞, such that our two remaining BCs for eq. (4.86) are

1. θ(η =∞) = 0 and

2. θ(η = 0) = 1.

Eq. (4.86) can be solved by reducing its order by the helper variable

φ =
dθ

dη

so that, plugging in, separating the variables, and integrating with respect to φ (as we did for eq. 1.34)

−ηφ =
1

2

dφ

dη

−2η dη =
dφ

φ

−η2 = lnφ− ln c1 = ln

(
φ

c1

)
so that

φ =
dθ

dη
= c1e

−η2 . (4.87)

We can integrate this using BC-2, θ(0) = 1,

θ = c1

∫ η

0

e−η
′2

dη′ + 1.

From BC-1, θ(∞) = 0,

c1

∫ ∞
0

e−η
′2

dη′ + 1 = 0

where the integral on the left is half the Gauß integral, eq. (C.13), which has a definite answer,
√
π/2.

Therefore, the solution for θ is

θ(η) = 1− 2√
π

∫ η

0

e−η
′2

dη′. (4.88)

This function shows up often, but has to be evaluated numerically. Eq. (4.88) is the complementary error
function,

erfc(η) = 1− erf(η),

where the error function is defined as

erf(η) =
1√
π

∫ η

−η
e−η

′2
dη′ =

2√
π

∫ η

0

e−η
′2

dη′, (4.89)

with limit values erf(0) = 0 and erf(∞) = 1 (Fig. 4.28). Besides half-space cooling, erf arises in other
applications, including in statistics which is where it gets its name (§C.7.2); erf is symmetric around
zero, erf(η) = erf(−η). Eq. (4.89) is normalized as such because of the Gauß integral, eq. (C.13). We note
for later that the derivative of erf is

d

dη
erf(η) =

2√
π
e−η

2

,

that the integral to infinity of the complementary error function works out as∫ ∞
0

erfc(η) dη =
1√
π
, (4.90)

and an average from zero to η̂ is given by

1

η̂

∫ η̂

0

erf(η) dη =
exp

(
−η̂2

)
+
√
πη̂ erf(η̂)− 1

√
πη̂

. (4.91)

Eq. (4.83) can be solved analytically using eq. (4.84) (Expanded details 16), and the
solution for the half-space cooling problem is,

θ(z, t) =
T1 − T (z, t)

∆T
= erfc(η) = erfc

(
z

2
√
κt

)
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Figure 4.28: Illustration of the
error function, erf , e.g. as aris-
ing in the solution of half-space
cooling, and its complement,
erfc(η) = 1−erf(η) (left axes, lin-
ear), and erfc(η) in % on a loga-
rithmic scale (right), to show the
approach of erf(→ ∞) = 1. For
example, erfc(2.8) < 0.01%, cf.
Expanded details 16.

or in terms of the actual temperature

T (z, t) = T0 +∆T erf

(
z

2
√
κt

)
. (4.92)

This means that the cooling front will penetrate into the half-space with a characteristic
depth zc = 2

√
κt, as was anticipated, and the shape of solution always looks like the

error function (Fig. 4.28), only that the z axis has to be shrunk and expanded to match the
similarity variable η. Similar considerations apply for other diffusion problems (§3.7.1).

Figure 4.28 implies that there is a region of relatively cold temperatures at the top of
the half-space, and we can define a cold thermal boundary layer as the surface region of
thickness zT such that the temperature at the base reaches some large fraction f of the
asthenospheric temperature, T0 + f∆T , according to eq. (4.92). We thus choose erf(η̂) = f
or η̂ = erf−1(f) from which η̂ ≈ 1.163 or 1.368 for f = 90% and 95%, respectively (where
the inverse of the erfc, erfc−1, has to be evaluated numerically). This means that the
thickness of the boundary layer increases with time as

zT = 2η̂
√
κt ≈

{
2.326

√
κt for f = 90%

2.772
√
κt for f = 95%

. (4.93)

We can also compute the heat-flux given eqs. (4.64) and (4.92),

q = −k∂T
∂z

= −k(T0 − T1)
∂

∂z
erfc

(
z

2
√
κt

)
= k(T0 − T1)

∂

∂z
erf

(
z

2
√
κt

)
= −k ∆T√

πκt
exp

(
− z2

4κt

)
(4.94)

where we used the derivative of erf (Expanded details 16). At the surface, z = 0, we find

q = −k∆T√
πκ

1√
t
, (4.95)
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Figure 4.29: Isotherms at
300◦C spacing for half-
space cooling, eq. (4.92).
Blue lines are for constant
κ, red lines allowing κ to
vary as a function of tem-
perature, κ(T ), of eq. (4.62).
κ(T ) leads to slightly colder
shallow layers, consistent
with the discussion for
Fig. 4.25.
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i.e. the heat flux magnitude (negative because it is directed out of the half-space into the
air above) decays rapidly from a theoretically infinite value, because of the gradient of
the initial condition (Fig. 4.27; §C.2.5) with the inverse square root of time. This is the
same behavior we discussed for stress diffusion relaxation of a surface load in a viscous
channel, eq. (4.55).

If we assume that we know the thermal gradient at the surface, ∂T/∂z, then we can
invert eq. (4.95) for the time of cooling,

t =
(∆T )2

πκ
(
∂T
∂z

)2 ,
where typical values of T1 − T0 = 2000◦K, ∂T/∂z = 25 K/m, and κ = 10−6 m2/s. This
estimate ignores internal heat sources and, more importantly, convection maintaining a
boundary layer (§4.3). A similar consideration led Thomson (Lord Kelvin) (1863) to falsely
estimate the age of the Earth as . 100 Ma, derailing geological thinking for an extended
period of time (Stacey, 2000; England et al., 2007).

The transient solution for stepwise temperature change, eq. (4.92), has numerous earth
science applications, most importantly in tectonics for the generation of oceanic litho-
sphere (§4.2.3.2). Another relevant example is the quasi-step wise increase in atmospheric
temperature since the onset of industrialization. An increase of ∼ 1◦K over the last
∼ 500 yrs is reflected in transient deviations from steady-state geotherms measured in
deep boreholes down to∼ 300 m depth (eq. 4.93, Expanded details 17), and such borehole
records are consistent with other records of anthropogenic global warming and climate
change (Pollack and Huang, 2000).

Expanded details 17: Periodic heating of a semi-infinite half-space: The Stefan problem

Another useful solution of the diffusion equation, eq. (4.82), is that for a periodically applied tem-
perature on top of a half-space,

T (z = 0, t) = T0 +∆T cos(ωt)

with angular frequency ω (units of rad/s, §C.1.3). This sort of PDE problem is called the Stefan problem.
We can use separation of variables to guess that the solution consists of a depth-dependent term A(z)

and a time dependent function B(t), and that B is harmonic (§C.1.3) such that

T (z, t) = T0 +A(z)B(t)

= T0 + Z1(z) cos(ωt) + Z2(z) sin(ωt).
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If we plug that guess into eq. (4.82), and take the derivatives, we get

− Z1ω = κ
dZ2

dz2
and Z2ω = κ

dZ1

dz2
, (4.96)

which can be solved for Z1 or Z2, and with the further guess Z2 = Ceαz and the abbreviation β = α2

d4Z2

dz4
+
ω2

κ2
Z2 = α4 +

ω2

κ2
= β2 +

ω2

κ2
= 0.

This is a quadratic equation for β (eq. (C.6) with a = 1 and b = 0 and c = ω2/κ2), with imaginary
(§C.1.4) solution β = ±iω/κ, and with eq. (C.3),

α = ±
(

1± i√
2

)√
ω

κ
.

This means that there are four contributions to Z2, but the T fluctuations have to decay with depth, such
that only the negative argument of exp type of terms remain, with eq. (C.4),

Z2 = C1 exp

(
−1 + i√

2

√
ω

κ
z

)
+ C2 exp

(
−1− i√

2

√
ω

κ
z

)
= exp(−kx)(b1 cos kz + b2 sin kz),

with

k =

√
ω

2κ
.

and similar for Z1. This is a damped wave equation (§C.1.3) for the downward diffusion of the imposed
temperature signal with wave number k.

From the boundary conditions, we can then show that the solution is

T (z, t) = T0 +∆T exp(−kz) cos(ωt− zk). (4.97)

The amplitude of the perturbation decays with depth as 1/k, which defines a skin depth where the de-
crease is 1/e

ds =
1

k
=

√
2κ

ω
.

With a diurnal variation of temperature, ω = 2π/day ≈ 7.27 · 10−5 rad/s, κ = 10−6 m2/s, ds ≈ 0.17 m,
i.e. there is very little (≤ 1%) effect of daily temperature variations below z ≥ 4.6ds ≈ 0.78 m within the
Earth. Note a shift in phase, φ (§C.1.3), with depth for eq. (4.97) such that φ = z/ds, i.e. T (z) will be out
of phase for φ = π, or zπ = πds which is ≈ 0.54 m in this example. In the case of the anthropogenic
global warming signal (Pollack and Huang, 2000), ds ≈ 70 m for 500 yr timescale signals.

Exercises: 6) Finite difference solution of 1-D heat equation

x

T(x,0)

b)a)

space

tim
e

L

x

t

i,n

i,n-1

i,n+1

i+1,ni-1,n

L

DRAFT 225



4.2. TRANSFER OF ENERGY: HEAT TRANSPORT

Figure 4.30: a) Setup of the thermal cooling example considered for exercise 6. A hot dike intrudes
cooler country rocks, only variations in x-direction are considered. The initial temperature distribution
T (x, t = 0) has a step-like perturbation of width W within a domain of extent L. b) Finite difference
discretization of the 1-D heat equation. The finite difference method approximates the temperature at
given grid points with index i, with spacing ∆x. The time-evolution is also computed at given times
with time step ∆t with index n.

Consider the one-dimensional, transient (i.e. time-dependent) heat conduction equation without
heat generating sources If the thermal conductivity, density and heat capacity are constant over the
model domain in 1-D (x), the equation can be simplified to eq. (4.82). We are interested in the evolution
of temperature over time, T (x, t), which satisfies eq. (4.82), given an initial temperature distribution. An
example would be the intrusion of a basaltic dike in cooler country rocks (Fig. 4.30a). How long does it
take to cool the dike to a certain temperature? What is the maximum temperature that the country rock
experiences?

Instead of trying to find an analytical solution for this problem (there is one, at least approximate),
we will use a numerical modeling approach for the solution. For this, we will replace the partial deriva-
tives in eq. (4.82) with a finite difference (FD) approximation. The first step in the FD method is to con-
struct a grid in space, and conceptually in time, with points on which we are interested in solving the
equation (this is called discretization, Fig. 4.30b). We can consider a grid spacing ∆x and time step, ∆t,
for example.

The next step is to replace the continuous derivatives of eq. (4.82) with their finite difference approx-
imations. The derivative of temperature versus time can be approximated with a forward finite difference
approximation of the first order derivative relative to Tn as

∂T

∂t
≈ Tn+1

i − Tni
tn+1 − tn =

Tn+1
i − Tni
∆t

=
Tnewi − T currenti

∆t
. (4.98)

Here, n represents the temperature at the current time step whereas n + 1 represents the new (future)
temperature. The subscript i refers to the location (Fig. 4.30b). Both n and i are integers; n varies from 1
to nt (total number of time steps) and i varies from 1 to nx (total number of grid points in x-direction).

A first order spatial derivative would be replaced by a central finite difference approximation around
Ti

∂T

∂x
≈ T ′i =

Ti+1 − Ti−1

2∆x
.

Central central differences are generally preferred, as they are more accurate than forward or backward
derivatives, at a given resolution, in the Taylor approximation, eq. (C.10), sense. We chose forward
differencing for eq. (4.98) because we do not know Tn+1 yet at time n, but see below.

The second order spatial derivative which we need for eq. (4.82) can be derived from the central
derivative of the first order, central derivatives around Ti+ 1

2
relative to that around Ti− 1

2
,

∂2T

∂x2
=

∂

∂x

(
∂T

∂x

)
≈ T ′′i =

T ′
i+ 1

2
− T ′

i− 1
2

∆x
=

Ti+1−Ti

∆x
− Ti−Ti−1

∆x

∆x
=
Ti+1 − 2Ti + Ti−1

(∆x)2
. (4.99)

Substituting eqs. (4.98) and (4.99) into eq. (4.82) gives

Tn+1
i − Tni
∆t

= κ

(
Tni+1 − 2Tni + Tni−1

(∆x)2

)
.

The third step is a rearrangement of the discretized equation, so that all known quantities (i.e. tempera-
ture at time n) are on the RHS side and the unknown quantities on the LHS (properties at n + 1). This
results in:

Tn+1
i = Tni +

κ∆t

(∆x)2
(Tni+1 − 2Tni + Tni−1) (4.100)

Because the temperature at the current time step (n) is known, we can use eq. (4.100) to compute the
new temperature without solving anything else as a simple “update”.

Such a scheme is called an explicit finite difference method and was made possible by the choice to
evaluate the temporal derivative with forward differences. We know that this numerical scheme will
converge to the exact solution for sufficiently small∆x and∆t, because it can be shown to be consistent,
i.e. its discretization process can be reversed, through a Taylor series, expansion, eq. (C.10), to recover
the original PDE. The system is also potentially stable, but only for certain values of ∆t and ∆x. For
those right values, any spontaneous perturbations in the solution (such as round-off error) will either
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be bounded or will decay. Note that this is not always the case, there are certain algorithms, such as a
seemingly straighforward implementations of advection equations, which are unconditionally unstable.

The last step to solve the dike heat conduction problem is to specify the initial and the boundary
conditions. If for example the country rock has a temperature of 300◦C and the dike a total width
W = 5 m, with a magma temperature of 1200◦C, we can write as initial conditions:

T (x < −W/2, x > W/2, t = 0) = 300

T (−W/2 ≤ x ≤W/2, t = 0) = 1200

In addition we assume that the temperature far away from the dike center (at |L/2|) remains at a constant
temperature. The boundary conditions are thus

T (x = −L/2, t) = 300

T (x = L/2, t) = 300

The MATLAB (or Octave) code in Figure 4.31, heat1Dexplicit.m, shows an example in which
the grid is initialized, and a time loop is performed. In the exercise, you will fill in the question marks
and obtain a working code that solves eq. (4.100).

Figure 4.31: MATLAB script heat1Dexplicit.m to solve eq. (4.82) (once the blanks indicated by the
question marks are filled in . . . ; from Becker and Kaus, 2015).

1. Open MATLAB or Octave, and an editor and type the MATLAB script in an empty file; alterna-
tively use the template provided if you need inspiration. Save the file under the name
heat1Dexplicit.m. If starting from the template, fill in the question marks and then run the
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file by typing
heat1Dexplicit in the MATLAB command window (make sure you are in the correct direc-
tory).
Alternatively, you may like to use some other programming language, for example Python, in-
stead of Matlab. For python, there is a file heat1Dexplicit.py to start from.

2. Study the time evolution of the spatial solution using a variable y-axis that adjusts to the peak
temperature, and a fixed axis with range axis([-L/2 L/2 0 Tmagma]). Comment on the
nature of the solution. What parameter determines the relationship between two spatial solutions
at different times?
Does the temperature of the country rock matter for the nature of the solution? What about if
there is a background gradient in temperature such that the country rock temperature increases
from 300◦ at x = −L/2 to 600◦ at x = L/2?

3. Vary the parameters (e.g. use more grid points, a larger or smaller time step). Compare the re-
sults for small ∆x and ∆t with those for larger ∆x and ∆t. How are these solutions different?
Why? Notice also that if the time step is increased beyond a certain value, the numerical method
becomes unstable and does not converge – it grows without bounds and exhibits non-physical
features.
Investigate which parameters affect stability, and find out what ratio of these parameters delim-
its this scheme’s stability region. This is called the Courant-Friedrichs-Lewy condition (see, e.g.,
sec. 4.3 of Becker and Kaus, 2015). Often, this criterion uses a velocity u, which does not appear
here per se, but how can you introduce an equivalent velocity based on the parameters of the
problem?

4. Record and plot the temperature evolution versus time at a distance of 5 m from the dikecountry
rock contact. What is the maximum temperature the country rock experiences at this location
and when is it reached? Assume that the country rock was composed of shales, and that those
shales were transformed to hornfels above a temperature of 600◦C. What is the width of the
metamorphic aureole?

5. Bonus: Add a test with an analytical solution for diffusion and plot error (i.e. difference between
numerical and analytical solution) vrs. resolution (i.e. inverse of ∆x). A good reference for an-
alytical solutions for heat conduction problems is Carslaw and Jaeger (1959). You might want to
consider a modified initial condition.

6. Super bonus: Derive a finite-difference approximation for variable k (and variable ∆x allowing
for uneven spacing between grid points should you so desire). Test the solution for the case of
k = 10 inside the dike, and k = 3 in the country rock.

7. Super super bonus: What would happen if we were to use a backward in time approximation
of the time derivative of eq. (4.82), instead of the forward derivative in eq. (4.98)? Derive a new
discretization. How does this, likely at least partially implicit, version of the FD approximation
have to be solved? For pointers, see Becker and Kaus (2015), for example.

4.2.3.2 Application of half-space cooling to the oceanic lithosphere

One of the most powerful applications of continuum mechanics to plate tectonics is the
association of half-space cooling and seafloor spreading (McKenzie, 1967; Parker and Old-
enburg, 1973; Davis and Lister, 1974), that is the identification of the oceanic lithosphere as
a predominantly thermal boundary layer. Let us consider an idealized, purely thermal
component of the formation of new lithosphere. Then the spreading center itself corre-
sponds to a thermal depth-profile where the material right underneath the surface is at
the asthenospheric temperature, Ta (Fig. 4.32). At some distance x away from the spread-
ing center, the material will have cooled for some time τ , and the progressing cooling front
can be associated with the formation of the oceanic lithosphere, or plate, itself. If the plate
has been moving away from the spreading center with constant velocity, or spreading
rate, v, then τ = x/v.

In the absence of any horizontal heat transport (e.g. no small-scale convection), the ap-
propriate solution for the depth-dependence of temperature at age τ is given by eq. (4.92).
If we chose T0 = 0 (the average surface temperature of Earth, is ≈ 16◦C, and rising, at
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Figure 4.32: Application of the
half-space cooling solution to
seafloor spreading, treating the
oceanic lithosphere as the cold,
top thermal boundary layer of
the mantle (cf. Fig. 4.29).

present, and was somewhere in a close enough range for the last 100s of Myr), T1 = Ta,
then the temperature profile in the top-most upper mantle at age τ is

T (z, τ) = Ta erf

(
z

2
√
κτ

)
= Ta erf

(
z

2
√
κx/v

)
. (4.101)

This solution is illustrated in Fig. 4.29 in terms of the isotherms that are predicted as a
function of seafloor age τ .

If we define a thermal lithosphere such that it captures the cold, surface boundary layer
of the spreading oceanic seafloor, then the choice of eq. (4.93) with f = 90% implies a
lithospheric thickness of

zL = 2.326
√
κτ = γ

√
τ [Myr] ≈ 13 km

√
τ [Myr]. (4.102)

Seismologically, and based on elastic thickness estimates, such a thickening of the cold
and mechanically strong oceanic lithosphere is observed (§7.2). As was anticipated in
the oceanic lithosphere strength curve, the thickness of the mechanical lithosphere, zM , as
defined as a region that can support relatively high stresses because of larger viscosity is
thinner than the thermal boundary layer (Fig. 3.71).

For the surface heat-flux for the half-space cooling model, we find from eq. (4.95),

q =
kTa√
πκ

1√
τ

=
kTa√
πκ

√
v

πκx
, (4.103)

i.e. the inverse square root dependence on age from above. Figure 4.33 shows that heat
flow observations from oceanic plates indeed broadly show such a dependency, although
care has to be take to correct for hydrothermal circulation and sediment loads (Parsons and
Sclater, 1977; Nagihara et al., 1996; Hasterok, 2013).

These estimates assume that there is no convective reworking of the lithosphere, and
ignore material heterogeneity, such as the temperature dependence (e.g. McKenzie et al.,
2005) or anisotropy (Hearn et al., 1999) of κ. The latter two are easily incorporated in
modified half-space cooling models numerically (Fig. 4.29). However, clear deviations
from the theoretical expectations of heat flow are observed for young seafloor, and, like
for fracture mechanics (§3.2.3), the integrable singularity of eq. (4.103) alone indicates that
aspects of the physics are missing in our simplified description of the formation of oceanic
plates. One major contributor is hydrothermal circulation (§7.2.2), and models accounting
for such effects can be built (Grose and Afonso, 2013, 2015; Schmeling et al., 2017). Deviations
from HSC at ages & 80 Ma are also significant (§7.2.4).
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Figure 4.33: Heat flow estimates for
oceanic plates determined to be re-
liable from Sclater et al. (1976) (cf.
Sclater et al., 1980; Nagihara et al., 1996;
Hasterok, 2013) compared to the half-
space cooling prediction, eq. (4.103),
with the parameters determined from
the bathymetry fit of Fig. 4.35. From
Carlson and Johnson (1994).

Figure 4.34: Application of the principle of
isostasy to the half-space cooling model for oce-
anic lithosphere (cf. Fig. 4.29) floating on an as-
thenosphere of density ρa with a water layer on
top. Also see exercise 7. The compensation depth
is assumed to be zL + w.

Ocean floor topography as it results from a half-space cooling model for the creation
of oceanic plates (Fig. 4.29) can be estimated from isostasy (exercise 7). Let us consider
the isostatic balance of Fig. 4.34, where we allowed for a water layer of thickness w and
density ρw on top of the oceanic lithosphere with density ρ(z) of thickness zL, and the
asthenosphere of density ρa underneath.

Isostasy says that the pressure at some compensation depth has to be equal in floating
equilibrium (§1.1.1), which means that pSC = ρa(w + zL)g for the spreading center has to
equal the pressure at the base of the plate pP = g

∫
ρ(z) dz + ρwwg, for constant g at some

seafloor age τ such that

ρa(w + zL) = ρww +

∫ zL

0
ρ(z) dz = ρww + ρazL +

∫ zL

0
(ρ(z)− ρa) dz, (4.104)

where we expanded the integral to be over∆ρ = ρ−ρa since this density difference relates
to temperature differences via the thermal expansivity α, eq. (1.31), such that

∆ρ(z, τ) = ρ(z, τ)− ρa = ρaα(Ta − T (z, τ)) = ρaα∆T (z, τ)

which we can plug into eq. (4.104) and rearrange, to find (T0 = 0 at the surface)

w(ρa − ρw) = ρaαTa

∫ zL

0
erfc(η(z, τ)) dz (4.105)

where we used the half-space cooling temperature from eq. (4.101) for T (z, τ) and η =
z/(2
√
κτ). To change the integration variable, we use eq. (4.85) which we can plug into
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Figure 4.35: Sediment corrected
bathymetry estimates from ocean
drilling and mean depths compared
to a fit from half-space cooling,
eq. (4.107); from Carlson and Johnson
(1994).

eq. (4.105) and solve for w, to get

w =
ρa

ρa − ρw
2αTa

√
κτ

∫ ∞
0

erfc(η) dη,

where we also replaced the integration up to zL with the infinite integral, for simplicity
(not a bad approximation, see Fig. 4.28), and with eq. (4.90), we arrive at the prediction
for bathymetry

w =
ρa

ρa − ρw
2αTa

√
κτ

π
. (4.106)

This corresponds to an isostatic response to the cooling oceanic lithosphere, which scales
as the square root of the seafloor age, just like lithospheric thickness, in the half-space
cooling mode. For constant Ta and fixed parameters, the total depth is of the seafloor is
then given by

d(τ) = dl + w(τ) = dr + c
√
τ with c =

2αTaρa
ρa − ρw

√
κ

π
, (4.107)

where dl is the water depth on top of the spreading center where τ = 0. We can also
think of an oceanic lithosphere with variable thickness zT = 2η̂

√
κτ from eq. (4.93) and

constant, mean density from integration of eq. (4.101) up to η̂, using eq. (4.85)

〈ρl〉 = ρa (1 + α〈∆Tl〉) = ρa

(
1 + αTa

1

η̂

∫ η̂

0
erf(η) dη

)
≈ ρa

(
1 + α

Ta
2

)
, (4.108)

where the averaging integral has the solution eq. (4.91), with exact values 0.464 and 0.435
for η̂ equivalent to f = 90% and f = 95% from eq. (4.93), respectively. i.e. the lithosphere
is on average colder than the asthenosphere by ∆Tl ≈ Ta/2, as if T were linear with z.

To first order, the prediction of eq. (4.106) for ocean depth is borne out by observations,
particularly for relative young (. 80 Myr old) seafloor (Fig. 4.35). This is a remarkable
success of geodynamics, making the half-space cooling model a reference model for plate
structure, and we will discuss deviations from this model in §7.2.4. The best-fit values for
eq. (4.107) from Fig. 4.35 are

dl ≈ 2600± 20 m and c ≈ 345± 3 m/
√

Ma (4.109)
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(Carlson and Johnson, 1994). Assuming that α = 3.1 · 10−5 1/K, ρa = 3330 kg/m3 and
ρw = 1000 kg/m3, the c constant of eq. (4.107) provides an important compound estimate
of asthenospheric temperature of (Table 1.1)

Ta ≈ 1365± 10◦ C. (4.110)

The HSC model also predicts heatflow, and best-fit parameters are linked via Ta, eq. (4.103);
the estimates in Fig. 4.33 are consistent using k = 3.138 W/m/K, such that

q(τ) ≈ 480± 4 mW/m2√
τ [Myr]

. (4.111)

These values are global means, and there are indications for inter-oceanic basin variations,
for example. Parsons and Sclater (1977) estimated c = 354±40 and c = 342±65 m/

√
Myr for

the Pacific and Atlantic, respectively (§7.2), for example. More broadly, the thermal struc-
ture of oceanic lithosphere as predicted by half space cooling captures the brittle-ductile
transition which limits the depth of seismicity (§8.3; Chen and Molnar, 1983; McKenzie et al.,
2005), and the effective elastic thickness of oceanic plates (§3.1.2; Watts, 1978; Bodine et al.,
1981).

Taking the time(age) derivative of eq. (4.107), we find that the subsidence rate for the
oceanic lithosphere should scale with 1/

√
τ , like the heat flow,

dd

dτ
=

c

2
√
τ

= αTa
ρa

ρa − ρw

√
κ

π

1√
τ
. (4.112)

This means, for example, that a hotter mantle with elevated Ta in the early Earth will
show faster subsidence. Variations in seafloor age distributions are of importance for con-
siderations about water storage in the oceanic basins, and hence sealevel, over planetary
history (§4.4.4.3).

Eq. (4.112) is an example of a general relationship between a layer of thickness L and
thermal anomaly, ∆T , leading to an isostatic elevation anomaly, h = ρa/(ρa − ρw)α∆TL,
whose change over time scales with the heat flux, q, as (Lister, 1977)

dh

dt
=

d

dt

(
ρa

ρa − ρw
α∆TL

)
=

d

dt

(
ρa

ρa − ρw
α

ρacp

∆Q

A

)
=

α

(ρa − ρw) cp
q, (4.113)

where ∆Q/A is the change in heat per area, and we used eqs. (4.61) and (4.70). Eq. (4.112)
follows from eq. (4.113) by plugging in eq. (4.103) and using eq. (4.73).

One can also use eq. (4.101) and the Pratt-type isostatic consideration from above to
estimate geoid anomalies from eq. (1.21); those work out to be (Turcotte and Schubert, 2002,
eq. 5.157)

∆N = −2πGρaα∆Tκ

g

(
1 +

2ρaα∆T

π(ρa − ρw)

)
τ (4.114)

which provides a good description of the observed geoid across spreading centers to first
order. In particular, this implies that spreading is a typically passive processs, with plates
being pulled by subducting slabs (exercise 7), rather than being actively pushed up by
convection (§4.3.5.1; Davies, 1988). We will return to the oceanic plate thermal boundary
layer in §7.2.4.
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Exercises: 7) Plate driving forces from half-space cooling

This exercise is intended to give you a better feeling for the order of magnitude of plate driving
forces. The general answer to the question “What drives the plates?” is “Mantle convection!”, as the
tectonic plates are the upper, cold, thermal boundary layer part of the mantle system (§4.3.2). The driv-
ing, thermal buoyancy forces are balanced by viscous dissipation within the deforming fluid. However,
sometimes it is useful to separate the driving forces into different components. A classic discussion is
provided by Forsyth and Uyeda (1975), which we will revisit in §5.5 and §9.8.

Here, we shall consider the two most significant ones, ridge push (Frp, better called gravitational
sliding) and slab pull (Fsp). Both are related to a thickening thermal boundary layer away from the ridge
(better: spreading-center) toward the trench (subduction zone, Fig. 4.36).

Ts

z

Frp

Fsp

b
b

x, age

Tm

Figure 4.36: Sketch of half-space cooling based driving forces.

1. Slab pull. We proceed to estimate the total negative buoyancy in subducting slabs. For this, we
revisit the problem of cooling lithosphere (§4.2.3.2). If we consider a slab that subducts into the
mantle at oceanic plate age t = ts, the temperature distribution through the subducting plate is
then given by eq. (4.101) with t being replaced by ts. We will make the assumption that the slab
subducts vertically at the trench and takes the temperature distribution down with it, around the
corner, without diffusing away sideways.

(a) Which non-dimensional number could we compute to test the assumption that diffusion
during subduction is a minor effect for the first few 100 km in the upper mantle? Think
about the two relevant time-scales for this problem.

(b) With the assumptions from above, we can evaluate the temperature at the base of the litho-
sphere (z = w, when the slab has gone around the hinge) by replacing the z in eq. (4.92)
with x. The negative thermal buoyancy force per volume of the downwelling can be com-
puted from the temperature difference Ta − T by

ρ0gα(Ta − T )

where α ≈ 2 · 10−5 K−1 is the thermal expansivity, eq. (1.31), and ρ0 the reference density
of the mantle, ρ0 ≈ 3300 kg/m3. To obtain the slab pull per unit length along the trench,
and per unit depth, we can integrate along the slab width w,

fb(x, z) = −ρ0gα
∫ w

0

(Ta − T (x, z)) dx ≈ −ρ0gα
∫ ∞
0

(Ta − T (x, z)) dx (4.115)

(where the z now, again, refers to real depths down along the subducting slab).
Why could we approximate the integration to ∞ instead of w? (Hint: Think about the
shape of erf and how it describes the lithosphere, also see eq. 4.108.)
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(c) The slab pull per unit length along the trench is obtained by integrating fb downward into
the mantle

Fb =

∫ b

0

fb dz, (4.116)

where b is the length of the slab (see sketch). Eq. (4.116) is proportional to the heat content
of a horizontal slice of the slab. While the thermal anomaly broadens a bit with depth
during subduction due to diffusion (see part a), the total heat content of the slab in the
absence of friction and phase transitions stays the same. We can therefore pull fb out of the
integral, write

Fb = fbb,

and evaluate fb where-ever we please, for instance at the base of the lithosphere at the
hinge where we know T from eq. (4.92) (with z replaced by x).
Solve for fb by plugging eq. (4.92) into eq. (4.115), and rewriting things in terms of 1 −
erf(η) = erfc. You will need to change the integration variable from dx by replacing xwith
the similarity variable, eq. (4.84). and replacing dx with 2

√
κts dη since dx/dη = 2

√
κts.

You should find a pulling force of

Fb = −2ρ0gαb(Ta − Ts)
√
κts
π
. (4.117)

Using κ = 10−6 m2/s, Ta − Ts = 1200◦ K, b = 700 km, estimate the Fb force per unit
length in N/m as a function of age ts, and the actual values for 40 and 130 Ma old oceanic
lithosphere.

(d) Assume that the olivine to spinel phase transition in the upper mantle (Fig. 1.12) has a den-
sity increase of ∆ρos = 270 kg/m3 . The pressure (or depth) of this transition depends on
temperature, and lies normally at ≈ 410 km depth with positive Clapeyron slope, eq. (1.41)

Γ =
∆P

Tos − T
,

where ∆P is the shift in the phase transition pressure for temperature T different from the
mean transition temperature Tos (§1.3.5). Within the cold slab, the phase transition is thus
deflected upward, leading to an additional buoyancy pull in analogy to eq. (4.117) that
works out to be

F osb = −2
∆ρos
ρ0

Γ (Ta − Ts)
√
κts
π
. (4.118)

Estimate the contribution to the slab pull due to the phase transition shift with
Γ = 4 MPa/K−1 and ts = 40 Ma, and the total slab pull from eqs. (4.117) and (4.118).

(e) Using your slab pull results from above, estimate the tensional stresses acting on a slab
with a 50 km elastic thickness. Would you expect the slab to break off at these stresses?
What effects might limit the effectiveness in such stress transmission in the mantle? (Hint:
Think about forces acting on the sides of the slab, and those deeper down ahead of the slab
tip. Are there other important phase transitions in the top 1000 km of the mantle?)

(f) Optional: You may also consider other chemical phases and fractionation to modify this
purely thermal estimate (§7.3).

2. Ridge push. To estimate the force due to the cooling of the oceanic plate from the ridge to the
trench, we may proceed along similar lines as above, using results from half-space cooling.
However, here we shall follow a simplified approach and consider constant densities in the
ocean water, lithosphere, and asthenosphere, respectively, with ρw < ρa < ρl and a coordinate
system anchored within the mid ocean ridge (MOR, Fig. 4.37).
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Figure 4.37: Sketch of lithospheric thickening (“ridge push”) forces from half-space cooling.

Here, dl is the water depth, zw, at the MOR, zw(x = 0). The hydrostatic pressure at location x1
and depth z within the lithosphere, p1(z) is given by the integral of

∫
ρ(z, x1)gdz, which for our

simplified model is just a sum

p1(z) = ρwgzw(x1) + ρlg(z − zw(x1)),

and likewise for x2. (At larger, compensation depth z′, the asthenospheric contribution needs to
be added, so that p1(z′) = p2(z′), the concept of isostasy, §1.1.1)

(a) Given that zw(x2) > zw(x1), p2(z) is slightly smaller than p1(z) within the lithosphere,
leading to a pressure difference, ∆pl = p1 − p2 corresponding to a push force to the right.
Assuming that the two locations are not far from each other (x2 = x1+ε), so that horizontal
components of force at the top and bottom of the lithosphere can be neglected, estimate
∆pl as a function of ∆zw = zw(x2) − zw(x1) and ∆ρ = ρl − ρw within the lithosphere
(zw ≤ z ≤ zl).
Hint: You should find ∆pl = (ρl − ρw)∆zwg = ∆ρ∆zw.

(b) This pressure difference is the origin of the “ridge push”, which is, in fact, not a force acting
solely at the spreading center, as the common name implies, but a distributed, gravitational
sliding force, again related to the density moment, as in eq. (4.52). Ridge push is simply an
oceanic lithosphere only version of gravitational potential energy related forces (§4.1.6).
We shall now proceed to turn the pressure difference within the lithosphere into a force
per unit length along the plate. For this, we need to sum up the contribution in z and x
direction. For the latter, we can use isostasy similar to exercise 2 and the observed half-
space cooling,√age dependence of the ocean bottom depth

zw ≈ dl + c
√
t = dl + c

√
x

u0
, (4.119)

where c ≈ 345 m/
√

Ma (§4.2.3.2), u0 is a plate velocity (assumed constant), and eq. (4.119)
holds up to ∼ 80 Ma. (Be careful with the units in eq. (4.119), t and x/u0 are meant to be
inserted in Ma.)
We would like to work out which lithospheric thicknesses l are expected for zw following
eq. (4.119), which we can estimate from isostasy for this zoomed in part of the lithosphere
(Fig. 4.38) where ∆zl = ∆zw +∆l.
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Figure 4.38: Sketch of isostatic balance for half-space cooling based topography

.
Write down the isostasy equality for the mass columns on the left and right of the sketch.
Assuming a transition from finite to infinitesimal differences, ∆zw → dzw and ∆l → dl,
you should find

dl = adzw, with a =
ρw − ρa
ρa − ρl

. (4.120)

The constant a is of order 20. . . 40.

(c) We can now integrate eq. (4.120) to find

l = a(zw − dl) = a∆zw. (4.121)

How thick is 60 Ma old oceanic lithosphere according to these estimates?

(d) For the remainder, disregard the constant water layer of thickness dl, also setting dl = 0 to
zero in eq. (4.119) such that

zw(x) = c

√
x

u0
. (4.122)

Reconsider your estimate of ∆pl from a). To arrive at a force per length, you need to
integrate over depth, which can for our constant model just be achieved by multiplying
∆pl with l. The force on a chunk of material ∆x is then given by

F (x) = l∆zwg∆ρ = l
dzw
dx

g∆ρ∆x, (4.123)

where we have made the calculus transition and dzw
dx

is simply the change in water depth
with x. Plug in eq. (4.121) and eq. (4.122) into eq. (4.123) and show that F results as

F =
ac2

2u0
g∆ρdx. (4.124)

This force acts everywhere within the plate, and not just at the ridge, making “ridge push”
a bit misleading.

(e) Lastly, using the relationship that the length of the oceanic plate b is given by uots, write
the total ridge push force by integrating over dx in eq. (4.124). For ts = 80 Ma, a = 20,
∆ρ = ρl − ρw = 2300 kg/m3, estimate the ridge push force. Note that this assumes
that simple half-space cooling holds everywhere within the oceanic lithosphere; if you get
stuck, you might want to refer to eq. (10.15).
Compare it with your estimate for the slab pull. Which force is stronger? Can you name
any observations that are consistent with these estimates?

(f) Assume that the ridge push along the thickening oceanic plate is not compensated by any
basal drag, and that the lithosphere has an elastic thickness of 50 km. What kinds of stresses
(compression/tension, amplitude?) would you expect? Put these estimates in context with
your floating-continent-stress computation from exercise 2.
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4.3 Thermal convection: Diffusion plus advection

The convective type of heat transfer can happen when there is fluid flow, and is a combi-
nation of advection and conduction. First described by Thompson (Lord Rumsford) (1797),
thermal convection was more thoroughly explored experimentally by Bénard (1900, 1901).
For vigorous convection, heat in the interior of the fluid gets predominantly carried by
advection without much diffusive loss into the surrounding medium. Usually there are
fixed boundaries for the domain under consideration, such as the side walls of a room
where a heater induces convective air motions, or the bottom of a heated pot on a stove
with water in it. Along those domain boundaries, heat will be transported predominantly
by conduction since advection is prohibited by the confining box. The stove feeds heat
into the pot by conduction, but in the vigorously flowing water, most transport is by ad-
vection.

Mathematically, convection means that we now have to consider an expansion of the
conduction eq. (4.74). If there is advective transport at velocity v, then the total derivative
of eq. (2.4) has to be used. If we think of temperature T being carried by a fluid from x to
a location of observation r, then the change of temperature T (r(t)) with time is by means
of the chain rule

dT

dt
=

dT

dr

dr

dt
=∇T · v,

where the Eulerian velocity v is defined as the change of dr/ dt, and ∇ is the gradient
operator with respect to r. Hence,

∂T

∂t
→ DT

Dt
=
∂T

∂t
+ v ·∇T,

which means that conservation of heat energy now reads

∂T

∂t
+ v ·∇T = κ∇2T +

H

ρcp
. (4.125)

where there might be other heat sources, e.g. due to shear heating (§3.4.1.2), and conserva-
tion laws are discussed in §B.1. Eq. (4.125) means that temperature can now get smoothed
out by means of diffusion (κ term), increase by means of heat production (H), or change
by means of advection, as long as there is a gradient in temperatures and there are non-
zero velocities.

The v ·∇T term in eq. (4.125) complicates solutions greatly. It is nonlinear, because
there is a product of v and ∇T , and it couples the energy equation with conservation of
momentum, in our case the Stokes equation, eq. (4.19). Given a constitutive law, eq. (4.19)
predicts how velocities and pressures will arrange to conform to body forces, and thus
v in eq. (4.125), but the body forces themselves will evolve according to the temperature
distribution. This means that we will have to solve the Stokes and energy equation simul-
taneously for convection problems, and the non-linearity means that typically, numerical
methods are required.

However, important insights can be gained by dimensional analysis, and consider-
ation of the end member cases of marginally stable, onset of convection, and the finite
amplitude, vigorous convective system. We will discuss the onset of convection first.

4.3.1 Instability analysis for the Rayleigh-Bénard problem

Let us consider a fluid layer of thickness h at rest in under constant gravitational acceler-
ation g that is held at fixed temperature T = 0 at the top at z = −h/2, and some higher
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Figure 4.39: Geometry and ther-
mal boundary conditions for the
Rayleigh-Bénard instability problem.

temperature T = ∆T at the base at z = h/2, in 2-D with coordinate axes as in Fig. 4.39. We
want to understand what happens when the original, reference state of zero fluid motions,
and hence conductive heat transport, gets perturbed during the onset of convection.

Without internal heating, conservation of energy, eq. (4.125), reads

DT

Dt
=
∂T

∂t
+ v ·∇T = κ∇2T, for 2-D Cartesian

∂T

∂t
+ u

∂T

∂x
+ w

∂T

∂z
= κ

(
∂2T

∂x2
+
∂2T

∂z2

)
or

∂tT + u∂xT + w∂zT = κ (∂xxT + ∂zzT ) (4.126)

with x = {x, z} and v = {u,w} and the shorthand ∂x for ∂
∂x since we will be dealing

with lots of partial derivatives in this section, regrettably. In the initial steady-state, by
definition v = 0, ∂tT = 0, and because there cannot be any lateral density variations for a
stable setting, ∂xT = 0, with the steady-state conductive solution (§4.2.1)

Tc = ∆T

(
1

2
+
z

h

)
. (4.127)

We now denote deviations from the reference state with primes,

T ′ = T − Tc

and assume that all deviations, including the perturbation velocities u′ and w′, will be
small at the onset of flow. We insert those into eq. (4.126) to find

∂tT
′ + u′ ∂xT

′ + w′ ∂zT
′ +

w′∆T

h
= κ

(
∂xxT

′ + ∂zzT
′) . (4.128)

Now a general trick comes in which is can be used to linearize non-linear systems; we will
assume that we need to worry only about terms that are linear in primed quantities such
as u′, but not those that are of order of magnitude (u′)2, or O((u′)2), or higher powers
(since numbers < 1 will only get smaller if taken to some integer power). Therefore, the
product, coupling terms drop out of eq. (4.128), leaving

∂tT
′ +

w′∆T

h
= κ

(
∂xxT

′ + ∂zzT
′) .

Mind you, this linearized stability analysis is only valid for small perturbations, therefore
it is a small amplitude approximation for the onset of convection. A similar stability analy-
sis was first performed by Strutt (Lord Rayleigh) (1916), which explains the name (§B.6).

Our next approximation concerns the relationship between temperature and buoy-
ancy forces driving flow. As usual, we will assume that the fluid is incompressible (i.e.

238 DRAFT



4.3. THERMAL CONVECTION: DIFFUSION PLUS ADVECTION

∇ · v = 0) for the purposes of flow in terms of the continuity equation. However, we
allow for expansion when material is heated up such that variations in temperature, δT ,
lead to density variations, δρ, for example according to

δρ = ρ0αδT, (4.129)

where α is the thermal expansivity eq. (1.31) (Fig. 3.54a). This simplification for mantle con-
vection, which is actually compressible (Fig. 1.8), is called the Boussinesq approximation, i.e.
density anomalies are only considered in the energy equation, while mass conservation is
still considered as incompressible (Expanded details 21; Spiegel and Veronis, 1960; Mihaljan,
1962).

With these linearizing assumptions, we can now get cranking; the rest is just some
mildly cumbersome math. The solutions of the linearized energy and momentum equa-
tions are harmonic functions in space with wavelength λ and a non-dimensional wave
number (Expanded details 18)

k̃ =
2π

λ̃
=

2π

λ
h = kh.

Normalized to the characteristic diffusion time td = h2/κ with characteristic length h
(§4.1.1), the exponential growth rate of these perturbations is governed by a wavelength-
dependent factor, eq. (4.140), and what turns out to be the bottom heated Rayleigh number
(§4.1.4.1)

Ra =
ρ0gα∆Th

3

ηκ
. (4.130)

Expanded details 18: Linear instability analysis for Rayleigh-Bénard convection

In the Boussinesq approximation for a Newtonian fluid, the continuity and momentum equations
for perturbations (from the Stokes equation, Expanded details 12) read

∂xu
′ + ∂zw

′ = 0 (4.131)

−∂xp′ + η
(
∂xxu

′ + ∂zzu
′) = 0 (4.132)

−∂zp′ + η
(
∂xxw

′ + ∂zzw
′) = ρ0αgT

′. (4.133)

As BCs, we have T ′ = w′ = 0 for z = ±h/2 (i.e. we are not considering in or out flow, nor topography
undulations). For the no-slip case, we additionally need to consider u′ = 0 whereas for free-slip, we
have τ ′xz = 0 (or ∂zu′ = 0) at z = ±h/2 (Fig. 4.39).

Let us assume free-slip for now, use the stream function approach (§4.1.5), i.e. describe velocities as
derivatives of a scalar function Ψ(x, z) which naturally satisfies eq. (4.131),

u′ = −∂zΨ ′ and w′ = ∂xΨ
′,

and plug this into eq. (4.132) and eq. (4.133), which gives

−∂xp′ − η
(
∂xxzΨ

′ + ∂zzzΨ
′) = 0 (4.134)

∂zp
′ + η

(
∂xxxΨ

′ + ∂zzxΨ
′) = ρ0gαT

′. (4.135)

We can eliminate p from those two equation by taking the z derivative of eq. (4.134) and the x derivative
of eq. (4.135). After also plugging in Ψ ′ into the energy equation, this leads to the coupled, linear system
of PDEs

η
(
∂xxxxΨ

′ + 2∂xxzzΨ
′ + ∂zzzzΨ

′) = ρ0gα∂xT
′ (4.136)

∂tT
′ +

∆T

h
∂xΨ

′ =
(
∂xxT

′ + ∂zzT
′) . (4.137)
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Looks a bit strange with all those higher order derivatives, but in comes another classical approach,
the solution of these equations by separation of variables, where we assume that we can pull apart the
dependence on space and time.

What should we use for the spatial dependence of the solution? How about harmonic functions, i.e.
those that involve cos and sin trigonometric function of some wavelength λ or wave number k = 2π

λ

(§C.1.3). Those functions have nice mathematical properties, and they will allow us to test what hap-
pens for short and long-wavelength solutions. Any arbitrary solution could be approximated by Fourier
superposition of harmonic solutions because the system is now linear. What happens is determined by
the temporal solution, what should we use there? Since we are considering the behavior of small per-
turbations to the conductive solution, lets explore growth, and growth can mathematically be captured
by the exp function, so that exp(φt) increases or decreases over time depending on φ.

We therefore guess that the solutions for T ′ and Ψ ′ are of type

Ψ ′(x, z, t) = Ψ ′0 cos
(πz
h

)
sin

(
2πx

λ

)
eφt (4.138)

T ′(x, z, t) = T ′0 cos
(πz
h

)
cos

(
2πx

λ

)
eφt, (4.139)

with the initial values T ′0 and Ψ ′0, a wavelength λ in x, which means that flow with the cos with z
term fits within the fluid layer (Fig. 4.39). As chosen, eqs. (4.138) and (4.139) nicely satisfy the BCs
and correspond to horizontally periodic perturbations to the conductive state (we did not say anything
about the x extent of the layer, it may well be infinite, and only h in the z dimension sets a length scale
here).

If we insert eqs. (4.138) and (4.139) into eqs. (4.136) and (4.137),(
φ+ κ

(
π2

h2
+

4π2

λ2

))
T ′0 = −2π∆T

λh
Ψ ′0

η

(
4π2

λ2
+
π2

h2

)2

Ψ ′0 = −2π

λ
ρ0gαT

′
0.

We can now eliminate T ′0 and Ψ ′0 to get an equation for the growth rate

φ̃ =
φ

td
= Ra

k̃2 −
(
π2 + k̃3

)3
(
π2 + k̃2

)2 , (4.140)

with k̃ = kh = 2πh/λ, and diffusion timescale

td =
h2

κ
. (4.141)

Ra is of particular interest here, it measures the vigor of convection by balancing buoy-
ancy forces associated with advection against diffusion and viscous drag. We can define
a critical Rayleigh number, Rac(k̃), the Ra for which φ̃ > 0 such that the associated pertur-
bations with k̃ grow over time. From eq. (4.140), this is the case for

Ra > Rac =

(
π2 + k̃2

)3

k̃2
. (4.142)

Figure 4.40a illustrates the meaning of eq. (4.142). It delineates a phase space where all
perturbations withRa < Rac are stable, so that their amplitude will die out over time with
φ < 0. The region where Ra > Rac corresponds to exponential growth of perturbations
with φ > 0. If we take out reference state fluid layer and now slowly raise the temperature
difference, ∆T , then Ra will increase via eq. (4.130), which would graphically be a rising
horizontal line on Fig. 4.40a. The first unstable perturbation is that at k̃c where Rac(k̃) is
at the minimum.

To find an extreme of a function, calculus tells us to find the spot where the function’s
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Figure 4.40: a) Crit-
ical Rayleigh num-
ber, eq. (4.142), Rac,
as a function of non-
dimensionalized wave
number, k̃ = kh = 2π/λh.
k̃c marks the wave number
at which the Rayleigh-
Bénard system becomes
first unstable when Ra
is increased from zero,
Rac(kc) = 657.5, for kc of
eq. (4.143). b) Convective
patterns corresponding to
different values of k̃.

derivative is zero, so
∂Rac

∂k̃
(k̃c) = 0,

and this is in fact the minimum (Fig. 4.40a), such that the most unstable perturbation is
predicted to be that for which

k̃c =
π√
2
≈ 2.22. (4.143)

This wave number, or the equivalent wavelength of

λc = 2
√

2h ≈ 2.83h

is that of an ∼ 1.4 aspect ratio convection cell (Fig. 4.40b). Physically, this is because the
ratio of potential energy change to viscous dissipation is optimized by the system at onset:
Longer wavelength than λc cells do not have enough vertical heat transport, and shorter
wavelength ones too much viscous dissipation (Fig. 4.40b).

For the optimal λc, the critical Rayleigh number is Rac(λc) ≈ 657.7. In the no-slip case
for the Rayleigh-Bénard problem, Rac(λc) ≈ 1707.8, with λc ≈ 2.016h. Therefore, onset
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Figure 4.41: Temperature and velocities from steady-state configurations of 2-D, bottom heated,
isoviscous, numerical thermal convection models at ∼ 10 (a) and ∼ 100 (b) times the critical
Rayleigh number. The models have free slip, i.e. shear stress free, no surface deflection, BCs on all
sides and are of 1× 1 geometry as shown. See Fig. 4.45 for time-dependent, higher Ra cases.

of convection happens at Rac ∼ 1, 000 as long as there are perturbation across all wave-
lengths, which for experimental systems is almost always the case because of background
noise and thermal fluctuations.

Figure 4.41 illustrates the onset of convection after crossing from sub-critical to su-
percritical in simple numerical computations which are restricted to a 1 × 1 box in units
of h. Steady convection cells with symmetric downwellings and upwellings at the sides
develop. The interior of the call becomes successively more well mixed, until the tem-
perature does not change over time anymore in the steady-state as shown in Fig. 4.41.
Compared to the conductive, linear profile, eq. (4.127), the temperature gradients for con-
vection are focused the top and bottom of the box. This is the hallmark of convective
transport, as the thinner boundary layer leads to increased heat flux (§4.3.5), and diffu-
sion becomes successively less important in the interior.

4.3.1.1 Internal heating

Let us consider the case when the fluid is entirely heated from within, and there is an
insulating, zero flux, q = 0, van Neumann bottom boundary condition. If we equate
the heat flux at the surface q, eq. (4.64), per area, A ∝ h2, with the total produced heat
Q within the volume, V ∝ h3, which relates to volumetric heat production rate, H , as
Q = HV ∝ Hh3, eq. (4.67), we find that q ∝ Hh (§4.2.1.1). With q ∝ k∆T/h, this defines a
temperature scale, or characteristic temperature for internal heating

∆TH =
Hh2

k
=
ρH ′h2

k
, (4.144)

with the heating rate per mass H ′ = H/ρ, and the characteristic heating rate is Hc =
∆Tk/h2. We can plug in eq. (4.144) into eq. (4.130) to derive an internal heating Rayleigh
number as

RaH =
H ρ0αgh

5

kηκ
=
H ′ ρ2

0αgh
5

kηκ
. (4.145)
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The non-dimensional heating rate, H̃ , and RaH are then linked by

H̃ =
H

Hc
=
Hh2

k∆T
and RaH = RaH̃. (4.146)

Often more usefully, we can rewrite eq. (4.130) via the steady-state heat flux, q, for the
internal heating case

Raq =
q ρ0αgh

4

kηκ
(4.147)

which is also appropriate for the prescribed heat flux case (cf. O’Connell and Hager, 1980).
For the internal heating convective stability problem, one finds λc ≈ 3.5h at Rac(λc) ≈

867.8 for free-slip, and λc ≈ 2.38h at Rac(λc) ≈ 2772 for no-slip. While the detailed value
of the critical Rayleigh number, and hence the conditions at onset of convection, thus
depend on the mode of heating and the mechanical BCs, Rac is always ∼ O(1, 000).

4.3.2 Earth’s mantle is convecting vigorously

The power of identifying characteristic numbers for fluid dynamical systems such as Ra
(§4.1.1) is that we can study convection theoretically, in an analog experiment, or using
computer models. If we understand the characteristic dynamics, we can apply those to
any system with the same Ra.

We can, for example, conduct laboratory experiments of mantle convection and ex-
plore the dynamics (e.g. Jacoby and Schmeling, 1981). When conducting such experiments,
care needs to be taken that all relevant non-dimensional numbers agree between the real
Earth problem and the laboratory experiment (e.g. Weijermars and Schmeling, 1986). The
benefit is that analog experiments naturally capture the physics correctly, since they hap-
pen in reality, rather than in an abstraction in a computer. However, as a cautionary
note, Strutt (Lord Rayleigh) (1916) failed to explain the critical Rayleigh number in Bénard’s
(1901) experiments because those were in fact not like the Rayleigh-Bénard instability an-
alyzed in §4.3.1, but strongly affected by surface tension (Block, 1956). Systems dominated
by surface tension are called Marangoni-Bénard convection (Pearson, 1958) and need to be
analyzed differently; surface tension can matter in the lab, but not on Earth.

That aside, the most important application of the instability analysis for us is to com-
pare Rac of eq. (4.142) with estimates for the Rayleigh number of Earth’s mantle, Ra(M).
This number is somewhat uncertain and ranges from 106 . . . 108, depending on assump-
tions about h and η, mainly. However, for the entire mantle, we can, e.g., compute Ra(M)
conservatively as

Ra(M) =
∆Tρ0αgh

3

κη
=

(2× 1350)× 4454× 2 · 10−5 × 10×
(
2891 · 103

)3
10−6 × 1022

≈ 6 · 106

(4.148)
Here, we used constraints from Table 1.1 for ∆T and assumed symmetric boundary layer
temperature jumps, ρ0 and g from seismology (Fig. 1.8), and α and κ can be measured
in the lab (but we ignored their temperature and pressure dependence and used typical
values, §4.2.1). Assuming that convection operates in all of the mantle, h is the thickness of
the mantle, leaving η as the major uncertain property in eq. (4.148). Post-glacial rebound
indicates that the upper ∼ 1200 km of the mantle average to η ∼ 1021 Pas (§4.1.7.1), while
geoid and slab sinking constraints imply that there is a viscosity increase in the lower
mantle (§5), motivating our choice for η. Viscosity is probably the most uncertain of the
material parameters, but regardless, even for the lower end Ra values, Ra(M) � Rac.
This means that the mantle is expected to be vigorously convecting.
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Figure 4.42: Finite am-
plitude convective cell
model following Turcotte
and Oxburgh (1967). TBL
= thermal boundary layer,
with average thickness
δTBL.

As a corollary, we can identify plate tectonics as part of mantle convection; the lithospheric
plates are the surface, cold thermal boundary layer of the convecting system (§4.3.5). This
argument appears quite robust, and mantle convection as the driving force for Wegener’s
(1912) continental drift had been suggested by Holmes (1931) and explored further by
Pekeris (1935) and Hales (1936). Yet, the mechanism was not been accepted until the late
60s after the establishment of seafloor spreading (Turcotte and Oxburgh, 1967; Hales, 1969).

4.3.3 Finite amplitude boundary layer model

Let us now consider a Rayleigh-Bénard, bottom heated fluid system which is strongly su-
per critical such that Ra � Rac, i.e. the high vigor, finite amplitude convection case as
opposed to the onset of convection case that was discussed in §4.3.1. Cells of fluid mo-
tions will the have formed to accommodate the convective transport of heat (Fig. 4.41).
Conduction then feeds heat into a hot bottom boundary layer that will form at the base
of a cell, and conduction releases heat at the surface, cooling the top thermal boundary
layer (Fig. 4.42). In between, advection will transport hot material up and cold material
down; this is expected to happen in symmetric limbs of what fluid dynamicists call hot
and cold “plumes”. For more realistic cases, such as mixed internal and bottom heating or
the inclusion of temperature-dependent viscosity, the symmetry of Fig. 4.41 will be bro-
ken (§4.4), typically enhancing the width of the cold downwellings (associated with plate
tectonic slabs), and leading to thinner, hot upwellings, which geoscientists then typically
refer to as plumes (§6), without specifying that they mean the hot ones.

Without solving the PDEs, we can gain important insights by a force balance consid-
eration similar to §4.1.4 (Turcotte and Oxburgh, 1967). Convection balances the release of
potential energy (hot material rising, and vice versa) with the viscous dissipation due to
shearing in the fluid, eq. (3.87). Expressed as forces, let us first consider the buoyancy
force due to the downward pull of the cold thermal boundary layer. As before for the esti-
mate of the slab pull force, eq. (4.117), we can use the half-space cooling model to estimate
the structure of the cold thermal boundary layer that is subducting to find

Fb = 2ρ0gαh(Tc − T0)
u

v

√
κλ

2πu
,

where h is the layer height (assuming the subducting limb reaches the bottom of the cell),
Tc and T0 the temperature in the core of the convection cell and at the surface, u and
v the horizontal and vertical velocities, respectively, and λ the wavelength of a set of
two convection cells (Fig. 4.42). We can identify the driving density contrast, ∆ρ, as the
ρogα(Tc − T0) combination, and λ/u is the timescale for which a thermal boundary layer
forms and then subducts, which means that the√age law applies.
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If we assume a linear velocity profile, then conservation of mass (incompressible case)
yields approximately vλ/2 = uh. These velocities do not actually satisfy the BCs (assumed
free-slip here), but are good enough for a first guess (and a first guess only). The viscous
dissipation forces to balance Fb can be assembled by considering the viscous shearing
work, eq. (3.87), on vertical and horizontal boundaries

Fvv = hvτv = hv

(
4v

λ
η

)
and Fvh =

λu

2
τh =

λu

2

(
2u

h
η

)
,

respectively. The total buoyancy forces (upwellings and downwellings) are balanced by
the two horizontal and two vertical shearing contributions 2Fb = 2Fvv+2Fvh, from which
we can solve for u to find u ∝ Ra

2
3 , and in detail

u = vc
Λ

7
3

(1 + Λ4)
2
3

(
Ra

2
√
π

) 2
3

.

Here, we introduced Λ as a non-dimensionalized wavelength, or aspect ratio,

Λ =
λ

2h
=
l

h
, (4.149)

where l is a horizontal length, h the characteristic length, and vc = h/td = κ/h a charac-
teristic velocity, again based on the diffusion timescale, td. Ra is defined as in eq. (4.130)
and arises again from collecting the governing parameters.

Convection serves to maximize heat transport, and we can estimate the total heat flux,
Q̄, through the top thermal boundary layer from the temperature difference between core
and surface, the thickness of the thermal boundary layer, and eq. (4.64)

Q̄ = 2k(Tc − T0)

√
uλ

2πκ
, (4.150)

with k thermal conductivity. The conductive heat flux is qcond. = −k∆Th instead, with
∆T = T1−T0, and Tc = ∆T

2 +T0. If we introduce the Nusselt number, Nu, as a measure for
the overall heat transport effectiveness of convection (as opposed to the vigor, quantified
by Ra) by defining Nu as the ratio of convective, q̄, to conductive heat transport,

Nu =
q̄

qcond.
(4.151)

we get

Nu =
1

2
1
3π

2
3

Λ
2
3

(1 + Λ4)
1
3

Ra
1
3 . (4.152)

In the case of pure internal heating, q̄ = Hh has to hold and we can write the Nusselt
number as

Nu =
h2H

k∆T
=
∆TH
∆T

with the internal heating temperature scale from eq. (4.144).
The convective heat transport is larger than the conductive one because the tempera-

ture gradient of∆T/2 between the center of the convective cell and the surface (or bottom)
is achieved over a relatively thin boundary layer with average thickness δ = δTBL � h
(Fig. 4.42), i.e.

Nu =
T1 − T0

2δ

h

T1 − T0
=

h

2δ
, (4.153)
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Figure 4.43: Rayleigh number depen-
dence of the Nusselt number, Nu,
and boundary layer thickness, δ, for
the isoviscous, incompressible, infi-
nite Prandtl number convection mod-
els of Fig. 4.45. Best fit lines are
for scalings ∝ Ra±β with β ≈ 0.3,
close to the theoretical estimates of
eqs. (4.152) and (4.156), β = 1

3 .
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meaning that the boundary should get thinner with increasing Rayleigh number as δ ∝
Ra−

1
3 .

What is the most likely aspect ratio that is expected from the simplified analysis? From
the perturbation analysis for the onset of convection, we would expect Λpert =

√
2 for the

fastest growth rate from k̃c of eq. (4.143). For the finite amplitude case, we can find the
aspect ratio which maximizes heat transport, by setting the derivative of eq. (4.152) wrt.
Λfin to zero, which yields Λfin = 1 for maximum Nu, i.e. perfectly even convection cells
with λ = 2h. For Λfin, the predictions are then

u ≈ 0.271
κ

h
Ra

2
3 = 0.271vcRa

2
3 (4.154)

Nu ≈ 0.294Ra
1
3 (4.155)

q =
k(T1 − T0)

h
Nu = qcondNu.

With a whole mantle Ra(M) ∼ 6 · 106, eq. (4.148), u ≈ 8 cm/yr, Nu ≈ 53, δ = h/ (2Nu) ≈
27 km, and q ≈ 178 mW/m2. These values are of the right order of magnitude for
plate tectonics on Earth, but q is too high, and δ too small, mainly because temperature-
dependent viscosity affects boundary layer thickness (§4.4.1.3).

4.3.3.1 Modified boundary layer models

The classical boundary layer approach has numerous simplifications, among them the as-
sumption of a linear velocity profile (Fig. 4.42), and real convection systems focus shearing
toward the up and downwellings, for example. This modification along with changes in
the aspect ratio, Λ, of convection can be significant as the viscous dissipation will repar-
tition within the convection cell. Particularly if there is viscosity layering, e.g., because
of an asthenosphere, this can lead to modified wavelength dependence of heat transport
(Grigné et al., 2005; Lenardic et al., 2006).

Crowley and O’Connell (2012) further explored the role of a strong plate and astheno-
sphere for how viscous dissipation is partitioned (Fig. 4.44). Besides the classic solution
discussed here (top gray cicle in Fig. 4.44a), there can be two different cases. If bending of
a plate with very large viscosities is considered, the increasing viscous dissipation in the
lithosphere can shut down plate motions (Fig. 4.44b; Conrad and Hager, 2001). The layered
model predicts a transition to a sluggish surface lid with intermediate plate speeds driven
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Figure 4.44: Results from boundary layer models allowing for a strong plate with variable viscos-
ity, ηL, or equivalent yield stress, σY , and an asthenosphere. a) Non-dimensional plate and mantle
velocity predictions. b) Partitioning of energy rates into lithospheric dissipation (black), mantle
tractions (red; dashed: resisting, solid: driving), asthenospheric pressure gradient (light blue), and
potential energy change in the lithosphere (dark blue), relative to total potential energy change
(slab pull). Gray line indicates an example ηL where there are two stable (circles) and one unstable
solution for plate speeds (from Crowley and O’Connell, 2012).

by mantle tractions (middle intersection in Fig. 4.44a), but the second stable configura-
tion at the same parameters is one where dynamics are controlled by the lithosphere, and
plate motions are small (lower circle in Fig. 4.44a). This highlights the role of an astheno-
sphere and lithospheric rheology in partitioning viscous dissipation, something we return
to below (§4.4.4.2).

4.3.3.2 General convective scaling laws

Let us assume convection is in the classic, mobile lid regime discussed above (Fig. 4.42).
Much more important than detailed estimates we derived, e.g. eqs. (4.154) and (4.155), are
the

δ ∝ Ra−β and Nu ∝ Raβ (4.156)

type scalings.
Figure 4.43 shows numerical model results from isoviscous convection to illustrate

that such scaling behaviors for δ and Nu are indeed observed for laboratory and numer-
ical free convection, with exponents β for Nu ∝ Raβ of ≈ 1

3 across a range of values for
Ra and Pr (Jarvis and McKenzie, 1980; Grossmann and Lohse, 2000; Deschamps et al., 2010).
Complexities in the scalings arise, for example, from the fact that viscosity is not constant.
However, when Ra is defined based on the average temperatures (the center of a con-
vection cell will not be at ∆T/2, in general) β = 0.281, for example, for mobile lid cases
(§4.4.1.3; Manga and Weeraratne, 1999; Solomatov and Moresi, 2000).

Eqs. (4.154) and (4.155) also show that velocities scale with the square of the heat flow,

Q ∝ Ti
2δ
∝ Ti√

a
∝ Ti
√
u

since the typical age of a plate, a, goes with the wavelength and speed as a ∝ λ/u, and for
constant wavelength or plate size a ∝ 1/u, eq. (4.150). Alternatively, we can consider a res-
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idence time, tr, associating δ with the characteristic depth of half-space cooling, eq. (4.92),
such that δ = 2

√
κtr, and with linking this time to u, then tc = l/u = Λh/u, where hΛ,

eq. (4.149), is the plate size, or horizontal distance scale, so that (O’Connell and Hager, 1980)

δ = 2

(
κhΛ

u

) 1
2

.

For roughly constant Λ, we thus expect

u ∝ 1

δ2
∝
(
Q

Ti

)2

∝ Nu2, (4.157)

to hold fairly generally. A similar boundary layer analysis for the internally heated case
which only considers the top, cold boundary layer (§4.3.5.1) shows that (Parmentier and
Morgan, 1982; Davaille and Jaupart, 1993)

δ ∝ Ra−
1
4

H,q, Nu ∝ Ra
1
4
H,q, and u ∝ Ra

1
2
H,q, (4.158)

where mixed heating cases can get tricky (Moore, 2008; Ferrick and Korenaga, 2023).
Scaling relationships such as eq. (4.158) form the basis for a range of analyses including

parameterized convection model for Earth’s thermal evolution (§11.3). Scalings can not
capture any “details”, such as time-dependent fluctuations of heat flow around averages,
or typical variations for time-dependent convection and plate tectonics. However, they
can provide important physical insights as to possible effects of changing parameters on
the state of a system, useful in particular when detailed knowledge is absent, such as for
the early Earth or other planets (§11.4).

4.3.3.3 Layer thickness independence of heat flux in convection

We will discuss possible modifications of convective heat flow scalings below (§11.3).
However an important, general consideration for plausible β scalings which should hold
regardless of heating mode and, to first order, rheology, is the domain-thickness inde-
pendence of heat flux. That is, in the asymptotic case of vigorous convection, the top
boundary layer thickness δ and dynamics should only depend on mantle temperature
and total heat flux, and not the total convective layer thickness, h, or deeper mantle dy-
namics, since vigorous mixing will erase information from the lower boundary layer at
the surface (Howard’s (1966) conjecture).

Rewriting eq. (4.153) with eq. (4.156)

δ =
h

2Nu
∝ h

Ra−β
∝ h

(
Ra

Rac

)−β
we can see that the inferred requirement that δ is independent of h given that there is
an Ra ∝ hζ dependence means that 1 − ζβH = 0, and therefore the appropriate scaling
should be

βH =
1

ζ
(4.159)

(O’Connell and Hager, 1980). For the bottom heated Ra, ζ = 3 from eq. (4.130), i.e. βH = 1
3 ,

as was found above, and for purely internal heating, using the the heat flux controlled
version of eq. (4.147), ζ = 4 and βH = 1

4 , as in eq. (4.158).
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Expanded details 19: Convective boundary layer instability and local Rayleigh number

Returning to the thermal problem, we note that Rayleigh numbers cannot just be used for the whole
convective domain, but we can also use local Rayleigh numbers to inform our understanding of subsets of
the system. For example, consider the Rayleigh-Bénard system, where a thermal boundary layer thick-
ens away from the center of the upwelling limb of the convection cell (or spreading center). When will
the cold thermal boundary itself go unstable and form dripping downwellings, or initiate a wholesale
downwelling limb, i.e. a new subduction zone?

The Rayleigh number, e.g. eq. (4.130), and stability analysis of §4.3.1, can again be used, when ap-
plied to the cold thermal boundary layer alone. For the local Rayleigh number, Ra, the temperature
difference, ∆T ′, in question is half the total temperature contrast, (T1 − T0)/2, between top and bottom
of the entire convection cell, and the height h′ forRa is now the thickness of the thermal boundary layer,
zl, which follows as

zl ≈ 2.32
√
κt

from half-space cooling using the 90% of interior approximation (§4.2.3.1). Thus

Ra =
ρgα(T1 − T0)z3L

2ηκ
≥ Rac ≈ 657.5, (4.160)

using the free-slip critical Rayleigh number from the Rayleigh-Bénard perturbation analysis (§4.3.1).
We can solve eq. (4.160) for the zl that is large enough for Ra > Rac from which we can obtain the

critical age tc. Again, from half-space cooling, the age-integrated heat flow, q̄, up to this time is

q̄ =
k(T1 − T0)√

πκtc
.

Using the definition of the Nusselt number of the convective to conductive heat flow

Nu =
q̄

qcond
=

q̄h

k(T1 − T0)
, suchthat Nu ≈ 1.04

(
Ra

Rac

) 1
3

≈ 0.12Ra
1
3

with Rac ≈ 657.5. Compare this estimate with the one from the finite amplitude convection approach,
eq. (4.155), the same scaling and order of magnitude result.

For typical values for the parameters, one finds

tc ≈
22.3

Ra
2
3

h2

κ
≈ 51 Myr for h = 700 km.

This value is close to the mean age of the oceanic seafloor, 64 Ma (Fig. 1.16). However, such a boundary
layer instability analysis would lead one to expect a clear cut off for the maximum oceanic seafloor age,
and a uniform distribution of ages. However, this is not observed for Earth; rather, the distribution
of seafloor area per age vrs. age is at present near triangular (Fig. 1.24), implying a sharp increase in
subduction probability with age. The reasons for these deviations likely include spherical geometry
and continents (Labrosse and Jaupart, 2007), as well as time-dependent fluctuations in spreading rate and
convective vigor (§4.4.4.3; Becker et al., 2009a; Coltice et al., 2012).

4.3.4 Non-dimensional equations and the Rayleigh number

For any complex set of equations, one can consider the order of magnitude of variables to
simplify the governing equations by defining characteristic quantities and then dividing
all properties by those to make them non-dimensional (§4.1.1). We had already encoun-
tered the example of the Navier-Stokes equation, eq. (B.2), in the Boussinesq approxi-
mation, eq. (4.9). With a length scale h and the choice of the diffusion timescale, the
characteristic amplitudes for all variables are fully determined as (exercise 5)

xc = h; tc = td =
h2

κ
; vc =

h

tc
=
κ

h
; ε̇c =

vc
h

=
κ

h2
; τc = ηε̇c = η

κ

h2
; Tc = ∆T. (4.161)

We assumed that the system is bottom heated; for pure internal heating, Tc = ∆TH ,
eq. (4.144), and RaH of eq. (4.145) has to be used.
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Eq. (4.9) can be non-dimensionalized by plugging in f = f̃fc as, eq. (4.1)

1

Pr

D̃ṽ

D̃t̃
= −∇̃p̃+ ∇̃2ṽ −RaT̃ez. (4.162)

I.e., all properties f are replaced by their non-dimensional, scaled versions f̃ , and mate-
rial parameters have been collected in two unit-less numbers, of course recovering the
Prandtl, eq. (4.5), and the Rayleigh number, eq. (4.130), which we found in §4.1.1 based
on physics considerations, and here by simple algebra, as in §4.3.1. Ra and Pr scale the
importance of the respective terms since the non-dimensional variables are O(1).

For the same reasons, the non-dimensional versions of the governing equations are
also typically the best choice for numerical implementations, so that the computer will
not have to multiply terms that are very large in SI units (e.g. η) with those that are very
small, which could lead to round-off error. This also means that when a convection code
spits out, say, velocities, you will have to check what units those have, and more often
than not you will have to multiply by the vc and the like from eq. (4.161) to get back
cm/yr.

There are strong views as to what is better, non-dimensional numbers or scaled prop-
erties, but, as so often, it really depends. If all parameters of a model are in scale com-
pared to nature, dimensional numbers might make it easier to compare with geological
processes. However, if, say, Ra is smaller than it should be in the model, e.g. because of
computational difficulties, then conversion of non-dimensional results with a different,
physical scale, such as the time it takes a parcel to move up and down in a convection cell,
an overturn time, might be better to compare behavior with Earth than using cm/yr.

For the infinite Prandtl number approximation (§4.1.1), eq. (4.162) simplifies to the
Stokes equation, as used in §4.3.1. The vigor and style of convection are then physically
controlled by a single number, Ra, irregardless if dimensional or non-dimensional equa-
tions are used. Using appropriate viscosity values and accounting for temperature and
pressure-dependent parameters can be a challenge for computing Ra for more complex
scenarios, and this poses particular problems for τc, as η for rocks can be highly variable
(§3.8.6). This means that suitable choices for rheologies and the averaging of properties
can be difficult (§3.9, §4.4.1.1).

However, even though some of the properties in Ra are spatio-temporally variable for
mantle convection, and averaging can be challenging, this does not invalidate the impor-
tance of estimating the Rayleigh number. To the contrary, if we ask how, say, a different
kind of rheological law affects the style of convection, we always need to understand its
effect on Ra, and with it the convective vigor, first.

4.3.5 Numerical Rayleigh-Bénard convection experiments

Consequently, we now proceed to discuss numerical solutions of the thermal convection
equations in the infinite Prandtl number approximation, varyingRa. The non-dimensional
equations for conservation of momentum and energy with eq. (4.146) and eq. (4.161) and
in Cartesian coordinates are (3 equations for the spatial directions i)

∂σ̃ij
∂x̃j

+RaT̃ δiz = − ∂p̃

∂x̃j
δi,j+

∂τ̃ij
∂x̃j

+RaT̃ δiz = 0 and
∂T̃

∂t̃
+ ṽi

∂T̃

∂x̃i
=

∂2T̃

∂x̃i∂x̃i
+H̃ (4.163)

and we used incompressible, Boussinesq materials and the Newtonian constitutive law

∂vi
∂xi

= 0,
∆ρ

ρ
= αT̃ and σij = −pδij + η

(
∂vi
∂xj

+
∂vj
∂xi

)
,
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Figure 4.45: Isoviscous, bottom heated, thermal convection for different Rayleigh numbers, Ra, as
indicated. Panel on left shows snapshots with movies hyper-linked, and right shows horizontally
averaged temperatures, 〈T̃ 〉, in terms of their temporal mean (line) and variation (whiskers, over
a constant number of 25 snapshots). Thickness of top boundary layer estimate is indicated.

with Einstein summation convention for repeated indices. These are the same equations
as in §4.3.1 only that we are now allowing for finite amplitude perturbations and full
non-linear coupling using a numerical solution.

Besides the dominant Ra control, if viscosity is constant, η = η0, the the details
of the convection problem are determined by the geometry, eq. (4.149), the mechani-
cal and thermal boundary conditions, and internal heating, H̃ . For simplicity, we will
first assume pure bottom heating (constant temperature on the surface and bottom of
T̃ = {0, 1}, respectively, and H̃ = 0), for which isoviscous convection depends on the
Rayleigh number alone. Figure 4.45 shows 2-D numerical computations for different val-
ues of Ra/Rac ∼ 103 . . . 105 (cf. Fig. 4.41).
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As can be seen from the temperature averages, 〈T̃ 〉, convection serves to mix the in-
terior of the convecting fluid well, meaning that 〈T̃ 〉c ≈ 0.5 in the center of the convect-
ing layer, as was anticipated in §4.3.1. For the absolute temperature of Earth’s mantle,
we would have to add the adiabatic temperature gradient due to compression of rocks
(§1.3.4), meaning that bottom heated convection has cold and hot anomalies traversing
the mantle along the adiabat (Fig. 1.11), and Fig. 4.45 are the temperature anomalies wrt.
to the adiabat, which lead to the lateral density anomalies that drive flow. The emplace-
ment of hot or cold anomalies arriving from the opposite boundary layer leads to some
local overshoot and undershoot underneath the boundary layer in the convective temper-
atures. The equivalent super-adiabatic temperatures underneath the top thermal bound-
ary layer may partially contribute to the low seismic velocity zone of the Earth’s astheno-
sphere.

The Ra = 105 case of Fig. 4.45 leads to a steady convection geometry, i.e. non-zero
flow velocities which do, however, not change over time, and the temperature field is
stationary after an initial period over which the pattern is established from the initial
conditions. For the 4 × 1 computations of Fig. 4.45, convection becomes time-dependent
for Ra & 106 (cf. Travis and Olson, 1994). In this case, properties such as the heat flux Q are
still expected to conform to the scalings of §4.3.3, but are meant in some suitably timed-
averaged way, with some of the temporal variations around the mean indicated by the
box-whisker plots of Fig. 4.45.

Initial temperature conditions may be preserved by convection systems for a some-
times surprisingly large number of convective overturns (timescale tO = h/v), meaning
that several tens of tO need to be computed to achieve meaningful, typical values, so that
the state of the system is independent of the initial conditions, and only a function of
the parameter. This can be painful, but is straightforward for isoviscous systems. How-
ever, visco-plastic, temperature-dependent viscosity cases can lead to path-dependence
and hysteresis (§4.4.4.1).

As was shown for 1 × 1, steady-state models (Fig. 4.41) and anticipated in §4.3.3, the
thermal boundary layer thickness, δ, of the full-blown convection models of Fig. 4.45 de-
creases with increasing Ra. If we define the top boundary layer thickness as the averaged
temperature reaching 90% of its core value, the expectation of a δ ∝ Ra−

1
3 scaling is con-

firmed by our simple numerical tests (Fig. 4.43). For the convective heatflow, which is
easier to measure robustly, Nu ∝ Raβ , and we find β ≈ 0.3.

For bottom heated, isoviscous convection, hot upwellings and cold downwellings are
perfectly symmetric, e.g. in terms of their width and time-dependence. As can be seen
from the temporally averaged temperature profiles of Fig. 4.45, higher Rayleigh numbers
reduce temperature anomaly fluctuation around the mean, i.e. typical lateral temperature
anomalies in the asthenosphere decrease with enhance vigor of flow and mixing. These
variations in the asthenosphere, e.g. at depths of 2δ, scale as∝ Ra−

1
6 = Ra−

β
2 for the time-

dependent convection cases for Ra & 106. The mantle’s Rayleigh number, eq. (4.148),
should be somewhere around the convective vigor of theRa = 107 case (Fig. 4.45c), which
has typical variations of asthenospheric temperatures of ∼ 4%, comparable to what is
observed (Table 1.1 and §7.2.4).

4.3.5.1 Role of internal heating

The Earth’s mantle is not purely bottom heated. Instead, it is generally held that the ma-
jority of the heat driving convection is predominantly due to internal heating due to heat
producing elements and secular cooling (§4.2.1 and §6.3). We therefore explore a couple
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Figure 4.46: Snapshots from mixed (a-b, H̃ 6= 0) and pure internal (c, QCMB = 0) heating, isovis-
cous thermal convection. See Fig. 4.45c for the purely bottom-heated cases.

of models with non-zero internal heating, H̃ (Fig. 4.46). Our goal here when discussing
these computations is not to mimic Earth but to understand some of the basic physical
mechanisms controlling thermal convection. That said, we want to also make sure that
we are not completely out of scale, of course. With the values from eq. (4.148), the non-
dimensional heating rate, eq. (4.146), scales as H̃ =

(
H ′ρh2

)
/ (k∆T ) ≈ 6.89×H ′ [pW/kg],

such that H ′BSE = 4.8 pW/kg (§4.2.1), for example, corresponds to H̃ ≈ 33.
Figures 4.46a and b show snapshots for mixed heating convection computations at

Ra = 107, holding the bottom temperature fixed, but adding internal heating at H̃ = 15
and 30, respectively. For such mixed heating models, the core heat flux to total surface
heat flux ratio has to be inferred a posterior as temperature BCs say nothing about the total
heatflux per se. Fig. 4.46c shows a case where the bottom boundary thermal condition is
set to zero heatflux, i.e. insulating, leading to purely internally heated case.

The mixed heating cases illustrate that non-zero H̃ shifts the mean mantle temperature
in the interior toward larger values compared to the isostatic case, i.e. 〈T̃ 〉c > 0.5, which
breaks the symmetry between upwellings and downwellings. The balance between inter-
nal and bottom heating affects the role of hot, upwelling plumes relative to cold down-
wellings, with the extreme endmember being that of pure internal heating (Fig. 4.46c). In
this case, the zero heat flux bottom BC requires that the convective geotherm is constant
close to the bottom, (§4.2.2.1). This means that there is no bottom thermal boundary at all,
and hence no hot plumes form since those arise as boundary layer instabilities.
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4.4. MANTLE CONVECTION

Moreover, for the pure internal heating case, the hottest average temperatures are now
found underneath the cold, top thermal boundary layer. This can lead to a broad, purely
thermally caused asthenosphere if viscosity is temperature-dependent. As a corollary, the
mean temperature trend is now increasing upward from the CMB to the upper mantle,
meaning that the temperature gradient is subadiabatic. While fast, cold downwellings for
pure internal heating still sink mainly adiabatically, the slow return flow upwellings get
heated up significantly, an effect that is more pronounced for 3-D (Parmentier et al., 1994).

On Earth, hot upwelling plumes have been suggested as the source of intraplate vol-
canism (hotspots, §6), and sometimes arguments about the existence of plumes are con-
flated with the question if some or most hotspots are linked to deep mantle sourced up-
wellings. While chemical and rheological feedbacks complicate the picture, all convective
systems with non-zero heat flux will show some sort of hot plumes. Their role in the
overall heat transport will depend on the degree of internal heating (§6.3).

One way to get at this balance is to consider overall mass and heat transport from a
tectonics perspective. We have seen that slab-pull is expected to be the dominant plate
driving force (exercise 7). If we associate a fraction φ of the total convective heat fluxQc of
36 TW (Table 4.1) with the change of thermal energy purely due to sinking slab anomalies
with vertical velocity v and total areaAs and thermal anomaly∆T , eq. (4.70), we can write
an overall balance as

φQC = ρAsvcp∆T.

If we assume that the thermal anomalies due to slabs sinking below the thermal boundary
layer are typicallyW ∼ 100 km wide, and consider those that are at present mainly carried
by slabs around the Pacific ocean, with plate boundary length L ∼ 2πR and R ∼4100 km
(Fig. A.6), then

φ =
2πRWvρcp

Qc
∼ 55%

for ∆T = 700◦, cP = 800 J/K/kg, ρ = 4454 kg/m3, and v = 10 cm/yr, a pretty big
fraction (Bercovici, 2003; Steinberger and Calderwood, 2006). This would indicate that slabs
are the major contributors to convectively driven plate motions, and plumes are a minor
component, and hence a large degree of internal heating like Fig. 4.46b or c. This rough
estimate is consistent with the high end of typical thermal budgets for Earth (Table 4.1),
where core heat flux is expected to make up between 10. . . 40% of the convective total
(§6.3).

Another line of argument that indicates that Earth’s mantle is convection in an asym-
metric, top-down way is by consideration of spreading centers. For the symmetric style
of bottom heated, isoviscous convection (Fig. 4.45c) we would expect large dynamic to-
pography and geoid anomalies over spreading centers. This is not observed, and iso-
static models, eq. (4.114), fit the young seafloor ages well. This indicates that spreading is
mainly passive (Runcorn, 1963; Davies, 1988), consistent with the slab dominated convec-
tion style discussed above.

The contribution of internal to bottom heating has decreased over the age of the planet
(Fig. 4.23), which means that plumes’ impact on the surface may have increased over
time and have been even weaker in the past. Evolutionary scenarios of how internal heat
production and the thermo-kinematic state of the planets are discussed in §11.3.

4.4 Mantle convection

Building on these basic insights into thermal convection, we can continue to explore more
realistic scenarios, starting with rock rheology and phase transitions.

254 DRAFT



4.4. MANTLE CONVECTION

4.4.1 Temperature and stress-dependence of viscosity

4.4.1.1 Approximations of rheological descriptions

Even if we limit ourselves to the quasi-fluid, creeping deformation regime, laboratory ex-
periments indicate a range of important mechanisms some of which indicate non-linear
rheologies (§3.8.6). Ignoring the effects of partial melt and water, we can rewrite a labora-
tory derived creep laws such as eq. (3.126) as (exercise 4), for example

η =
1

2
A′′−

1
n ε̇

1
n
−1

II d
m
n exp

(
E + pV

nRT

)
(4.164)

and assuming constant grain-size d, one can write a simplified viscosity function for the
second invariant of deviatoric stress or strain-rate as

η = Bτ1−n
II exp

(
E∗

RT

)
or η = B

1
n ε̇

1−n
n

II exp

(
E∗

nRT

)
, (4.165)

where E∗ = E + pV is the activation enthalpy, and B a constant. Besides the differences in
dependence on τII and ε̇II as a function of the power-law exponent n (Fig. 3.45), it is also ap-
parent that the fixed strain-rate formulation indicates a weaker temperature-dependence
than fixed stress (E∗/n instead of E∗, with n ∼ 3; §4.4.1.4).

For mantle convection, shearing of fluids will be neither fixed strain-rate, stress, or
fixed viscous dissipation. However, the fixed strain-rate formulation is more instructive,
and if one assumes that convective vigor controls velocities u so that ε̇ ∝ u ∝ Ra

2
3 ∝ η−

3
2 ,

eqs. (4.154) and (4.157), then

η ∝ exp

(
3

n+ 2

E∗

RT

)
. (4.166)

These considerations indicate reduced temperature sensitivity for power-law flow (§4.4.1.4).
For numerical modeling approaches, the Arrhenius term of eq. (4.165) leads to compli-

cations, and the vast viscosity variations across the top thermal boundary layer (exercise 4;
Fig. 4.47) usually need to be truncated artificially, or via plastic yielding at the high vis-
cosity limit which is what Earth does, in some way (§4.4.4). A common approximation of
the temperature-dependent branch of rheology is the linearization by Frank-Kamenetskii
(1969). If we non-dimensionalize temperature based on a surface value Ts and a typical
temperature contrast, ∆T , such as from the surface to the convecting mantle, such that

T̃ =
T − Ts
∆T

we can write the full Arrhenius term as in eq. (4.165) as

η(T̃ ) ∝ exp

(
Ẽ∗

T̃ + T̃s
− Ẽ∗

1 + T̃s

)
,

where T̃s and Ẽ∗ are the normalized surface temperature and enthalpy, respectively,

T̃s =
Ts
∆T

and Ẽ∗ =
H

R∆T
.

The Frank-Kamenetskii (FK) approximation of eq. (4.165) is then

η = Bτ1−n
II expθ(1−T̃ ) with θ = −∂ ln η

∂T T̃=0
=

E∗∆T

R(Ts +∆T )2
=

Ẽ∗

(1 + T̃s)2
, (4.167)
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Figure 4.47: Comparison of full
Arrhenius type temperature de-
pendent viscosity, η, eq. (4.165),
and Frank-Kamenetskii approx-
imation, eq. (4.167), for Ts =
273◦, ∆T = 1350◦, and en-
thalpies, E∗, as indicated, with
corresponding values for θ of ≈
15 and 31, respectively. We also
shows a η = η0T̃

−30 power-
law approximation of eq. (4.169)
type.
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therefore, the viscosity variations are now limited to ∆η = exp(θ) for T ∈ [Ts;Ts + ∆T ]
and linearized in log-space (Fig. 4.47). Alternatively, one can write the FK approximation
for absolute temperature T ,

η = Bτ1−n
II exp(−γT ) with γ =

E∗

RT 2
i

, (4.168)

where Ti is the interior temperature.
While the FK approximation is widely used, it is clear that this approximation is only

valid in very limited temperature range (Fig. 4.47). While convection models using the
FK rheology can approximate temperature-dependent creep laws, the deviations from the
expected Arrhenius laws may present a relevant limitation in practice, for example when
the likely mode of convection or plate-generating convection models (§4.4.4) are explored
(Korenaga, 2009; Stein and Hansen, 2013).

Another parameterization of the temperature-dependence of the viscosity which avoids
using exp functions is by a power-law scaling normalized by an internal temperature Ti
(Davies, 1980)

η = η0

(
T

Ti

)−e
or η = η0T̃

−e for Ti = ∆T. (4.169)

Eq. (4.169) simplifies thermal history computations, for example (§11.3). Figure 4.47 shows
eq. (4.169) for e = 30, this curve better approximates the Arrhenius terms.

4.4.1.2 Partial melt parameterization

One effect of fractionation is that parts of the upper mantle, in particular below spreading
centers, are expected to have . 10% of partially molten rock (§7.2.3). Intuitively, we may
think that an associated strength reduction is crucial for plate tectonics, and a regional,
asthenospheric viscosity reduction underneath spreading centers does appear to make
convection more plate-like (§4.4.4.2). However, the role of melt on large-scale flow is
actually not clear.

Experimentally, particularly small-grained rocks with small partial melt content show
reduction of creep viscosities by ∼ 10 (Kohlstedt and Zimmerman, 1996), and Hirth and
Kohlstedt (2004) suggest that olivine creep laws, such as eq. (3.121), can be modified to
account for the effect of melting by adding a

ηem = η0 exp (−ωφ) (4.170)
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Figure 4.48: Snapshots from temperature-dependent (E 6= 0), mixed heating (H 6= 0), thermal
convection, where some models also have a viscosity jump of η̂lm = 50 at the upper/lower mantle
equivalent depth. Effective Rayleigh numbers are Raeff ∼ 107 for all, where Ra for d) and e) are
adjusted for the viscosity jump. Compare with Figs. 4.45 and 4.46, but depth-averages here also
show mean viscosity, log10(η). Note that in some regions, T̃ > 1 for c), since internal heating
allows for temperatures larger than those imposed at the lower boundary.
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term where φ is the melt fraction (φ ∈ [0; 0.15] for the experiments), and ω a constant, with
ω ∼ 30 . . . 40 (Fig. 3.43).

While a number of uncertainties remain (Schmeling et al., 2012; Takei, 2013), the vis-
cosity of rocks with partial melt is strongly dependent on the degree of melt connectivity
(§3.4.1.1). Eq .(3.86) leads us to expect that isolated melt pockets between grains, with as-
pect ratio factor α ∼ 1, will have very little effect at typical melt fractions φ . 15%. Only
once melt is connected for α ∼ 0.1, shear viscosity can be dramatically reduced (Fig. 3.43).

Moreover, besides the direct impact of melt on bulk viscosities, the effects of volatile
depletion in the residuum after melting may lead to dehydration strengthening, possibly
counteracting any melt-induced weakening on larger scales. This is important for plume
dynamics (§6.3; Ito et al., 1999), and likely the stabilization of cratons (§7.3; Pollack, 1986).
Rheological or petrological melt may thus be relevant on local scales, but is likely not
affecting mantle convection strongly on large scales.

4.4.1.3 Temperature-dependence and the stagnant lid

Out of those rheological complexities, we therefore expect that the temperature-dependence
of viscosity is of prominent, if not dominant, importance. Figure 4.48 thus explores η(T̃ )
for the Ra = 107 convection case of Fig. 4.45c using eq. (4.167) with

η(T̃ ) = η0 exp
(
E(T̃r − T̃ )

)
, (4.171)

and T̃r = 1 such that maximum viscosity variations, η̂ = ηhigh/ηlow, are given by η̂ =
exp(E). Figure 4.48a shows that even moderate η̂ ∼ 20 leads to another break in symme-
try between up and downwellings, and hotter core temperatures similar to the internal
heating case of Fig. 4.46b.

This behavior can be understood in terms of a local, boundary layerRa (Expanded de-
tails 19), which is now ∼ 1/η̂ smaller in the top compared to the bottom boundary layer,
because of higher viscosities, resulting in thicker and thinner boundary layers (eq. 4.156),
respectively. There there are still significant horizontal motion for moderate viscosity con-
trasts in this sluggish, or mobile lid, regime, and the heat flux scalings of eq. (4.156) still
apply at β = 1/3 (Moresi and Solomatov, 1998), but with a reduction in Nu ∝ Ra

1
3 η̂−

1
3 with

η̂ the viscosity drop across the top boundary layer (Korenaga, 2010).
However, if we further increase the temperature-dependence of viscosity (Fig. 4.48b),

larger values of η̂ soon result in a cessation of horizontal motions in the top boundary
layer. This is called a stagnant lid regime (Morris and Canright, 1984; Christensen, 1985), and
can be understood from scaling analysis as to the dependence of convective regimes on
Ra and η̂ (Fig. 4.49; Davaille and Jaupart, 1993; Solomatov, 1995).

In the stagnant lid regime, convection only penetrates a fraction of 1/E within the
boundary layer, δ, and the interior convects nearly isoviscously at core temperatures of
〈T̃ 〉c ≈ 1 − 1/E (Fig. 4.48b). Given typical creep laws for olivine, we expect η̂ & 107

(§3.8.6) which means that the Earth’s mantle should be squarely in the stagnant lid regime
(Fig. 4.49), yet we do have plate tectonics with significant horizontal motions in the top
boundary layer. This means that some other rheological behavior serves to break the lid
plastically, and likely does so in a strain-rate dependent weakening fashion to localize
deformation (§4.4.4).

Figure 4.48c illustrates the combination of modest temperature-dependent viscosity
and mixed heating (cf. Fig. 4.46b). This combination leads to peak temperatures below the
lithosphere akin to the purely internally heated case (Fig. 4.46c), and a thinner top bound-
ary layer through an effectively increased local Ra. The combination of mixed heating
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Figure 4.49: Regime diagram for thermal convec-
tion with temperature dependent viscosity, η =
η0 exp(−γTi), eq. (4.168), as a function of bot-
tom Rayleigh number, Ra1 = Ran/ exp(−E/n),
where Ran is the power-law version of Ra,
eq. (4.173), E = γ∆T , and maximum viscos-
ity contrast, η̂ = ηhigh/ηlow = exp(E). If
temperature-dependent viscosity leads to viscos-
ity variations of more than ∼ 4 orders of magni-
tude, stagnant lid convection is expected for high
Ra. Earth-like η̂ based on olivine creep laws and
Ra estimates are indicated by dashed lines. Re-
drawn from the scaling and numerical analysis
of Solomatov (1995).

with a significant, H̃ = 30, internal component and temperature-dependent viscosity also
leads to mantle temperatures locally exceeding those of the lower thermal boundary layer,
T̃max ≈ 1.05 > 1.

Figure 4.48d adds a lower mantle viscosity increase of ηlm0 = η̂lmη
um
0 with η̂lm = 50

to the E = 3 case of Fig. 4.48a, with the 660 km equivalent here scaled to z̃lm ≈ 0.23. A
viscosity increase of that sort, somewhere in the mid mantle, appears required to explain
the geoid signal and slab sinking rates and may be related to the phase change directly, or
indirectly via differences in volatile storage capacity (§5).

Using a geometric mean, eq. (3.143), the average viscosity of the whole mantle is now
increased to 〈η0〉 = exp((1− z̃lm) ln η̂lm)η0 ≈ 20η0. This means that the convective vigor
of the model with a higher viscosity lower mantle is lower than the Ra = 107 reference
by 1/20, making the convective planform trivially different (cf. Fig. 4.45). If we want to
isolate the effects of layered viscosity beyond modifying the overall convective vigor, we
should therefore adjust the Rayleigh number accordingly. This is why cases d) and e) of
Fig. 4.48 useRa = 2 ·108 at the same reference η0, for the reasons of comparing convective
apples mentioned before (§4.3.4).

Considering the average thermal structure of Fig. 4.48d, we can see the opposite effect
of introducing temperature-dependent viscosity. The higher viscosity, hence lower local
Ra, lower thermal boundary layer has a larger temperature drop, reducing convective
core temperatures to 〈T̃ 〉c < 0.5. If we were to seek truly comparable behavior to the
case without depth-dependent viscosity, we should thus also adjust T̃r in eq. (4.171) to
ensure similar temperature-dependence, but T̃r is left constant for all models in Fig. 4.48,
for simplicity.

As can be most easily seen in the movies available to accompany the convection fig-
ures, having a η̂lm > 1 means that lower mantle anomalies such as rising plumes are
more stable than upper mantle cold downwellings, since convective velocities are slower
in the lower than upper mantle. Moreover, slab-like downwellings are flattened out and
broadened by the viscosity increase during their descent. This is because conservation of
mass since the product of vertical velocity and width has to be conserved. This sort of
slab slowdown matters for understanding actual mantle density structure based on plate
evolution models (§9.11).

Fig. 4.48e adds internal heating back to the convection model, leading to a shift back
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to 〈T̃ 〉c > 0.5. This leads to a convective regime that might be comparable to the Earth’s
mantle, in some very simplified way, and provides a cautionary note as to the interrelated
effects of depth- and temperature-dependent viscosity as well as heating mode.

Expanded details 20: Power-law based Rayleigh numbers

If we allow for power-law rheologies, e.g. using the simplified rheology of eq. (4.168) with stress
exponent n, we can plug in the convective stress scale of eq. (4.161) as the second invariant of deviatoric
stress, and solve for a characteristic viscosity (Solomatov, 1995)

ηc = B
1
n

(
h2

κ

)n−1
n

with η = ηc exp
(
−γ
n
Ti
)
. (4.172)

Inserting ηc from eq. (4.172) into eq. (4.130), we obtain

Ran =
∆Tαρ0h

n+2
n

B
1
n κ

1
n

(4.173)

or in the case of pure internal heating with the temperature scale of eq. (4.144),

Ran,H =
Hαρh

3n+2
n

kB
1
n κ

1
n

or Ran,q =
qαρ0h

2n+2
n

kB
1
n κ

1
n

. (4.174)

These relationships should then also be used, for example, for eq. (4.159), meaning that internally heated
convection leads us to expect a heatflux scaling of

βH =
1

ζ
=

n

2n+ 2
,

which means that for n = 3, βH = 3/8. This makes transport only slightly more sensitive than the
Newtonian βH = 1/4, while the difference in β is more pronounced for bottom heating.

4.4.1.4 Non-Newtonian flow

We will return to rheological complexities below (§4.4.4) but note that non-Newtonian,
power-law flow introduces non-linearity in the viscosity description, eq. (4.165). Disloca-
tion creep is one example of a stress-dependent creep law which we expect to be active in
the uppermost mantle (Fig. 3.69b and c), and since CPO formation is typically attributed
to dislocation creep, the presence of anisotropy in the upper mantle is one indication that
this creep mechanism is relevant (§5.6).

Moreover, if grain-size distributions follow a piezometer, diffusion creep can show
even stronger stress dependence than dislocation creep (§3.8.8). Considering the equiva-
lent strain-rate dependence, bulk non-Newtonian viscosities within the interior of a con-
vection cell will thus immediately adjust to changes in plate configurations and the like,
since the nature of Stokes flow is that velocities respond instantaneously to different load-
ing conditions.

Locally, powerlaw flow can lead to lubrication layers, e.g., in subduction zones (Billen
and Hirth, 2005; Garel et al., 2014), reducing the degree to which vertical motions of slabs
are coupled to horizontal dynamics such as trench migration (§9.7). Such shear layers
can also enhance plume rise speeds dramatically, as expected from the Stokes sphere es-
timates, eq. (4.30) (Larsen and Yeun, 1997), make convective reorganization more spatio-
temporally variable compared to Newtonian flow (Christensen and Yuen, 1989; Malevsky
and Yuen, 1992; Foley, 2020).

However, much of the large-scale dynamics and transport scalings of temperature-
dependent, non-Newtonian flow can be captured by Newtonian, temperature-dependent
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flow with reduced temperature dependence E′ (Christensen, 1984; Becker, 2006). Physi-
cally, this is because cold regions lead to higher viscosity and thus larger stresses, which
are then reduced by power-law flow. Mathematically, we saw this already in the viscosity
formulations of eqs. (4.165) and (4.166) which leads us to expect E′ ∼ E/n . . . 3E/(n+ 2).
Similarly reduced temperature-dependence due to non-Newtonian flow is confirmed, e.g.,
by boundary layer analysis for Earth’s oceanic plates (van Hunen et al., 2005). We will
therefore focus on Newtonian flow in the remainder.

Expanded details 21: Compressibility and viscous heating

The Boussinesq approximation ignores the effects of compressibility on mantle convection besides
thermal buoyancy effects (§4.3.1). In terms of the thermodynamical properties of the mantle, the adia-
batic temperature gradient itself, of course, results from compressibility (§1.3.4). However, background
temperature gradients alone do not matter for convection, as it is only lateral temperature variations,
i.e. non-adiabatic variations, that drive flow.

That said, in the context of global mantle convection with internal heating, plume temperature
anomalies can be depth variable, for example (§6.3). Moreover, while the gravitational attraction g is
roughly constant with depth in most of Earth’s mantle (Fig. 1.8), properties such as κ (Fig. 4.21) and
α (Fig. 3.54a) are pressure and temperature dependent which can have effects on convective patterns
(Jarvis and McKenzie, 1980; Schmeling, 1989; Tosi et al., 2013), and compressibility affects stresses and
pressures close to phase transitions (Ita and King, 1994; Gassmöller et al., 2020).

A closely related point is that the previous versions of the conservation of energy equation, eq. (4.163),
also ignored the contribution of heat generation due to viscous dissipation in the convective flow itself,
i.e. viscous heating due to shearing of the fluid, Φ of eq. (3.87), has to be added as a source like H̃ to the
energy equation, eq. (4.163). We previously neglected this term because Φ is typically small for the man-
tle given relatively low deviatoric stress levels, with the possible exception of boundary layers (Bercovici
et al., 1992; Balachandar et al., 1995), and other high-strain rate zones such as the viscous shear zones in
convergent margins (§9.4).

One important consideration for a compressible fluid is that upon integration over the convecting
fluid, the total energy due to viscous heating has to be balanced by the total adiabatic heating effects,Ha,
such that energy is conserved (Turcotte et al., 1974; Hewitt et al., 1975). A range of approximations exist
to model compressibility effects on convection (Yoshida, 2017; Gassmöller et al., 2020), and a balance of
Φ and Ha is is ensured by the anelastic liquid approximation (ALA) assuming Adams-Williamson depth-
dependent density, eq. (1.39) (Leng and Zhong, 2008b). The non-dimensional ALA formulation expands
eq. (4.163) which yields

− ∂p̃

∂x̃j
δi,j +

∂τ̃ij
∂x̃j

+

(
ρ̃α̃g̃RaT̃ − α̃g̃

c̃pγ̃
Cp̃

)
δiz = 0 (4.175)

ρ̃c̃P
∂T̃

∂t̃
+ ρ̃c̃pṽi

∂T̃

∂x̃i
+ ρ̃α̃g̃DiT̃ ũz = k̃

∂2T̃

∂x̃i∂x̃i
+ ρ̃H̃ +

Di
Ra

τ̃ij
∂ũi
∂x̃j

(4.176)

where ρ̃, g̃, α̃, k̃, and c̃p are depth-dependent parameters normalized by their reference values ρ0, g0,
α0, k0, and c0P and κ0 and the reference values enter Ra as before. Here,

Di =
α0g0h

c0p
and C =

Di
γ

are the dissipation number and mantle compressibility, respectively, and γ is the Grüneisen parameter,
eq. (1.35). Compressible convection in the ALA approximation thus has another momentum term due
to the dynamic pressure which scales withC, eq. (4.175), as well as energy terms due to adiabatic heating
due to vertical transport, ∝ DiT̃ ũz , and viscous dissipation, ∝ Di/Raτ̃II ˜̇εII = Di/RaΦ, eq. (3.87). Di
and C are of order ∼ 0.2.

4.4.2 Effect of phase transitions

The 1-D structure of the Earth indicates several sharp jumps in seismic velocity in the
upper mantle – lower mantle transition zone (Fig. 1.7) and those are commonly inferred to
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Figure 4.50: Sketch of the effects of positive and negative Clapeyron slope, Γ , phase transitions
on the transition depth and equivalent density anomalies. Top and bottom row are for nominal
olivine → wadsleyite and post-spinel (ringwoodite → bridgmanite + ferropericlase) transitions
at 410 and 660 km, respectively. Left shows the pyrolite geotherm from Fig. 1.11 in black, with
nominal plume and slab temperatures in red and blue, respectively. Right plot shows the bound-
ary deflection, ∆z, in thin, dark lines, the thermal density anomaly in heavy dashed lines, and
the total density anomaly in heavy solid lines. The simplified phase transition density effect is
estimated from ∆ρ410,660 tanh(∆z/wT ) with a constant transition width of wT = 50 km, approx-
imate values for pyrolite for ∆ρ410,660 (cf. Fig. 1.7) and thermal expansivity is α = 2 · 10−5/K (cf.
Fig. 3.54a and Fig. 9.12), and slab and plume anomalies assumed Gaussian with different widths,
for simplicity. Note how the 410 and 660 km transitions serve to strongly amplify or reverse the
thermal anomalies, respectively.

be constant composition phase transitions (Fig. 1.12). For the velocity increase at 410 km,
the jump is mainly due to the olivine → wadsleyite transition, and for 660 km that of
ringwoodite→ bridgmanite + ferropericlase. While the actual phase transitions are more
complicated than this (§9.4), the major difference between the transitions at 410 km and
660 km is that they have a positive and (slightly) negative Clapeyron slope, eq. (1.41),
respectively. Since the deeper, closer atomic packing phase is the one with higher density
(Fig. 1.7), a deflection of the phase transition can result in density anomalies that add or
subtract from the thermal anomalies driving convection (Fig. 4.50).

To illustrate the impact of a phase transition, i, on convection, we need to consider both
the Clapeyron slope, Γ , and density anomaly of the phase transition,∆ρi. For a simplified
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exploration of the effects (Zhong and Gurnis, 1994b), we can add the phase change effects
to the thermal buoyancy term in eq. (4.163) such that the driving forces read

fi = δiz

(
RaT̃ +

∑
i

Rapi Π̃i

)
,

where Rapi expresses the density jump of the phase change, (∆ρ)pi , relative to thermal
buoyancy,

Rapi = BRa =
(∆ρ)pi
α∆Tρ0

Ra, (4.177)

where the buoyancy number, B, the ratio of chemical and thermal anomalies, arises for a
number of problems. The non-dimensional phase change function, Π̃i ∈ [0; 1] just like
T̃ ∈ [0; 1], is defined as

Π̃i =
1

2

(
1 + tanh

(
p̃pi
wT

))
with p̃pi = 1− z̃ri − z̃ − Γ̃i

(
T̃ − T̃ ri

)
,

where wT is a typical phase change width wT , and p̃pi a “pressure” e which measures the
deflection of the phase change from the reference depth, z̃ri , and temperature, T̃ ri , at given
temperature T̃ . Γ̃ is the normalized Clapeyron slope, Γ̃ = Γ/Γc, using pc = ρ0gh,

Γc =
ρ0gh

∆T
.

This formulation ignores a number of effects such as phase change kinematics includ-
ing metastability (Tetzlaff and Schmeling, 2009; Agrusta et al., 2014), the effects of non-
hydrostatic pressure (Yoshioka et al., 1997; Gassmöller et al., 2020), and other complexities,
but allows exploring the first order effects illustrated in Fig. 4.50 for convection models.

Since the positive Γ of the 410 km transition helps convection (exercise 7), we often
focus on the 660 km transition which is crucial for the degree to which convection is in
the whole mantle mode (§9.11.1). Experimental petrology studies yield a range of Γ esti-
mates for the post-spinel phase transition, with an increase in estimates over time, from
∼ −4 MPa/K to ∼ −1 MPa/K (Ito et al., 1990; Fei et al., 2004; Ohtani and Sakai, 2008), and
more recent, somewhat more negative estimates (Stixrude and Lithgow-Bertelloni, 2022).
The important of phase transitions is, however, not only proportional to Γ , but also de-
pends on the associated density change from the low to high pressure phase, (∆ρ)pi .

One can define a phase buoyancy parameter (Christensen and Yuen, 1985)

P = BΓ̃ =
Rap

Ra
Γ̃ =

(∆ρ)p

αρ0∆T
Γ̃ =

(∆ρ)p

αρ2
0gh

Γ ≈
(∆ρ)pi [kg/m3] Γ [MPa/K]

11, 500
, (4.178)

and Fig. 4.51a shows the effect of having a positive Clapeyron slope at 410 with P410 ≈
0.03 for convection. Compared to the reference model of Fig. 4.45c, convection is slightly
more time-dependent, and the average temperatures 〈T̃ 〉 < 0.5 because of the effective
heat sink effect. If we consider the negative Γ effect of the 660 with P660 ≈ −0.04 instead
(Fig. 4.51b), correspondingly 〈T̃ 〉 > 0.5, and we can see some modulation of mid mantle
vertical flow, with indications of transient delay of cold plume descent and hot plume
ascent due to the hindering effects of the phase boundary shifts (Fig. 4.50).

These transients become more apparent in both time-dependent scenarios and in the
average 〈T̃ 〉 for P660 ≈ −0.06 (Fig. 4.51c). Cold anomalies, for example, now visibly accu-
mulate and flatten out on top of the 660 equivalent, until enough thermal buoyancy has
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Figure 4.51: Snapshots from convection with simplified phase changes at 410 km and/or 660 km.
Based on the computations without phase transitions, Figs. 4.45 and 4.48, the non-dimensionalized
reference temperatures for the phase transitions are T̃ = 0.5 and T̃ = 0.72, for E = 0 and E = 3,
respectively. The P parameters, eq. (4.178), are P410 = 0.033, P660 = −0.041, P660 = −0.061,
P410 = 0.033/P660 = −0.061, and P660 = −0.061 for cases a)-e), respectively.
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accumulated, and the slab breaks through. This behavior is akin to some of the complexity
imaged by seismic tomography for slabs in the transition zone (§9.1). The average 〈T̃ 〉 in
Fig. 4.51c shows that limited vertical transport establishes a temperature contrast at 660,
leading to two new thermal boundary layers. This is just another way to say that convec-
tion has become partially layered, of course. However, the mid mantle boundary layer
can lead to interesting phenomena such as plume instabilities being triggered at 660 km.

A large number of convection studies have explored the related phase transition dy-
namics given the importance of slab mass transport for planetary evolution (§9.11.1; Chris-
tensen and Yuen, 1985; Tackley et al., 1993; Christensen, 1996). Here, we only highlight two
additional effects. If we add the positive Γ transition at 410 with P410 ≈ 0.03 to explore
the joint effects of 410 and a strongly negative Γ for 660, the layering of Fig. 4.51c is ex-
pectedly reduced (Fig. 4.51d) indicating that both should be considered jointly (§9.11.1).
Phase transitions will, of course, also not act in isolation or in an isoviscous mantle as was
assumed for Fig. 4.51a-d. When E = 3 type temperature-dependent viscosity is added to
the strongly layered case of Fig. 4.51c, cold slabs are now stronger than hot plumes. This
facilitates slab penetration and can counteract some of the effects of negative Γ transition
at 660 (Fig. 4.51e; Davies, 1995; Zhong and Gurnis, 1994b).

The width of the phase transition and the wavelength of flow also matter for the de-
gree to which whole mantle convection is affected, but critical values for P can be derived
(Tackley, 1995). For global Ra = 2.5 × 107 convection and η̂ = 40, Yanagisawa et al. (2010)
found, for example, that Pi ≈ −0.03 and Pl ≈ −0.16 are critical values for intermittent
and complete layering of mantle convection, respectively.

The PREM model puts the density jump associated with 660 km at 9.3% (Fig. 1.8) and
such high values (389 kg/m3) were used for many early convection computations, but
later estimates are closer to 5% ((∆ρ)p ≈ 209 kg/m3; Shearer and Flanegan, 1999). With
these density jumps, the Clapeyron slope of the 660 would have to be Γi ≤ −1.4 . . . −
0.8 MPa/K and Γl ≤ −7.7 . . .− 4 MPa/K for Pi and Pl, respectively. The former is within
the range of the petrological estimates, but the latter outside, even if allowing for likely
too large density jumps.

Together with the effects of other phases, this leads us to expect only a moderate, long-
term impact of the effective density anomaly resisting slab penetration due to depressed
phase transitions (Fig. 9.12). Moreover, phase transition induced mantle avalanches and
large-scale episodic flushing events in mantle convection (Machetel and Weber, 1991; Tackley
et al., 1993) might be uncommon. That said, many aspects regarding the dynamics and
the degree to which slabs are temporarily stalled at ∼660. . . 1000 km, and hence questions
about mass transport and mixing through the mid mantle, remain unclear after decades
of study, a longstanding issue we will return to below (§9.4).

4.4.3 Effects of 3-D spherical geometry and toroidal flow

The Earth’s mantle forms a spherical annulus which affects convection in at least two
ways, one by its curved geometry, and one by allowing for three-dimensional (3-D) flow.
The stability analysis of §4.3.1 can be conducted in spherical geometries (Busse, 1975b),
and the stationary, low Rayleigh number convection patterns of the Cartesian models of,
e.g., Fig. 4.45a, correspond to tetrahedral and cubic patterns of 3-D flow (Bercovici et al.,
1989; Ratcliff et al., 1996).

If we consider pure bottom heating in the spherical mantle convection equivalent
of Fig. 4.45, then the total heat flux from the core has to balance that through the sur-
face in steady-state. Since the area of the core-mantle-boundary relative to the surface is
R2
c/R

2
e ≈ 0.3 (Table A.1), the heat flux per area from the core has to be correspondingly
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Figure 4.52: Results
from spherical an-
nulus, compressible
convection compu-
tations at Ra = 108

by Bunge et al. (1997),
showing temperature
variations. a) Purely
internally heated
reference case, isovis-
cous. Note absence
of hot upwellings
(no bottom thermal
boundary layer). b)
Like a), but 35% of the
total heat flux arises
from bottom heating
through the core man-
tle boundary. c) Like
a), but there is a phase
change at 660 km with
negative Clapeyron
slope, −4 MPa/K. d)
Like a), but allowing
for a viscosity increase
of a factor of 30 at
660 km depth.

a) b)

c) d)

≈ 3.3 times larger than at the surface. This means the lower thermal boundary layer
would be thinner and have a larger temperature contrast to the convective cell’s core than
the surface, the opposite of the temperature-dependent viscosity case of Fig. 4.48a, and
not what is expected for Earth where cold downwellings appear to dominate convection,
and slabs are the main plate driving forces.

This implies that spherical geometry alone would make mantle convection less Earth-
like if anything, and sphericity thus appears to not be a major factor to explain plate
tectonics and the style of the Earth’s heat loss, compared to the roles of rock rheology and
internal heating (Bercovici et al., 2015). That said, it has been recently suggested that curved
geometries may, in fact, contribute to transform fault like offsets at spreading centers for
high Rayleigh number, visco-plastic convection (Langemeyer et al., 2021). Transform faults
are considered a hallmark of Earth-like convective planforms as expressed in plate tecto-
nics, a topic we will revisit in §4.4.4.

If we consider convection computations in 3-D spherical at Earth-like Rayleigh num-
bers, but without lateral viscosity variations (Fig. 4.52), we see behavior akin to some
of the effects already discussed for 2-D such as the role of the balance between bottom
and internal heating for slab-like structures and the effect of phase transitions (Figs. 4.46
and 4.51). For pure internal heating, sheet-like downwellings of cold thermals are, how-
ever, turned into cylinder-like structures for high Ra, isoviscous spherical convection
(Fig. 4.52a). In particular, the spatial power spectrum of heterogeneity in these free con-
vection computations has much more short wavelength structure than what seismic to-
mography indicates for the mantle (Fig. 1.26).

More sheet like structures and longer wavelength flow result from the inclusion of a
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a) b)

Figure 4.53: Sketch of a purely poloidal (a) and toroidal (b) flow scenario. For a), a Stokes sphere
type sinker induces purely poloidal flow in the mantle (black cells) and a sink type (also poloidal)
scenario in the horizontal plane (orange). For b) we envision a lateral gradient in viscosity from
weak (orange) to strong (blue), leading to relatively faster flow toward the sinker on the top, and
hence shearing within the horizontal plane.

negative Clapeyron slope phase-change at 660 km (Fig. 4.52c; Tackley et al., 1993), or an
increase of viscosity with depth either at around the mid mantle (Fig. 4.52d; Bunge et al.,
1996; Tackley, 1996a), or due to an asthenospheric low viscosity zone in part of the up-
per mantle (Lenardic et al., 2006), in ways similar to what was explored above for 2-D
(Figs. 4.48d and 4.51c). One way to understand the increase in wavelength of convec-
tion associated with a viscosity contrast with depth is that slabs have to accumulate more
buoyancy to penetrate into the lower mantle. This is accomplished by forming a thicker
top boundary layer, which requires more time spent cooling, and hence larger plates to
form. While the internal dynamics of an asthenosphere and transition zone are thus im-
portant to understand the character of mantle convection, models such as those of Fig. 4.52
and missing an important ingredient, plate-like motions at the surface, and those serve to
organize flow (§4.4.4).

4.4.3.1 Toroidal flow

One component of plate-like dynamics for which 3-D geometry is a fundamental require-
ment is that of toroidal flow which is absent in 2-D (Fig. 4.53). Plate motions have contained
∼ 50% contribution of the strike-slip sort of toroidal motions compared to the source and
sink poloidal flow throughout the Cenozoic (Fig. 1.21).

At face value, it would seem that any additional viscous dissipation induced by to-
roidal shearing on top of poloidal flow associated with heat transport would negatively
affect the efficiency balance between heat transport and viscous dissipation (§4.3.1). How-
ever, it can be shown that on a sphere, localized toroidal motions for non-Newtonian rhe-
ology may actually serve to reduce the total viscous dissipation (Bercovici, 1995b). The
excitation mechanism of the global, degree ` = 1 net rotation component of toroidal flow
is also fairly well understood (Expanded details 22). Yet, it remains debated how exactly
rock rheology interacts with convective heat transport to generate the higher degree toroi-
dal motion, and in particular to which degree strain-localization and rheological memory
of deformation are involved (§4.4.4).

What is clear is that 3-D flow is required for poloidal and toroidal motions to be created
consistently, i.e. to have a conversion of vertical mass transport to shearing in the horizon-
tal plane (Figs. 4.53 and 4.543). To excite toroidal flow in a convective system, the fluid has
to moreover include lateral viscosity variations in order for buoyancy anomalies to induce
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Figure 4.54: a) and b) Man-
tle circulation induced by
a slab (contour) using a
constrained, 2-D (a) and
open, 3-D (b) geometry for
slab to mantle viscosity ra-
tio, η̂ = ηslab/ηmantle =
10, 000. c) Map view of
radial velocities (vz < 0
is down) at asthenospheric
(z = 0.2) depths for the
3-D case, illustrating the
strong toroidal flow that
is associated with trans-
port around the slab (cf.
Figs. 9.32 and 9.55). Also
note zones of upwelling
on the sides and ahead of
the slab anomaly, possibly
associated with secondary,
off-arc volcanism (Faccenna
et al., 2010). d) Toroidal to
poloidal flow power ratio
as a function of the slab vis-
cosity contrast for a narrow
and wide slab, respectively.
From Piromallo et al. (2006).
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stirring motions (Expanded details 22). For example, if there is a dense anomaly, then the
overriding layer will be dragged toward that anomaly, leading to purely poloidal flow
without lateral viscosity variations, corresponding to sink type flow fields in the horizon-
tal (Fig. 4.53a). If there are lateral viscosity contrasts in that layer of flow moving toward
the sinker, then velocities will be increasing sideways from stronger to weaker regions
which will deform more readily. This leads to shearing within that fluid layer, and hence
toroidal flow (Fig. 4.53b).

Figure 4.54 illustrates the excitation of toroidal flow for a slightly more complicated
setting. The plots are from a numerical subduction experiment where the instantaneous
Stokes flow response to a dense slab with lithosphere to mantle viscosity ratio of η̂ =
1 . . . 10, 000 was explored. Comparing the flow profiles for 2-D and 3-D (Figs. 4.54a and
b), we see that velocities in both cases are not aligned with the driving slab anomaly,
indicating that the time-dependent case would show slab rollback (§9.11.1; Garfunkel et al.,
1986). Allowing for 3-D flow increases the vigor of this rollback component, while an
overriding plate reduces it (Yamato et al., 2009), illustrating the effects of different surface
and side BCs of no slip or free slip type.

When viewed in map view (Fig. 4.54c) the stirring motion induced by slab rollback
motion is apparent. If the slab were isoviscous, and there would be an isolated anomaly
akin to a Stokes sinker (Fig. 4.7) the horizontal flow would be directed toward the the
vertical motion centered on the slab anomaly (cf. Fig. 4.53a). The toroidal escape flow
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enabled by 3-D geometries is found to actually facilitate trench migration in dynamically
evolving subduction models, and this effect is enhanced by having wider gaps between
the slab and domain boundaries, for example (Funiciello et al., 2004; Stegman et al., 2006).
While sometimes treated as such, toroidal flow is, of course, not a new force or some
such, but rather an interesting kinematic component of the Stokes solution with lateral
viscosity variations, and associated with flow from high pressure behind the slab to lower
pressures ahead of it.

The toroidal to poloidal power ratio (TPR) of the respective components of flow de-
pends on the viscosity contrast, η̂ (Fig. 4.54d). For an isoviscous case, η̂ = 1, the toroidal
power is zero, as expected, and TPR plateaus for η̂ & 1000, whereas the poloidal com-
ponents monotonously decreases for increasing η̂ (Piromallo et al., 2006). There is some
indication that seismic anisotropy around slabs is associated with such toroidal flow (e.g.
Russo and Silver, 1994; Long and Becker, 2010) which may indicate an opportunity to infer
the effective slab strength.

Expanded details 22: Generation of toroidal flow Following, for example, Bercovici et al. (2015), we can

consider Cartesian velocities, v, and incompressible flow, ∇ · v = 0, so that an expansion in terms of
potentials Ψ and φ can be written as

v = ∇×∇× (Ψez) + ∇× φ

where the two potentials capture three coordinates of v through the incompressibility condition like in
the stream function approach. Here, Ψ and φ are the poloidal and toroidal velocity potentials similar to
a Helmholtz decomposition in spherical coordinates (§C.6.2.1), which correspond to sources and sinks
due to up and downwellings, and rotations and strike-slip type motion (Fig. 4.53).

If we consider the Stokes equation for an isoviscous material, eq. (4.18), and take ez∇×∇× of it, it
can be shown that (Bercovici et al., 2015)

η∇4Ψ = −∆ρg (4.179)

(Expanded details 4.1.5). This equation says that poloidal motions (expressed by Ψ ) are directly related
to the buoyancy anomalies driving the flow, as anticipated. If, instead, we take ez∇× of eq. (4.18), it
follows that

∇2φ = 0.

There is no excitation of toroidal flow for an isoviscous, Cartesian system (Fig. 4.53a). Allowing for
lateral viscosity variations, the equation reads

η∇2∇hφ = ez∇η ×∇2v + ez∇×
(
∇η ·

(
∇v + (∇v)T

))
, (4.180)

where ∇h is the horizontal gradient operator. This is more complicated, but it fundamentally says
viscosity variations, ∇η 6= 0, are required to induce toroidal flow, else the RHS of eq. (4.180) is zero
again.

On top of that, let us require that these viscosity gradients in convection are related to the poloidal
flow induced by buoyancy anomalies, such as for temperature-dependent viscosity where the tempe-
rature anomalies drive flow (Fig. 4.53b). In this case, a more stringent requirement holds, namely that
horizontal gradients of viscosity need to be non-zero, ∇hη 6= 0 (e.g. Bercovici et al., 2015). Thus, vis-
cosity variations with depth alone are not sufficient to induce toroidal flow, but η has to vary laterally
(LVVs). The dependence of the ratio between toroidal and poloidal power for the slab circulation case of
Fig. 4.54d reflects this expectation, for example. For plate tectonics, an important example of poloidal-
toroidal coupling due to LVVs is that of weak plate boundaries (§5.5; Forte and Peltier, 1987; Ricard and
Vigny, 1989).

A particular case of global toroidal motion is the spherical harmonic degree ` = 1 toroidal field
(§5.6.2 and §C.6.2.1), which corresponds to the net rotation of the whole lithosphere with respect to
some lower mantle reference frame as seen in many absolute plate motion reference frames (Fig. 1.19).
Following O’Connell et al. (1991), consider the torque balance for tractions acting on the lithosphere in
equilibrium in a global, spherical coordinate system. If the coordinate system is aligned with the Euler
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pole of a net rotation component, then there are only τrφ tractions to consider r, and∫ π

0

dθ

∫ 2π

0

dφ τrφ sin2 θ = 0. (4.181)

We can write the difference in longitudinal motion at depths r1 and r2 = r1 − δr as

r1

(
vφ(r1)

r1
− vφ(r1 − δ)

r1 − δr

)
≈ r1

∂

∂r

(vφ
r

)
δr,

and use a Newtonian constitutive law to write the relevant stress tensor component (cf. eqs. 3.83 and
C.29) as

τrφ = η

(
∂vφ
∂r

+
1

r sin θ

∂vr
∂φ
− vφ

r

)
,

which gives the average net rotation velocity using the ` = 1 toroidal spherical harmonic function, T10,
eq. (C.44),

v̄ ∝ δ
∫ π

0

dθ

∫ 2π

0

dφ
τrφ

η̄(θ, φ)
sin2 θ (4.182)

with η̄ the average viscosity between r1 and r2. If η̄ is constant, eqs. (4.181) and eq. (4.182) imply that
v̄ has to be zero, i.e. there is no net-rotation in the absence of lateral viscosity variation (O’Connell et al.,
1991).

An alternative derivation is provided by Ricard et al. (1991) who also show that the difference in
asthenospheric viscosity typically inferred underneath continental and oceanic lithosphere provides the
right kind of sense of tractions to drive the westward drift seen in most absolute reference frames. This
analysis was later substantiated by full dynamic computations identifying the importance of continental
keels and other lateral viscosity variations (Zhong, 2001; Becker, 2006), and Atkins and Coltice (2021) show
how LVVs excite net rotations in self-consistent, plate-generating convection models. Excitation and
constraints on net rotations are further discussed below (§5.6.2).

4.4.4 Plate generating convection models

We have seen that the temperature dependence of viscosity as inferred for mantle rocks
is so strong that it should lead to stagnant-lid type of convection similar to Fig. 4.48b
because the cold surface boundary would freeze up (§4.4.1.3). Yet, the present-day style
of plate tectonics that appears to have been prevalent for at least the last ∼ 1 Ga shows
relatively rigid parts of the lithosphere moving coherently (Fig. 1.23), and at the rates
expected from simple boundary layer analysis (§4.3.3). Deformation is somehow being
localized in relatively narrow plate boundary zones, particularly in the oceanic plates,
allowing for mobility and horizontal surface motions at rates similar or above the inferred
motions within the mantle.

4.4.4.1 Byerlee visco-plasticity and hysteresis

Some mechanism thus breaks the stagnant lid, and one candidate rheology that intro-
duces a cap on creep viscosities is plasticity. We have encountered the stress-limiting
behavior exemplified by the 1-D slider element (Fig. 3.1c) in the context of the transition
from Byerlee type friction, which is normal stress dependent, to the high-pressure, plastic
behavior, e.g. of Peierls creep type, as was discussed for the oceanic lithosphere strength
profile (Fig. 3.71). To first order, both rheological behaviors can be seen as a plastic limiter
with depth-dependent yield stress, assuming that most normal stress effects are due to
pressure (Fig. 3.70); the latter may not be true in some crustal settings.

Convection models often consider purely viscous flow. In this case, quasi-brittle or
plastic behavior can be approximated by a “plastic” viscosity element, ηp, e.g. eq. (3.93),
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Figure 4.55: Cartesian,
visco-plastic, purely
internally heated man-
tle convection models
at RaH = 106. Left
panels show viscosity
(see colorbar, blue:
low, green/red: high),
and right panel show
cold isosurfaces. Non-
dimensional yield
stress increases from
top to bottom as ≈ 3,
6, 7, 9, and 14 · 103,
where the character-
istic stress scale is τc
from eq. (4.161) (from
Tackley, 2000a).

as part of two dashpots in series with the regular creep viscosity ηc, e.g. from eq. (4.165),

ηp =
σy
2ε̇II

such that ηeff =

(
1

ηc
+

1

ηp

)−1

, or ηeff =

{
ηc, if ηc ≤ ηp
ηp, if ηc > ηp

(4.183)

with eq. (3.98) and a yield stress, σy, for example from the pressure-dependent Byer-
lee formulation, eq. (3.146). Note that this quasi visco-plastic behavior is different from
Bingham-type visco-plasticity, eq. (3.97) (Fig. 3.67), and eq. (4.183) should be used in con-
vection computations (§4.4.4). For visco-plasticity, details of the implementation, such as
which version of ηeff in eq. (4.183) is used do not matter greatly (Stein et al., 2004; Stein and
Hansen, 2013), but care has to be taken when attempting to resolve structures such as faults
and shear zones (Kaus, 2010; Buiter et al., 2016), since some approaches are mathematically
ill-posed (§3.4.2.2).

A visco-plastic boundary layer theory was presented by Fowler (1993) which suggested
that asthenospheric viscosities should be & 1021 Pas to break the lid convectively. This is a
relatively high value, and there is remaining debate as to the scaling of convective stresses.
However, using 2-D (Moresi and Solomatov, 1998) and 3-D (Trompert and Hansen, 1998; Tack-
ley, 2000a,b) convection computations, it was shown that temperature-dependent viscos-
ity plus plastic yielding can indeed reproduce several characteristics of plate-like motions
(Stein et al., 2004).
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Figure 4.56: Effect of Rayleigh number and yield stress on planform of convection in visco-plastic,
temperature-dependent viscosity computations. Figures on left show surface velocities and vis-
cosity (non-dimensionalized), center plots show cold isotherm surfaces, and right plots show
temperature power spectra normalized by the amplitude of the strongest ` signal. Top row is
at Ra = 9 · 104, σy = 163 MPa, middle Ra = 5.6 · 105, σy = 83 MPa, and bottom at Ra = 9 · 105,
σy = 75 MPa (from Foley and Becker, 2009).

Figure 4.55 shows instructive results from a relatively low Rayleigh number, purely in-
ternally heated visco-plastic computation in Cartesian 3-D. The temperature-dependence
of viscosity leads to η̂ = 105 variations in viscosity from the hottest to coldest regions.
Note a transition as a function of increasing yield stress from mobile lid with pervasive
weakening (top) that is similar in style to an isoviscous, or mildly temperature-dependent
convection case such as in Fig. 4.46c. A high yield stress at the other end (k and l cases
of Fig. 4.55) leads to a stagnant stagnant lid (bottom, cf. Fig. 4.48). At intermediate yield
stress, motions are relatively plate-like, i.e. strong plates intersected by low viscosity weak
zones (e or g cases of Fig. 4.55).

Spherical computations of similar, visco-plastic convection leading to plate-like plan-
forms were explored in terms of the yield stress effect by van Heck and Tackley (2008), and
Foley and Becker (2009) who also examined the effects of bottom heating where strong
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Figure 4.57: Regime diagram
of convective style from the
visco-plastic, spherical convec-
tion computations of Fig. 4.56
showing surface motion regimes
as a function of yield stress and
Rayleigh number (only varied
by one order of magnitude for
computational reasons; from Fo-
ley and Becker, 2009). Compare
with Fig. 4.49.

plumes, i.e. only weak internal heating, can disrupt plates. Figure 4.56 shows one mobile
and two pate-like cases; the latter are dominated by a single, large subduction zone and
a ring of subduction, respectively. The plate-like style of convection affects not just the
surface, but also the interior mantle structure, since plates organize the thermal structure
of the mantle top down (Buffett et al., 1994; Bunge et al., 1998).

In particular, there is a shift in the spectral character from a range of frequencies in-
cluding pervasive smaller scale structure (Zhong et al., 2000), similar to the isoviscous com-
putations of Fig. 4.52, toward lower degrees, a “red” spectrum, similar to the Cartesian re-
sults of Fig. 4.55e. Depending on the yield stress, dominant ` = 1 or ` = 2 structures arise
from oceanic plates only models (Fig. 4.56; Yoshida, 2008; Foley and Becker, 2009), similar to
the spectra of seismic tomography which are dominated by ` = 2 at present (Fig. 1.26).

Studying computation such as those of Fig. 4.56, several plate-like features besides
surface mobility arise, including transient, single-sided subduction, back-arc spreading,
and some diffuse, transform-like motion. One can further characterize the degree of real-
ism compared to plate tectonic kinematic indicators by computing toroidal-poloidal ratios
(Fig. 1.21) and the degree to which strain-rates are localized in plate boundaries (Fig. 2.14a
and b; §5.5.1). Many metrics compare well to plate-tectonic constraints even though the
early computations were performed at relatively low Rayleigh number (Tackley, 2000a; van
Heck and Tackley, 2008; Foley and Becker, 2009).

The major control on system behavior is the yield stress, σy, and Fig. 4.57 shows a
typical phase diagram. For the Rayleigh numbers explored, there is a subdivision as a
function of σy into plate-like and episodic regimes where periods of stagnant lid alternate
with plate-like motions (Moresi and Solomatov, 1998; Tackley, 2000a; van Heck and Tackley,
2008). Yielding also controls the size distribution of plates (Mallard et al., 2016).

If we compare the scaled values of σy ∼ 100 MPa in Fig. 4.57 with estimates of
eq. (3.146) with dry Byerlee values, eq. (3.33), for the yield stress, σy, then these stresses are
too low. Dry Byerlee type stresses with typical friction values cannot be overcome by con-
vection, and the required equivalent friction coefficients for eq. (3.146) would be . 0.1.
Alternatively, we can invoke the effects of fluids to reduce p′ for visco-plastic convec-
tion models (e.g. Moresi and Solomatov, 1998; Enns et al., 2005), keeping in mind that most
geodynamic model only capture a broad, quasi-plastic description of rheologies with a
resolution that is typically too coarse to refine fine-scale fault structure and the like.

In order to explain the apparent mismatch of required σy values, it has also been sug-
gested that dynamic friction values µd (§3.3.7) are relevant for plate failure during con-
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vection (Nakagawa and Karato, 2021), modifying f in eq. (3.146) instead. A drop in fp′ of
∆f ∼ 0.5 (as for the fs version of eq. 3.147, or simply f ∼ µ) corresponds to λ ∼ 0.8, i.e.
super-hydrostatic fluids (cf. Montési and Zuber, 2002).

Besides the values of σy from estimates such as Fig. 4.57 being small compared to typ-
ical yield envelopes (Fig. 3.70), another concern is that the range of viable σy is relatively
small. Similar, or perhaps even narrower, ranges of plate like behavior are found in more
recent, high Ra computations which also suggest that visco-plastic rheologies may pro-
duce relatively narrow ridge-transform offsets (Langemeyer et al., 2021; Coltice, 2023). Why
should the Earth have just the right yield stress to lead to plate tectonics? A probable
reason is that this yield stress is not a material parameter but arises from some interaction
of different microphysical mechanisms, leading to a dynamic equilibrium with an equiv-
alent yield stress. While the quasi-plastic convection computations may not include the
right physics, they do appear to indicate special behavior for that σy range.

Another complexity arises that while phase diagrams such as Fig. 4.57 imply a unique
and time-invariant connection between convective vigor and rheology of a planet and
its style of tectonics, numerical models find path-dependence and hysteresis (Weller and
Lenardic, 2012). This means that σy for the transition between stagnant lid and plate-like
convection may be different depending on which direction one traverses the transition
(Lenardic and Crowley, 2012). The reason for this is likely the existence of different branches
of plate velocity solutions for the same parameters in boundary layer models modified
from §4.3.3 by incorporation of an asthenosphere (Fig. 4.44). For planetary evolution, this
means that the starting conditions may matter, and switching between modes may occur,
for example (Sleep, 2000; Lenardic, 2018). Moreover, the Ra− σy diagram for stagnant lid–
episodic–plate tectonics regimes is not an exclusive one; the early might have experienced
different modes of lithospheric heat transport such as the heat pipe mode akin to present-
day Io (Moore and Webb, 2013) (§11.2).

4.4.4.2 The role of the asthenosphere

There are a number of details of the implementation of visco-plastic rheologies which
affect the expression of mantle convection at the surface, such as the type of temperature-
dependence (§4.4.1.1), or if yield stress is constant or depth-dependent (Tackley, 2000b;
Stein and Hansen, 2013; Coltice, 2023). Related to the temperature dependence of viscosity
and the mode of heating is the questions of an asthenospheric low viscosity layer which
arises in conjunction underneath the lithosphere (§4.3.5.1; Parmentier et al., 1994; Foley and
Becker, 2009).

If there is a low viscosity channel underneath the lithosphere, or alternatively, a higher
viscosity lower mantle, surface motions are observed to be more plate-like in visco-plastic
computations (Richards et al., 2001). More generally, layering of viscosity induces longer-
wavelength structure of mantle convection in 2-D (Richter and Daly, 1978; Jaupart and Par-
sons, 1985; Puster et al., 1995) and 3-D convection models (Fig. 4.52; Bunge and Richards,
1996; Tackley, 1996b; Zhong and Zuber, 2001). Effects of viscosity reduction in an astheno-
sphere can be illustrated by the models of Fig. 4.58 which apply a “melt” parameteriza-
tion. This approach reduces viscosities above a certain temperature in the shallow mantle
regions by a prescribed factor, as if there is a lower viscosity zone underneath spreading
centers and newly generated oceanic plates. It can be seen that plates are more coherent,
and flow longer wavelength compared to Fig. 4.55.

One reason for this is that viscous dissipation with an asthenosphere can be parti-
tioned differently from the simple boundary layer considerations (§4.3.3.1; Crowley and
O’Connell, 2012). Moreover, a relatively narrow asthenospheric channel may also serve
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Figure 4.58: Further ex-
ploration of convection
models of Tackley (2000a)
with general parameters
and plotting style as in
Fig. 4.55. The computa-
tions have an additional
“asthenospheric” or “melt”
viscosity reduction under-
neath spreading centers,
parameterized as a func-
tion of temperature (Tackley,
2000b). Non-dimensional
yield stress increases from
top to bottom as ≈ 1.4, 2.8,
5.7, 8.5, and 10 · 103. Not
spreading center segmen-
tation for g), for example
(from Tackley, 2000b).

to enhance convective flow induced stresses, and so help maintain plate tectonics itself
(Hoink et al., 2012). One aspect of this asthenospheric channeling is a pressure-driven,
Poiseuille flow component (§4.1.3) for mantle-plate coupling (Fig. 4.44b; Hoink et al., 2011;
Crowley and O’Connell, 2012; Coltice et al., 2019). Insofar as Earth’s asthenosphere might at
least partially be related to volatile storage variations (§5.4.1), a planet like Venus which
has lost its oceans and is thus operating dry would be quite different. Not only would
there be no direct weakening via reduction of yield stress, but also there would be no
supporting effects due to a weak asthenosphere.

4.4.4.3 Effects of continents and the supercontinental cycle

The fact that the Earth has continents matters for planetary heat transport and the style of
plate tectonics, though the reasons may not all be immediately obvious. Some interactions
between the oceanic plate system and the supercontinental cycle remain, in fact, to be fully
understood and we have yet to complete the transition of geodynamics from an oceanic
lithosphere centric view (Davies and Richards, 1992). It is perhaps surprising that a purely
thermal convection perspective, on which we have focused so far, is in fact able to explain
basic features of tectonics (§4.2.3.2 and §4.3.3).
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Figure 4.59: Area
per age distributions
(left, cf. Fig. 1.24) and
synthetic seafloor
age and continent
locations (right)
from visco-plastic
mantle convection
computations with
different continental
lithosphere distri-
butions. Top row:
hemispherically dis-
persed continents,
middle: one supercon-
tinent, bottom: small
dispersed fragments
(from Coltice et al.,
2012).

Generating continental crust involves fractionation at arcs at present (Jagoutz and Kele-
men, 2015), but the timing, cyclicity, and rates of continent formation and recycling over
Earth’s history remain debated (Rudnick, 1995; Korenaga, 2018). What is relatively clear
is that more extensive melting in the past, assisted by subduction, made the deep con-
tinental lithosphere that underlies cratonic regions (§7.3). This process is thought to
deplete the residuum such that continental keels underneath cratons, i.e. old continen-
tal regions that are only weakly deformed, are near neutrally buoyant (Jordan, 1978; Lee
et al., 2011). Extensive fractionation may also leave them depleted in volatiles and hence
stronger (§3.8.6). The combination of neutral buoyancy and high composition, volatile-
depletion related, viscosity are likely required for the long-term preservation of cratonic
lithosphere (Lenardic and Moresi, 1999; Lenardic et al., 2003). Relatively weaker continental
margins on the sides (Rolf and Tackley, 2011; Yoshida et al., 2012), or at the base, e.g., due
to non-Newtonian rheology Wang et al. (2014), can possibly act as buffer zones, taking up
deformation.

In some aspects, continental lithospheric chunks are thus simply floating on the top of
thermal mantle convection, resisting subduction, and recording the effects of convection,
such as dynamic topography and flooding (§5.2.2), over Earth’s history. Even if conti-
nents were passive, this will affect global dynamics including heat transport, for example,
through seafloor age distributions, yielding something akin to the triangular type distri-
bution of Fig. 1.24, on average, through a geometrical effect (Fig. 4.59). Moreover, if the
sub-continental lithosphere is higher viscosity than the regions underneath oceanic plates,
these viscosity contrasts will induce global net rotations of the lithosphere (§5.6.2). As a
corollary, the relative speed between oceanic and continental plates, which is moderately
well constrained for the Cenozoic (Fig. 1.23), and continental drift histories from paleo-
magnetic constraints for earlier times provide a constraint on mantle rheology (Rolf et al.,
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2018).
However, since continents have resulted from fractionation, they also include dramati-

cally larger concentrations of heat producing elements than the depleted mantle (§4.2.1.1).
This, and the absence of the formation of young seafloor, makes continents heat shields
of sorts, reducing convective transport compared to oceanic lithosphere. This means that
there is an important feedback between plate motions and heat transport which works dif-
ferently in a system with continents than for the simple models of §4.4.1.3 (Gurnis, 1988;
Zhong and Gurnis, 1993; Lowman and Jarvis, 1996).

Particularly if there is a ring of subduction around continents blocking lateral flow, in-
sulation, or thermal blanketing, may impede thermal mixing of the asthenosphere (Lenardic
et al., 2005, 2011) and localized heat sources have been invoked for continental breakup
(§7.1). However, such effects are temporary and continental drift throughout the Wilson
cycle may also serve to re-mix the mantle (Whitehead and Behn, 2015), and the general
feedbacks between the supercontinental cycle and convection modes remain to be fully
understood (Zhong et al., 2007a; Rolf et al., 2012; Grigné and Combes, 2020), particularly in
light of possible additional contributions such as due to the sediment cycle (§9.8.1).

The interplay between plate boundary evolution due to visco-plastic rheologies and
the interactions between the oceanic and continental system is also interesting. For exam-
ple, hybrid computations where Earth-like continental configurations and plate histories
are imposed first, and models are then allowed to move freely show a remarkable degree
of plate tectonic realism (Coltice et al., 2019; Coltice, 2023). For example, toroidal-poloidal
ratios are increased for certain continental configurations (Rolf et al., 2018), and the geom-
etry and separation history of continents may affect spreading center geometries which
evolve relatively passively (Coltice et al., 2017). How important these continental and Wil-
son cycle effects are compared to the rheology of plates, in particular damage weakening,
remains to be seen.

4.4.4.4 Localization and memory

Another perspective on breaking a stagnant lid is through the lens of subduction initiation
(Kemp and Stevenson, 1996; Toth and Gurnis, 1998; Lallemand and Arcay, 2021). We know that
initiation happened on Earth, and convection models such as those of Fig. 4.56 naturally
form slabs. However, the general notion is that realistic yield stresses preclude subduction
initiation for typical lithosphere without an additional mechanism, such as volatile weak-
ening (Moresi and Solomatov, 1998; Regenauer-Lieb et al., 2001), indirectly plume-induced
crustal spillover (Rey et al., 2014), or direct plume modification of the lithosphere (Gerya
et al., 2015). Once some sort of weakened suture is formed, it is then much easier to break
the plates (Gurnis et al., 2000b), and fault-like structures can serve to localize plate motions
in realistic ways (Zhong et al., 1998).

Invoking weak zones for subduction initiation or generation of plate-like convection of
course begs the question of how the weak zones formed in the first place. We know that
the continental lithosphere contains previously weakened regions, and moreover such
sutures can be reactivated after not deforming for long times, perhaps up to 1 Ga (§7.1.4;
Burke et al., 1977; Sykes, 1978; Buiter and Torsvik, 2014). This implies inheritance, or memory,
of weakening where deformation leads to a reduction of strength, i.e. of bulk viscosity or
σy, and this reduced strength is not immediately recovered after deformation ceases. This
behavior therefore rules out perfectly plastic rheologies of §4.4.4.1 as a comprehensive
description for Earth’s style of plate tectonics, the successes in terms of reproducing some
features notwithstanding.

We can return to the kinematic analysis of how plate boundaries partition plate mo-
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Figure 4.60: Smoothed divergence and vorticity for present-day plate velocities as proxies for
poloidal and toroidal components (left; Fig. 1.19), and the predictions of the toroidal field for a
2-D spherical computations with prescribed divergence sources, where the power-law exponents
n = 3, 21, and −1 correspond to the dislocation creep type power-law, quasi-plastic, and strain-
localizing rheologies of Fig. 3.47, respective (§3.4.2.3; from Bercovici, 1995a).

tions and test different rheologies using models which are driven by poloidal flow (Bercovici,
1993, 1995a,b). Figure 4.60 shows an exploration of the candidate rheologies of Fig. 3.47.
While the inclusion of lateral viscosity variations due to power-law or plastic rheologies
can generate toroidal from poloidal flow (§4.4.3.1), those are not sufficient to generate
the vorticity seen for present-day plate motions unless a strain-weakening rheology is
used. This rheology can localize deformation since the strength drops upon deformation,
allowing for more rapid deformation, and hence further weakening. A realistic version
of such an rheology also has memory, through the path-dependence where prior defor-
mation may lead to weakening. This can be parameterized in the simplest case by the
accumulated strain.

More generally, we can consider damage rheologies which are common in the brittle do-
main where they capture the reduction of elastic moduli due to evolving crack density
(Ashby and Sammis, 1990; Lyakhovsky et al., 1997). Here, we are referring to viscous domain
deformation that can be characterized by some sort of state variable distribution. Can-
didates of a thermo-dynamically complete theory are porosity and grain size evolution
(Bercovici et al., 2001; Bercovici and Ricard, 2005).

The feedback for grainsize arises from the inverse grainsize dependence of diffusion
creep (§3.8.6) and damage leading to finer grains (Expanded details 10) with the potential
for feedback through shear heating (§3.4.1.2; Kameyama et al., 1997; Bercovici and Karato,
2002). Such rheologies can serve to localize and generate memory effects (Ogawa, 2003;
Bercovici and Ricard, 2014, 2016), and lead to plate-like convection (Tackley, 2000b; Landuyt
et al., 2008; Landuyt and Bercovici, 2009). An interesting feature of viscous damage is that
the healing component of the recovery becomes temperature-dependent, to the extent that
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the presence of plate tectonics on planetary surfaces by means of sustained weak zones
may be controlled by atmospheric temperatures and hence climate (Foley et al., 2012; Foley
and Driscoll, 2016). This means that Venus with its runaway greenhouse atmosphere might
also lack plate tectonics because of surface conditions.

Simplified memory rheologies are now also beginning to be explored in global, visco-
plastic convection computations. Models show that the accumulation of damage over
time indeed leads to inherited weak zones that can be subsequently reused for new plate
boundaries. While there is some stabilization, the overall effect of damage appears to
be a more rapid reorganization of tectonic heat transport (Fuchs and Becker, 2022). Related
effects might have to be considered alongside thermal evolution constraints to understand
temporal fluctuations in tectonics and orogeny (§11; Foley and Bercovici, 2014).

While we have advanced and better understand how mantle convection generates
plate tectonics, there are still many missing pieces of the puzzle (Bercovici et al., 2015). For
example, dynamically free convection models have yet to fully generate and explore the
ridge-transform offsets which are considered to be hallmarks of plate tectonics. Some sim-
ilar features do arise for plastic deformation (§4.4.4.1). However, transform faults in these
models appear too transient compared to the fracture zone record, and such transience
is also found when viscous damage is included in more detailed regional models (Gerya,
2010; Schierjott et al., 2020).

This may be because viscous damage rheologies are only moderately strain-localizing
(Montési and Zuber, 2002), and the microphysics behind tectonic memory, and hence a gen-
erally valid constitutive law for plate boundary evolution remain debated. It is likely that
a number of mechanisms act concurrently, in the brittle and ductile regime, such as the
development of mechanically anisotropic fabrics (Tommasi et al., 2009; Hansen et al., 2012)
and the alignment of different strength lithologies (Montési, 2013), akin to crystallographic
and shape preferred orientations for seismic anisotropy (§5.6).

Based on these basic physical insights of mantle convection in this section, the rest of
this book explores how we can better understand and use regional tectonics settings and
processes to work toward completing our understanding of how the Earth works.
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Figure 4.61: Geological provinces and tectonic settings, as determined from the environment in-
ferred to dominate most rocks in the respective domain (polygons from Hasterok et al., 2022).

Chapter 4 reviewed how the transport of heat energy and momentum are handled by
mantle convection which encompasses plate tectonics, and as such is the explanation for
nearly all geological activity. Taken at the global level, those insights are important to get
a feeling for how terrestrial planets likely evolve, and what makes Earth different from
Venus, or perhaps similar to the conditions on some exoplanets (§11.3).

The relevant dynamics can be explored with general, ab initio convection models (§4.3),
or in global mantle circulation models adjusted to the Earth which can explain a range of
global and regional observations (§5). However, to understand specific, regional geologi-
cal phenomena, and to appreciate the feedbacks between tectonics and convection, it often
helps to also consider specific settings and type processes is seeming isolation (Fig. 4.61),
and those processes are what the following chapters are mainly concerned with.

We will follow the global overview by considering the sometimes dramatic expres-
sions of convection on Earth’s surface when mantle plumes lead to volcanism (§6). Plume
associated upwellings and volcanism are often associated with extension of the litho-
sphere (§7.1), which throughout the Wilson cycle leads to the formation of a new oceanic
basin (§7.2). We then discuss the recycling of the lithosphere in subduction zones (§9).
Subduction can lead to orogeny, i.e. the building of mountains (§10). This is one of the
most impressive expressions of mantle convection, and also one of the most complex and
least well understood. We close the tectonics chapters and this book with a review by
what we know about when plate tectonics started, when it may stop, and how the oce-
anic system interacts with the supercontinental cycle throughout our planet’s evolution
(§11.1).
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Chapter 5

Global mantle circulation

We previously discussed results from ab initio convection models which explore how the
plate tectonic style of convection arises self-consistently from the dynamics (§4.4.4). A
complementary approach to is to “assimilate” information about the present-day plate
tectonic setting, and then test model predictions, e.g. from spherical mantle flow, in light
of constraints such as the geoid or seismic anisotropy. We can then test which parameters,
e.g. for mantle viscosity, lead to the best fit. This approach can be summarized under global
mantle circulation modeling (Fig. 5.1) and has the benefit of being regionally realistic, by
design. It allows incorporating a range of geophysical and geological constraints and
testing predictions for present-day Earth tectonics.

Data assimilation means prescribing some variables to guide time-dependent models
and is often used in weather forecasting where, e.g., local temperature and wind speed
measurements can be used to drive a dynamic weather model and optimize predictions.
For the case of mantle flow, assimilation often involves prescribing the geometry of plate

Figure 5.1: Visualization of
a present-day, global man-
tle circulation model with
south-central Pacific focus.
Orange ribbons are along
selected streaklines; note
convection cell underneath
Tibet to left, indicating a
mantle conveyor belt type,
dragging flow (§10.8).
Tomographically imaged,
low velocity structures
(LLSVPs) are shown as
red isosurface, shear wave
anomalies at 1000 km depth
by means of a translucent
surface (cf. Fig. 1.25).
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Figure 5.2: Illustration of relative and
absolute motions in mantle convec-
tion focusing on how slab dip varia-
tions can result from different motion
scenarios between the surface and
deep mantle. In particular, consider
trajectories with and without a “man-
tle wind”, i.e. a large-scale mantle cir-
culation not necessarily aligned with
surface plate motions (Fig. 5.3), as
well as regional trench motions, rel-
ative to an absolute reference frame,
e.g. a stationary lower mantle as the
net-rotation model of Fig. 1.19. The
dropped parachutes are analogous
to the sinking of chunks of a sub-
ducting slab (“slablet”), e.g. with the
Stokes velocity, eq. (4.31), modulated
by the mantle viscosity variations and
phase transtions (§9.11). Trench mo-
tions can arise due to local or global
dynamics, but it is important to be
clear as to which reference frame is
appropriate when considering slab
morphology (from Tao and O’Connell,
1992).

boundaries and/or surface motions (Bunge et al., 2003; Conrad and Gurnis, 2003; Colli et al.,
2015), or also deeper slabs (Liu et al., 2008; Bower et al., 2015).

Such models are sometimes accused of using the “hand of god” approach since kine-
matics are trivially satisfied, yet convective force consistency is not necessarily guaran-
teed. However, this is not fair, as there are ways to test for consistency (Han and Gurnis,
1999), and to solve for consistent plate motions as discussed below. In fact, it turns out
that such models are fundamental for our understanding of the dynamics of global plate
tectonics, and they are succesful in many ways. As formulated in this chapter, none of the
models address why and how plate boundaries form and evolve, however.

One can think of mantle circulation modeling (MCM) as a sort of “applied geody-
namics” that seeks to explain specific tectonic features, and use kinematic and dynamic
constraints for inversions. There are numerous applications of this approach. This section
will focus on present-day or geologically recent mantle flow (§5.1), the related dynamic
topography (§5.2),the geoid (§5.4), plate driving forces (§5.5), and the link to seismic an-
isotropy (§5.6). We will pick up on time-evolving circulation modeling later, e.g. in the
plume (§6.4) and subduction (§9.11) context.
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5.1 The mantle wind: Predicting mantle flow

Mantle convection is governed by conservation of mass, momentum, and energy (§4.3).
If we seek to constrain the state of mantle flow for the present-day or the recent past,
we typically forgo solving the energy equation and instead infer the driving buoyancy
anomalies of the Stokes equation from other geophysical constraints. This system of equa-
tions (mass and momentum) describes circulation, as opposed to convection, i.e. there is
no time-dependence and flow responds instantaneously to changing boundary conditions
(the infinite Prandtl number approximation, §4.1.1).

Density anomalies are typically inferred by scaling seismic tomography velocity anoma-
lies (Fig. 3.54; Hager and Clayton, 1989; Forte et al., 1993), in particular shear wave mod-
els which capture the uppermost mantle better than compressional wave speed mod-
els (§1.5). As an alternative to using seismic tomography, one may isolate the effect of
slabs, either for the upper mantle by inferring slab density anomalies from Wadati Benioff
zones (Hager, 1984), or by reconstructing slab induced density anomaly models by track-
ing “slablets” and subduction throughout the Cenozoic (Fig. 5.2; Ricard et al., 1993; Stein-
berger, 2000). For both approaches, there are uncertainties due to compositional anomalies
and depth-dependent mineral physics relationships (§3.6.1). Those matter greatly in con-
tinental lithosphere, in particular cratons (§7.3) and to some extent in slabs (§9.4), but
those can perhaps be ignored or approximated in the mantle’s interior (§5.4).

The equations describing flow in the spherical annulus of the mantle can be solved
with numerical methods, most simply in the case of only radially varying viscosity (RVV)
by means of a spherical harmonics expansion (§C.6.2) of all relevant fields. The result-
ing equations can then be solved with a semi-analytical, propagator matrix approach
(Hager and O’Connell, 1978, 1981) which we had already encountered for the transient
visco-elasticity (§3.7.3). While the viscosity of rocks is, of course, temperature-dependent,
the conclusions from a simplified approach, e.g., as to the interpretation of the geoid, are
valid to first order, as subsequent comparisons have shown.

One exception is the lithospheric boundary layer, where the presence of strain-localizing
plate boundaries clearly requires lateral viscosity variations (LVVs). This means that es-
timates of the lithospheric viscosity are biased in simple models, and there are a number
of approaches to circumvent such problems (§5.5). Nowadays, reasons for simplifications
are not necessarily computational since global mantle flow problems including LVVs can
be solved routinely on scales down to ∼5. . . 25 km but rather guided by ease of getting
insights into the physics.

The simplest approach for estimating mantle flow is to prescribe plate motions as a
surface boundary condition. Such models can be used to test if slabs align with man-
tle flow trajectories (Hager and O’Connell, 1979), for force balance considerations (§5.5),
or for the exploration of seismic anisotropy (§5.6). Figures 5.3a and b show predictions
for horizontal and radial flow velocities for the uppermost and lowermost mantle when
plate motions are prescribed for the present-day and at 100 Ma, respectively, and for the
present-day when density anomalies as inferred from seismic tomography are addition-
ally included (Fig. 5.3c).

We can see that the 3-D mantle flow effects illustrated in Fig. 5.1 mean that mantle
tractions, e.g., are only in special cases simply opposite to the surface plate motions be-
cause of the large-scale return flow, a mantle wind that is induced by sphericity and the
geometry of the plates (Fig. 5.2; Hager and O’Connell, 1981; Ghosh et al., 2013b). Moreover,
the asthenosphere is not always flowing slower than the mantle, and there are interesting
asymmetries introduced (Fig. 5.3). This is particularly the case once density-driven flow
is included, which can enhance pressure driven counter-flow (§4.4.4.2). Upwellings and
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a)

b)

c)

Figure 5.3: Mantle flow and sub-lithospheric tractions for the present-day (a; smoothed motions
from DeMets et al., 1994, prescribed on surface in no net rotation reference frame) and at 100 Ma (b;
Seton et al., 2012) for purely plate-induced circulation, and for the present-day if density anomalies
also drive flow (scaling the model by Lu et al., 2019, with d ln ρ/ d ln vS = 0.25). Left column
shows scaled ratio of the flow speeds at the surface (cyan) and asthenosphere (orange), i.e. blue
background means plate faster than mantle and red vice versa. Middle shows alignment of motions
with mantle tractions exerted on the plates (yellow), red is asthenosphere moves same direction as
surface, blue is opposite. Right column shows radial flow at the mid lower mantle (background)
and horizontal motions at the top (light red) and bottom (dark red).

downwellings are found in the places where mantle temperatures are inferred to be cold
and hot, respectively, as expected from the Stokes flow considerations (§4.1.4).

These computations show that the answer to questions such as “Are the plates leading
the mantle, or is the mantle leading the plates?” depends: While the former, i.e. Couette
flow, is more common, even the return flow for the purely plate motion case (Fig. 5.3a)
is predicted to exhibit regions of the latter, i.e. Hagen-Poiseuille flow (Natarov and Conrad,
2012).

5.2 Surface topography

One remarkable feature of our planet is its diverse topography (Fig. 1.1). The surface of
the Earth is ever changing and the crust exhibits significant horizontal and vertical move-
ments, recorded by geological and geodetic data. The theory of plate tectonics provides
the basic kinematic rules and mantle convection the reason for the horizontal motions of
the plates. However, a comprehensive theory for the vertical components, particularly for
the continents, is still in its infancy.

The elevation dichotomy between the continental and oceanic domains (Fig. 1.2) is a
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Figure 5.4: a) Cartoon (not to scale) illustrating the processes related to the evolution of topog-
raphy. b) Illustration of rates and wavelengths of topography modifying processes originated at
different depths (from Faccenna and Becker, 2020).

clear indication of the different lithospheric density structures leading to variable isostatic
base levels, and the continents themselves are one of the major outcomes of the fraction-
ation component of thermo-chemical mantle convection (§1.1.1). However, when viewed
in regional detail, it is complicated to “read topography”, i.e. to consider a particular set
of observations on topography and temporal change thereof, uplift rates, and confidently
infer the underlying tectonic drivers. This is partially because continental topography is
controlled by interacting processes taking place both at depth and at the surface of the
Earth (Fig. 5.4).

Earth’s topography can be viewed as consisting of an isostatic component, including
the ongoing post-glacial adjustments (§4.1.7.1) and a mantle convection driven topogra-
phy component (Fig. 1.4) where asthenospheric flow is deflecting the surface out of iso-
static equilibrium (§4.1.4.2). Such a distinction is in practice not always straightforward,
and most topography is in some sense related to mantle convection. However, it is often
helpful to consider a lithospheric density column as a “static” component above some
compensation depth (§1.1.1), say the upper asthenosphere.

Ignoring glacial effects for now, the additional push or pull that can arise due to the
currently active convective currents is then the “dynamic” component. Changes in to-
pography can be introduced by conduction of heat, e.g. cooling or heating of the mantle
lithosphere, changes in thickness and density of the crust, and surface mass transfer by
erosion and sedimentation (Fig. 5.4a, §10.6.2).

5.2.1 Residual and dynamic topography

Isostasy says that surface elevation should be governed by Archimedes floating equilibri-
uem, eq. (1.26). Using crustal and lithospheric models, we can determine our best guess
of the isostatic contribution and then subtract it from the actual topography (Fig. 1.10,
§1.3.3.1). For this residual of possibly dynamic origin to be meaningful within a modeling
context, one should consider only spatial wavelengths� the elastic thickness to avoid the
domain of flexural, elastic support (§3.1.2). Accordingly filtered residual topography after
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a) isoviscous b) ηlith/ηum = ηlm/ηum = 30

c) ηlith/ηum = ηlm/ηum = 30, long wavelength only d) ηlith/ηum = ηlm/ηum = 30, lower mantle only
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Figure 5.5: Dynamic surface topography, hd, (under air, eq. 4.36) prediction for a simplified mantle
flow model driven by tomographic anomalies from Lu et al. (2019), scaled by d ln ρ/d ln vS = 0.2
below 200 km depth, and set to zero above to avoid cratonic regions (§7.3). a) is a hypothetical iso-
viscous mantle case. b) uses a more realistic, layered viscosity structure with stronger lithosphere,
ηlith, and lower mantle, ηlm, both a 30× the upper mantle reference viscosity, ηum. c) as in b) but
only showing structure at spherical harmonic degree ` ≤ 8. d) as in b), but only using density
anomalies below 660 km (cf. Fig. 1.25 for seismic mantle structure and Fig. 5.6).

subtracting lithospheric isostasy estimates is thus one way to define anomalous topogra-
phy. This approach depends strongly on the density structure of the lithosphere, eq. (1.27),
where particularly the mantle lithospheric thickness and density are uncertain and spa-
tially highly variable. Different assumptions as to plausible ranges of variations can lead
to vastly different amplitudes of residual estimates (Levandowski et al., 2014; Becker et al.,
2014b).

Another way to approach anomalous topography is from the mantle perspective, con-
sidering dynamic topography. In the solid Earth context, this term refers to the deflection of
surface topography that is due to the normal stress exerted at the base of the lithosphere
due to mantle flow with convective timescales of variation of ∼Myr (§4.1.4.2). These dy-
namic deflections contribute to geoid anomalies along with static density anomaly com-
ponents that would persist without any viscous flow (Fig. 1.4). In oceanography, dynamic
(ocean) topography refers to the difference between the geoid and the sea surface height
which varies because of ocean currents on timescales of days to 100s of days (Tamisiea et al.,
2014). In between these timescales lie GIA effects which also lead to a temporal change in
the height of the sea surface equipotential, i.e. the geoid as used in this text (§4.1.7.2).

5.2.2 Estimates of dynamic topography

Dynamic topography of the solid Earth is part of the vigorously convecting mantle (§4.4)
and includes the effects of hot, positively-buoyant mantle material, such as within a
plume, rising and pushing lithosphere up, and cold, negatively-buoyant material sink-
ing (such as due to a slab) and pulling the lithosphere down (§4.1.4.2). Unlike isostatically
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compensated topography, dynamic topography gives a transient signal, and responds
due to time-dependent mantle flow (§5.3).

Figure 5.5 shows MCM predictions of surface dynamic topography for the present-day
given density anomalies as inferred from seismic tomography. This simple computation
has a free slip surface boundary conditions and dynamic topography is inferred from the
normal stress in the viscous fluid via eq. (4.36). Surface velocities are thus not very plate-
like (§5.5) but the patterns of dynamic topography are instructive. As Fig. 5.5a shows, the
dynamic deflection of the surface, hd, resembles some sort of depth average of the density
structure that is inferred from tomography (Fig. 1.25), as was anticipated by our earlier
scaling analysis which suggested that hd ∝ ∆ρ (§4.1.4.2).

The patterns of negative dynamic topography are mainly associated with the circum-
Pacific subduction zones, with some exceptions including the depression south of Aus-
tralia, the region of the Australian-Antarctic discordance which shows a range of geophysi-
cal and geochemical anomalies (Weissel and Hayes, 1974; Klein et al., 1988). Positive anoma-
lies include a sharp peak underneath the East African rift system (§7.1.5) and a broader
scale swell in the south-central Pacific plate (§7.2.4). If we allow for higher than upper
mantle lithosphere and lower mantle viscosity (Fig. 5.5b), hd amplitudes are somewhat
reduced, and upper mantle density structures come more into focus, including the upper
mantle slabs in the Marianas, Tonga, and South America, the geometry of which are im-
posed in Lu et al.’s (2019) model. This indicates that RVVs shift the depth sensitivity of hd,
while the general scaling hd ∝ ∆ρ holds.

This is further illustrated by comparing long-wavelength only structure (Fig. 5.5c)
with hd for lower mantle density anomalies (Fig. 5.5d). We can infer that the deep mantle
is a minor contribution to surface topography, and only at the longest wavelengths. The
negative hd contributions of deep mantle flow are due to slabs which have transitioned
into the lower mantle (§9.11), and the upwellings superswells due to the LLSVPs (§6.4),
here assumed isochemical (Fig. 5.6; Richards and Hager, 1989; Panasyuk and Hager, 2000a).

From Fig. 5.5, we can thus deduce a depth, z, dependent, and mainly upper man-
tle sensitive, origin of dynamic topography that is also dependent on the wavelength, or
spherical harmonic degree ` (§C.6.2), of the density anomalies. For a MCM with only
radially varying viscosity, the problem is linear which allows expressing such relation-
ships as sensitivity kernels (§4.1.7.1). Those quantify the expression of a density anomaly,
e.g. in terms of hd, as a function of ` and z. Figure 5.6b and g show the surface dynamic
topography response kernels corresponding to Fig. 5.5a and b, confirming our empirical
inference. A more realistic, layered viscosity mantle’s dynamic topography is predomi-
nantly controlled by the uppermost mantle, across wavelengths.

When considering the dynamic topography of the CMB, the layered viscosity model
leads to a focusing of sensitivity to a mid-mantle, low ` domain (Fig. 5.6c and h). At the
CMB, compositional complexity arises from the likely chemical component of the LLSVPs
(§6.4), which may at least in part be thermo-chemical piles. The distribution of internal
heating and LVVs complicate the association between seismic velocity anomalies and ac-
tual CMB deflections (Lassak et al., 2010; Deschamps and Li, 2019). This limits the extent
to which deep mantle dynamic topography can be used as a constraint (Forte and Peltier,
1991; Moucha et al., 2007; Simmons et al., 2009).

5.2.3 Residual vrs. dynamic surface topography

Dynamic and residual topography should match if models were perfect (Ricard et al.,
1984). In practice, models are not only uncertain, but “static” and dynamic components
are intimately linked, and thus sometimes hard to disentangle. Mantle convection and
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Figure 5.6: Normalized response (sensitivity) kernels quantifying the effect of depth and wave-
length (`) dependent density anomalies for surface and CMB dynamic topography, gravity, and
the ratio between gravity and surface topography which is sometimes used to infer dynamic to-
pography from freeair-gravity (admittance) (cf. Richards and Hager, 1989; Colli et al., 2016). a)-e) is
for an isoviscous mantle, f)-j) is for a lower viscosity upper mantle (dashed line indicated 660 km
depth); both computations apply free slip mechanical boundary conditions at the surface and CMB
(computation by B. Steinberger).

temperature change produce vertical motions of the Earth’s surface, but also drive plate
tectonics and crustal deformation at plate boundaries. This manifests itself as vertical
motion through isostatic equilibration of a thickened crust, and/or deformation of the
thermal boundary layer including thinning of the lithosphere during delamination.

One issue that can lead to confusion is, for example, the cooling of the lithosphere
during aging of the oceanic plate due to conduction (§4.2.3.2): this sort of topography has
been considered either “static”, being related to the lithospheric buoyancy, or “dynamic”
because oceanic lithosphere forms part of the convective boundary layer (Panasyuk and
Hager, 2000b). When the analysis of a scientific problem depends on the point of view, ter-
minology can get confusing. However, rather than striving for some standardized way
of using the “right” words, efforts might be better spent appreciating the complexity,
and taking the time to discuss which processes are being referred to. In the case of the
lithosphere, cooling results from convection-driven seafloor spreading and smaller-scale
processes, and such temperature variations are also imaged by the seismological mod-
els (§7.2.4; Fig. 7.25). The lithosphere (top 200 km) was excluded for Fig. 5.5, but is now
included for the oceanic regions for the more refined dynamic topography models com-
pared to residual topography in Fig. 5.7 (Steinberger et al., 2019a).

At long wavelengths (&300 km), there is indeed a good match between residual and
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Figure 5.7: Residual (i.e. relative to isostatic model, a, c, and e) and dynamic topography (i.e.
mantle flow induced, b, d, and f; cf. Fig. 5.5). Estimates are from Steinberger et al. (2019a), including
the constraints from Hoggard et al. (2016), and following the approach of Steinberger (2016). Plots
c) and d) correct for a best fit, half-space cooling type,

√
age-dependent signal (continents set to

170 Myr), and e) and f) remove a plate model (constant depth seafloor for ages > 100 Ma). Labels
in lower left indicate RMS variations. Dynamic topography estimates (cf. Fig. 5.5) are multiplied
by 1/fw = 1.45, over water to account for the difference in surface density contrast, eq. (4.36).
Cross-model correlations, eq. (C.53), up to degree ` = 31, are rab = 0.72, rcd = 0.57, and ref = 0.53.

dynamic topography (Fig. 5.7a and b), with global correlation values of ∼0.7, eq. (C.53).
Many of the features are being explored in terms of their origin and tectonic consequences.
For example, large-scale tilting of continental interiors has been modeled and calibrated
by the stratigraphic record of marine inundations or by uplift of marine terraces (Gurnis,
1993; Forte, 2007; Spasojevic et al., 2009; Rowley et al., 2013; Liu and Zhou, 2015).

Before attempting to predict time-dependent dynamic topography, it is important to
benchmark present-day comparisons. It is clear that the Pratt type isostasy of the oce-
anic lithosphere dominates the signal, and Fig. 5.7b and d as well as e and f correct for
a half-space cooling and plate-type model, respectively, where some of the anomalous
seafloor topography was discussed in §7.2.4. Once the seafloor-age signal is removed,
the correlation between residual and dynamic topography is reduced to ∼0.55 (Fig. 5.7).
Both residuals estimates show the presence of large-scale negative dynamic topographic
feature over continents (Fig. 5.7), even after attempts to compensate for the effects of com-
positionally buoyant continental roots (Forte and Perry, 2000; Steinberger, 2016). Notable
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anomalies that do appear robust include positive ones over the western US, Ethiopia, Ice-
land, and a negative signal over subduction and collision zones (e.g. the Cordillera and
the Tethyan belt, cf. Fig. 5.5).

Many of these robust regional anomalies of Fig. 5.7 have been explored more fully in
regional studies. Examples of successful dynamic topography models include the Late
Cretaceous subsidence and tilting of western North America driven by subduction (Gur-
nis, 1993; Mitrovica et al., 1989; Bunge and Grand, 2000; Spasojevic et al., 2009), the Pliocene
uplift of eastern North America (Rowley et al., 2013), the tilting of Australia since the Late
Cretaceous (Sandiford, 2007; DiCaprio et al., 2009), and the Neogene uplift of Africa (Gurnis
et al., 2000a; Forte et al., 2010b; Moucha and Forte, 2011).

A third way of inferring anomalous surface topography is by means of scaling freeair
gravity anomalies within a medium wavelength range (Fig. 1.6c), motivated by the fact
that perfect isostatic compensation should yield zero freeair gravity anomalies (§3.1.2).
This approach is in theory independent of flow computation assumptions. However, a
realistic Earth with a layered viscosity structure means that the ratio between dynamic
topography and freeair gravity anomalies (the admittance) is, in fact, not constant (Fig. 5.6j;
Richards and Hager, 1989; Yang and Gurnis, 2016). This means that freeair based inferences
of dynamic, i.e. non-compensated topography, have to be treated with particular caution.

5.3 Time-reversal of mantle convection

Within mantle convection, transient, or time-dependent, dynamic topography due to
mantle flow over timescales of 10s of Myr for an observer traveling with a tectonic plate
can be thought of arising due to a combination of two effects (Lithgow-Bertelloni and Gurnis,
1997; Moucha et al., 2009; Conrad and Husson, 2009): 1), plates overriding a relatively sta-
tionary mantle density anomaly which leads to moving into and out of a regional dynamic
topography expression as in Fig. 5.7b, and, 2), advection and diffusion of asthenospheric
thermal anomalies in convection underneath an idealized stationary observer (Fig. 4.8),
such as may be approproate for a slowly moving plate.

For estimates of mantle driven effects over geological time, we thus need to time-
reverse mantle convection to infer the distribution of thermal or density anomalies in the
past. The advection part of the energy equation, eq. (4.125), works fine for reversal t→ −t
in principle. For this, we might use time-dependent plate reconstructions to prescribe sur-
face velocities, compute the associated changes in the mantle wind (Fig. 5.3a and b), and
advect anomalies. However, reconstructions themselves are uncertain and not “data”.
More fundamentally, once density anomalies have been flattened or folded over during
time-reversal, information is lost. This means that there are geometrical limits to advec-
tive reversibility (Kaus and Podladchikov, 2001).

The diffusion part of the energy equation is dissipative such that disorder (entropy) is
being generated. Simple time-reversal of the diffusion part of the energy equation is thus
impossible and leads to blow up of numerical solutions. More sophisticated schemes are
thus required (Ismail-Zadeh et al., 2004), and a lot of work has been done to optimize the
problem or retrodiction of convection such that once anomalies are convected forward,
present-day tomography is recaptured (Bunge et al., 2003; Liu and Gurnis, 2008; Glišović
and Forte, 2019; Ghelichkhan et al., 2021).

For the mantle, the challenge is then mainly in the boundary layers where diffusion
matters (§4.3.1) while in the interior advection will capture time-dependent density dis-
tributions on timescales shorter than geometrical distortion. This implies that timescales
for boundary layer instabilities and the non-linearity of eq. (4.125) will limit confident re-
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Figure 5.8: Geoid anomaly
predictions using tomography-
driven (Lu et al., 2019) global
mantle flow and radial viscosity
variations as in Fig. 5.5 for ho-
mogeneous mantle (a), an upper
and lower mantle of different
viscosotiy (b), and three layers,
including a lithosphere (c),
optimized for the geoid fit. See
Fig. 1.6a for the observed geoid,
correlations, r, values in the plot
titles are with the ITG-GRACE
(Mayer-Guerr, 2006) hydrostat-
ically corrected (Chambat et al.,
2010) geoid (cf. Fig. A.3), with
subscripts indicating spherical
harmonic degrees used. The
range of ` ∈ [4 − 9] was sug-
gested by Hager (1984) to focus
on the slab-related signal. A four
layer model has diminishing
improvements compared to c),
with r1−31 = 0.934.

versal times to . 100 Myr (Steinberger and O’Connell, 1998; Bello et al., 2014). If boundary
layer thermal structure is assumed to be known such as for seafloor age reconstructions
(Fig. 1.23), boundary layers can be prescribed and diffusion neglected in the interior for
simplified mantle flow retrodiction (Steinberger and O’Connell, 1997; Conrad and Gurnis,
2003), best limited to . 70 Myr. Exploring time-dependent convection including dynamic
topography is an active field of research where increased computational capabilities and
higher resolution seismic velocity models, along with the broad relevance outside tecto-
nics, including for sealevel (Müller et al., 2008b; Conrad and Husson, 2009), motivate work,
uncertainties notwithstanding.

5.4 The geoid constraint on viscosity

Returning to present-day dynamics, we can build on MCM predictions for dynamic to-
pography and consider what this implies for the Earth’s geoid. Geoid anomalies (Fig. 1.6a)
help us understand global and regional scale mantle dynamics processes, and the links
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Figure 5.9: Correlation between predicted and observed geoid, exploring the trade-off between
upper/lower mantle viscosity increase (log10 (ηlm/ηum), cf. Fig. 4.16) and depth of upper/lower
mantle boundary (zum/lm). Orange star and circle indicate best models for all zum/lm and when
restricted to zum/lm = 660 km, respectively. a) scale shear wave tomography, as in Fig. 5.8, b) uses
the whole-mantle, slabs only model of Lithgow-Bertelloni and Richards (1998). Legend states the
corresponding maximum correlation, r, values, up to ` = 20.

between density anomalies, flow, and deflections of the surface have long been explored
(Pekeris, 1935).

For a static, dense anomaly in the mantle (Fig. 1.4), the geoid anomaly would be posi-
tive, eq. (1.21), since we have to move further away from the center of the Earth to obtain
the same gravitational pull (§1.2). If we allow for dynamics, the Stokes sinker like flow
of the anomaly (§4.1.4), first assumed to occur in a constant viscosity mantle, will induce
a dynamic depression of the top and bottom boundaries of the mantle (§5.2.2). Surface
dynamic topography (Fig. 5.6b) means that there is now a local density deficit, air rather
than mantle fills in the depression.

Depending on where the sinker is in the mantle, there will also be a depression of the
CMB (Fig. 5.6c) which likewise leads to a (smaller) dynamic effect since it displaces the
iron core material with less dense, silicic mantle. Added up, those two dynamic, nega-
tive effects trump the static, positive effect on the geoid in the case of constant viscosity
(Fig. 5.6d). The total geoid anomalies inferred from seismic tomography driving flow in
a uniform mantle thus look like a moderately `-dependent, depth-integrated version of
tomography (Fig. 5.8a).

The predicted geoid anomalies are completely different if there is an increase in vis-
cosity from the upper to the lower mantle (Fig. 5.8b; Richards and Hager, 1984, 1989). The
transition zone geoid (or gravity) response in fact flips sign (Fig. 5.6i). This is mainly be-
cause a higher viscosity lower mantle focuses the dynamic deflection of the surface due
to mantle flow for upper mantle density anomalies, as discussed (Fig. 5.6g and h). The
observation of a subduction associated geoid high (Fig. 1.6a) thus implies that there has to
be an increase of viscosity in the lower mantle (Fig. 5.9; Hager, 1984; Ricard et al., 1984). As
a consequence, the gravity/topography ratio is not constant (Fig. 5.6j), invaliding simple
scalings of freeair anomalies for dynamic topography (§5.2.2).

Like dynamic topography, the amplitudes of predicted geoid anomalies are, however,
linear in the density anomalies (Fig. 5.6), and the observed anomalies are consistent with
a density to shear wave velocity scaling, eq. (3.111), of Π = d ln ρ/ d ln vS ∼ 0.2 . . . 0.3
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hydrostatic geoid anomalies at the surface
(Fig. 5.8c) with shear wave seismic tomog-
raphy (Fig. 1.25) as a function of tomogra-
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`. Compare to the geoid sensitivity kernel
for a layered viscosity mantle, Fig. 5.6i.

(Steinberger and Calderwood, 2006; Steinberger et al., 2019a) with best-fits and depth depen-
dence explored in Simmons et al. (2009) and Lu et al. (2020); some mineral physics estimates
are outside that range (§3.6.1).

Another way to see that the MCM kernels and viscosity increase in the lower mantle
(Fig. 5.8) are relevant for Earth is to compute the correlation of the geoid with seismic
tomography anomalies directly (Fig. 5.10). This correlation pattern bears resemblance to
the layered viscosity geoid kernel (Fig. 5.6i) particularly in the transition zone, confirming
that the isochemical scaling and RVV rheology assumptions behind the models of Fig. 5.8
may in fact be appropriate, to first order.

5.4.1 Venus, water, and geoid-topography ratios

The geoid kernel sign reversal for the Earth because of a viscosity increase toward the
lower mantle (Fig. 5.6) can also explain the decorrelation between gravity and topogra-
phy signals at low spherical harmonic degrees (Fig. A.4). Venus, however, shows large
correlation at low degrees. Volcanisms and the difference in tectonic style of the planets
may invalidate applying circulation model geoid analysis as above. However, if similar
mechanisms apply, the strong correlation implies that, even though the planet has com-
parable size and composition, and hence likely a phase transition at similar depth to those
at 660 km for Earth, the phase transitions may not be associated with a viscosity increase
(Phillips, 1986; Steinberger et al., 2010).

For Earth, this implies in turn that it may not be the phase transition (§4.4.2) per se
causing the viscosity increase, but rather a secondary, related factor, with the prime can-
didate being volatile content (§3.8.6). Earth’s upper mantle, transition zone, and lower
mantle have different volatile storage capacities. As a result, the viscosity of the lower
mantle may be higher than for layers above because it is relatively drier. Venus appears to
have lost its oceans, and hence such volatile variations are not affecting its mantle viscos-
ity. Lack of water has also been linked to the absence of plate tectonics on Venus (§4.4.4.4;
Moresi and Solomatov, 1998; Nimmo and McKenzie, 1998).

DRAFT 297



5.5. PLATE DRIVING AND CRUSTAL DEFORMATION STUDIES

Figure 5.11: Plate motion
and geoid predictions
based on self-consistent
mantle flow, similar to
Fig. 5.3, but with lateral
viscosity variations in-
cluding plate boundary
weak zones (cf. Ghosh et al.,
2013a). The correlation
with plate motions and the
geoid are r20 = 0.89 and
0.82, respectively.
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5.4.2 Typical viscosity profiles and non-uniqueness

While the viscosity increase somewhere around 660 km for Earth is an important and
robust feature for our planet, geoid inversions are notoriously non-unique (Thoraval and
Richards, 1997; Panasyuk and Hager, 2000a). Moreover, the analysis here is of course highly
simplified. Some of the complexities that were ignored here, such as the effects of com-
pressibility, can be approximated with a radially adjusted density profile to first order
(Panasyuk et al., 1996; Steinberger and Calderwood, 2006).

Figure 5.9 explores the particular trade-off between upper/lower mantle viscosity in-
crease and the depth at which this increase is assumed to happen. There are a range of
solutions which fit the data equally well, with some better correlations for tomography
models compared to those which include slab induced downwellings only (Fig. 5.9a vrs.
b). The viscosity increase amplitude is fairly well constrained, ηlm ∼ 50ηum, but the depth
where this increase happens is ∼ 650 . . . 1200 km, and the increase need not be sharp
(King, 1995; Rudolph et al., 2015).

These results and the finding that there are diminishing returns in terms of improve-
ment in model fit for increasing the number of layers in the best-fit models, and hence
number of parameters (Fig. 5.8b and c) illustrate that geoid-based inversions do typi-
cally not allow inferring more than ∼ 3 viscosity layers robustly. Even the inclusion of
additional constraints, such as from glacial isostatic adjustment (§4.1.7), may not improve
matters much (Paulson et al., 2007), though there are conflicting results (Mitrovica and Forte,
2004). That said, geoid inversions based on mantle circulation modeling using seismic to-
pography scaled to density indicate that the lower mantle is ∼30. . . 50 times higher, and
the asthenosphere ∼0.01. . . 0.1 times weaker than the background upper mantle (King and
Masters, 1992). Similar values result from dynamic forward models of mantle structure
(Mao and Zhong, 2021).

Additional constraints on viscosity arise when different kinds of constraints are intro-
duced, such as surface topography, and in particular plate motions, discussed next.

5.5 Plate driving and crustal deformation studies

As we have seen, the geoid and topography are linear with density in terms of their
anomaly amplitudes, and in the case of the geoid, relative viscosity variations with depth
affect how density patterns are expressed at the surface (Fig. 5.6). A constraint on ab-
solute viscosity arises through plate velocities, as those scale with density anomaly over
viscosity, like the Stokes sinker (§4.1.4).

It was thought that geoid and velocity constraints point to different rheological models
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Figure 5.12: Illustration of plate driving forces (blue and white) and mantle tractions (red), which
can resisting or propel the motion of the plates (cf. Fig. 5.3).

of the mantle (Thoraval and Richards, 1997). However, the introduction of lateral viscosity
variations resolves many of those issues, and both geoid and plate motions arise consis-
tently from MCMs (Fig. 5.11; Zhong and Davies, 1999; Moucha et al., 2007; Ghosh et al., 2010).
While we know that plate motions are part of the top, cold thermal boundary layer of con-
vection (§4.3.3), subsystems can be interesting to isolate (e.g., exercise 7, Fig. 5.12). With
this in mind, we proceed to discuss MCM based plate driving force studies.

5.5.1 Plate driving forces

Important early studies clarified the role of the cooling lithosphere (Richter, 1973; Lister,
1975) and the asthenosphere lubricating plates (Hales, 1969; Lliboutry, 1969), but Solomon
and Sleep (1974) were the first to consider plate motions on a global scale in a torque balance
framework. The latter is the spherical geometry equivalent of a 2-D force balance, where
areal, dA, integration over tractions, t(r) (§2.6), acting at location r yields a torque, T ,
which is a spin vector like an Euler vector, ω. A force F at location x can be recovered as

T =

∫
S

dA r × t(r) such that F =
T × x
|x|2

(5.1)

with × the cross product (§C.3.3), in analogy to eq. (2.1). The integration can be over the
plate area or its boundaries, e.g. for basal drag due to mantle flow or forces along edges,
respectively.

In equilibrium, all driving and resisting torques have to add up to zero (§2.6.3), and
Harper (1975) used torque balance to compute individual plate speeds. However, the
most impactful study in this context was by Forsyth and Uyeda (1975) who showed that
the strongest correlation between parameterized forces and plate speeds was with the
length of attached subduction zones, highlighting the importance of slabs for plate mo-
tions (§9.8). Chapple and Tullis (1977) broadened such parameterized force models and ex-
plicitly allowed for the computation of the magnitudes of the forces involved, and Solomon
et al. (1975) and Richardson et al. (1979) included intraplate deformation as constraints for
driving force models.

These early studies did not include the effect of mantle flow as accessible by MCMs
(§5.1). Hager and O’Connell (1981) computed the tractions underneath the lithosphere due
to imposed plate motions and quantified force contributions, and Forte et al. (1991) used
plate velocities to constrain mantle viscosity. MCMs without lateral viscosity variations
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Figure 5.13: Relative plate driv-
ing force contributions based
on optimized global torque bal-
ance models for three different
shear wave tomography mod-
els to infer density anomalies
underneath the lithosphere for
circulation modeling. Litho-
spheric thickening contributes
∼ 20 . . . 30% and includes ocea-
nic (“ridge push”) and continen-
tal GPE forcing, lower and up-
per mantle contributions to trac-
tions, and upper mantle slabs
are based on seismicity and
added to mantle flow tractions
as inferred from tomography.
(from Becker and O’Connell, 2001)
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such as in Fig. 5.5 have broad-scale upwellings and downwellings, i.e. poloidal type ve-
locities (Fig. 1.19c) in roughly the right places. However, deformation is distributed and
not localized in plate boundaries, and the toroidal flow (Fig. 1.19d) component of RVV
models is identical to zero (§4.4.3.1).

The LVVs of weak plate boundaries and near-rigid lithosphere elsewhere thus mod-
ify greatly how density anomalies drive flow by coupling poloidal and toroidal motions
(Forte and Peltier, 1987; Gable et al., 1991). An important advance in terms of prediction
global plate motions using mantle flow modeling was by Ricard and Vigny (1989). These
authors assumed that plate boundaries were infinitely weak, and that all plate driving
forces arose due to the tractions exerted by mantle flow and internal density distribu-
tions. One can compute the driving torques by integrating the tractions, eq. (5.1), induced
by density driven flow, e.g. as inferred seismic tomography (Fig. 5.3), pushing from below
at a global no-slip surface,

TM = {{Tmi}} = {T xm1
, T ym1

, T zm1
, . . . , T xmN , T

y
mN

, T zmN },

by integrating over N plates with i = 1 . . . N . Those driving torques are balanced by the
viscous drag induced by the actually moving plates,

TF = {{Tfi}} = {T xf1 , T
y
f1
, T zf1 , . . . , T

x
fN
, T yfN , T

z
fN
}.

The Tfi are not just due to each individual plate’s motion, but by means of the “mantle
wind”, each plate j also exerts torques on all other plates i, Tfi =

∑
j Iijωj , whereωj is the

j-th plate’s Euler vector, ωj = {ωxj , ω
y
j , ω

z
j }, eq. (2.1). We can solve for the plate motions

which achieve torque balance,Ω = {{ωi}}, by computing plate motion interaction terms,
Iij , successively by prescribing unity vector type ωj plate motions (flow Green’s functions),
and then solve

TF = {Tfi} =

N∑
j=1

Iijωj = IΩ = {Tmi} = TM . (5.2)
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This linear inverse problem (§C.3.7), i.e. solving IΩ = TM forΩ in a best-fit, least squares
residual sense, yields Euler vectors for all plates (Ricard and Vigny, 1989). Such models
provide a good fit to observed plate velocities, and also allow exploration of the time
evolution of plate tectonics throughout the Cenozoic in conjunction with slablet based
models (§9.11; Deparis et al., 1995; Lithgow-Bertelloni and Richards, 1998; Conrad and Lithgow-
Bertelloni, 2004). The density scalings that can be derived from fitting the geoid and dy-
namic topography, Π ∼ 0.2 . . . 0.25 enter velocity predictions after division by absolute
viscosity values as per the Stokes velocity, and appropriate amplitudes of motion are ob-
tained using Haskell type values for η ∼ 1021 Pas as an average over the upper mantle.

Later work explored how such purely mantle-driven plate motion models might be
improved by the addition of gravitational potential energy (GPE, §4.1.6) or edge-driven
torques to TM (Fig. 5.13). Lithospheric GPE variations including oceanic “ridge push”
are inferred to only contribute ∼ 20 . . . 30% of the global plate driving forces (Fig. 5.13;
Deparis et al., 1995; Lithgow-Bertelloni and Richards, 1998), with the remainder being mantle
based. Mantle tractions should in theory be captured completely by the inferred density
structure of flow models circulation models. However, since particularly early genera-
tion S-wave tomography models do not resolve upper mantle slabs well (Fig. 1.25), Becker
and O’Connell (2001) also explored adding regional slab pull as inferred from seismicity;
the contribution of those forces was found to be about as important as the distributed
tractions (Fig. 5.13). As was already illustrated for the case of vertical loading induced
topography (Fig. 5.5), a significant part of those horizontally transmitted mantle trac-
tions (∼ 60%) likewise originate in the lower mantle (Fig. 5.13). Modeling also indicates
that active mantle flow besides slab pull improves plate motions, as it does for the geoid
(Fig. 5.9), but plate motion directions were not sensitive to any edge forces not associated
with ridge push or slab pull (Becker and O’Connell, 2001). For example, transform fault
resistance is inferred to be small, as noted by Forsyth and Uyeda (1975).

This lack of sensitivity is mainly because many of the forces are aligned in the same
direction (i.e. from the spreading center to the trench, Fig. 5.12). This means that torques
are highly (anti-)correlated, and also implies that changes of plate motions are most likely
driven by change in slab pull (§9.10.1). If one considers the relative amplitudes of plate
motions, which is higher for oceanic plates than for continental plates (Fig. 1.19; Forsyth
and Uyeda, 1975) then inversions become more sensitive to edge forces around plate bound-
aries. Conrad and Lithgow-Bertelloni (2002) showed that this asymmetry can potentially be
used to distinguish between one-sided “slab pull”, as would be expected for a strong
lithosphere stress-guide pulling on the subducting plate only, and symmetric “slab suc-
tion”, pulling on both plates at the margin, as would be expected for a weak slab sinker,
akin to the Stokes sphere (§4.1.4).

The main contributions of upper mantle lateral viscosity variations arise through plate
boundaries, implicit in Ricard and Vigny’s formulation, and slabs. Another contribution to
LVVs is likely due to strong continental keels or lithospheric thickness variations (Fig. 1.9c),
which affect flow coupling to different parts of the continents (Fig. 5.14; Zhong, 2001; Con-
rad and Lithgow-Bertelloni, 2006). Related to this is the role of an asthenosphere in the
sense of a ∼100. . . 300 km thick low viscosity layer, predominantly reducing the viscosity
underneath oceanic plates, or outside the keels. When interpreting seismic tomography
as temperature, such an asthenosphere naturally arises and serves to speed up oceanic
plate motions relative to continents (Becker, 2006). This difference between sub-oceanic
and sub-continental asthenospheric viscosity is also produces faster oceanic than conti-
nental plate motion without strong slabs (Fig. 5.16; Becker, 2006).

The effective viscosity of slabs is an important dynamical property of the mantle since
they form the major convective structure in a predominantly internally heated mantle
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Figure 5.14: Tractions
exerted by mantle flow
without (a) and with (b)
strong continental keels,
visualized as traction vec-
tors (cyan) and lithospheric
stress state (moment tensor
symbols) (cf. Conrad and
Lithgow-Bertelloni, 2006;
Paul et al., 2023).
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Figure 5.15: a): Plate motion misfit for different viscosity models with and without a lower vis-
cosity region underneath oceanic plates (“asthenosphere”) and additionally high viscosity conti-
nental keels/roots, as a function of going from pure “slab suction”, i.e. mantle drag due to density
anomalies as inferred from seismic tomography, to pure “slab pull”, i.e. parameterized edge forces
(cf. Conrad and Lithgow-Bertelloni, 2002) cases (“slab pull fraction”). b): Ratios of plate motions with
and without attached slabs (cf. Fig. 1.13) as a function of slab pull. Best results are achieved for
shallow roots, a sub-oceanic plate asthenosphere, and ∼ 0.2 . . . 0.4 additional pull (redrawn from
van Summeren et al., 2012).
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(§4.3.1.1) and hence including considerations of plate driving forces (§9.8.1). Modeling of
the regional geoid over subduction zones thus provides an important set of constraints
not just on radial, but also on lateral viscosity variations, and slabs cannot overall act as
strong stress guides (Moresi and Gurnis, 1996; Zhong and Davies, 1999; Tosi et al., 2009).

Modest mid mantle LVVs as might be inferred from subdued seismic velocity anoma-
lies (Fig. 1.26), i.e., the toroidal-poloidal coupling in the mid mantle is relatively weak
(Zhang and Christensen, 1993; Becker, 2006). This means that outside areas with slabs (Zhong
and Davies, 1999; Ghosh et al., 2010) the uppermost, .400 km mantle LVVs are the most cru-
cial to include in mechanical models of the lithosphere-asthenosphere system (Čadek and
Fleitout, 2003; Osei Tutu et al., 2018).

Even for the upper mantle, models with non-linear rheologies, or Newtonian LVVs
show mantle flow that is typically similar to that of RVV models, on broad scales, albeit
at quite different amplitudes of flow (§4.4.1.4; Becker, 2006; Jadamec and Billen, 2012). In
order to assess the role of LVVs, one can also compute non-homogeneous plate motion
interaction matrices for force balance computations (I of eq. 5.2 allows for LVVs, but only
Newtonian flow; van Summeren et al., 2012). Such studies show that allowing for both an
asthenosphere and some degree of extra, one-sided slab pull leads, in fact, to the best fits
to global plate motions and other constraints such as the geoid (Fig. 5.15, cf. Ghosh et al.,
2010; Alisic et al., 2012).

Another approach to model plate motions is to prescribe finite width weak zones and
vary their viscosity (King and Hager, 1990; Han and Gurnis, 1999), which can now routinely
be done for global MCMs (Zhong, 2001; Becker, 2006; Alisic et al., 2012; Mao and Zhong,
2021). Figure 5.11 shows such a solution for plate velocities and the geoid. Both can be
matched fairly well (correlation values of ∼ 0.85), and the introduction of weak zones
leads to relatively strong best-fit lithospheric viscosity compared to RVV inversions such
as those of Fig. 5.8 (Ghosh et al., 2010). One advantage of LVV models is that intraplate
deformation and/or lithospheric stresses (Steinberger et al., 2001; Lithgow-Bertelloni and
Guynn, 2004) become more readily accessible as constraints for circulation models (Forte
et al., 2010a; Ghosh et al., 2013a, 2019).

5.5.2 Crustal stress and lithospheric deformation

The mantle contributions to the crustal stress (Fig. 2.9) field can be explored alongside
those generated by GPE, some of which we already considered for the lithospheric thick-
ening (ridge-push) force (exercise 7). Within continents, gradients in GPE (§4.1.6) will
likewise yield deviatoric stresses, such as those leading to extension in Tibet (§2.1; Eng-
land and Molnar, 1997; Ghosh et al., 2006). In Steinberger et al.’s (2001) MCM analysis, both
a purely GPE and purely mantle traction driven model explained crustal stress indicators
equally well. Lithgow-Bertelloni and Guynn (2004) found that the mantle contributions were
particularly clear over regions of downwellings, such as the circum-Pacific ring (Fig. 5.5a).

On regional scales such as the western US, similar conclusions hold (Ghosh et al.,
2013a). Humphreys and Coblentz (2007) found that the basal drag contributions to the
crustal stress field were higher in cratonic regions than elsewhere (Fig. 5.14) and explored
plate boundary contributions. Those are easier to isolate and study with regional ap-
proaches (Humphreys and Coblentz, 2007; Warners-Ruckstuhl et al., 2012), even though they
are perhaps less consistently included than in MCMs. Part of the discrepancies arise from
the uncertainties in the construction of GPE models, just as for residual topography esti-
mates (§5.2.1), in particular the choices as to lithospheric structure and compensation, i.e.
if and how dynamic topography is considered (Lithgow-Bertelloni and Guynn, 2004; Ghosh
et al., 2009).
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Figure 5.16: Comparison of plate motion diagnostics for kinematic (geologi-
cal/geophysical/geodetic) plate motion models and geodynamic predictions normalized to
the HS2 reference frame NUVEL1A model (Gripp and Gordon, 1990). Kinematic models are
the plate model by Gripp and Gordon (2002) and the deforming model by Kreemer et al. (2003),
respectively, and geodynamic models from Becker (2006), see there for details. All models have
lateral viscosity variations due to prescribed weak zones, labels such as “radially dependent
viscosity” refer to the mantle below. Plateness characterizes the degree of strain-localization.

Figure 5.16 compares a number of bulk lithospheric kinematic indicators, including
the degree of “plateness”, for different tectonic models (Fig. 2.14b) with flow model pre-
dictions similar to the model shown in Fig. 5.11. All geodynamic models have a high
viscosity lithosphere divided by prescribed weak zones, and the viscosity in the mantle
below is varied. For the radially dependent viscosity model, this means that all toroidal
power is induced by plate boundaries, similar to the models by Ricard and Vigny (1989).
LVVs in the mantle below are required to excite net rotations (§5.6.2).

The deformation, as opposed to stress, centric approach of Fig. 5.16 shows that the
RVV flow example has broadly distributed deformation and is thus not very plate like,
as was anticipated. However, Fig. 5.16 also shows that pure temperature-dependent rhe-
ologies lead to plates that are too rigid in the sense of showing greater plateness than
the GSRM model (§4.4.1.3), even when allowing for relatively wide plate boundary weak
zones (Becker, 2006).

How much other constraints such as joint considerations of dynamic topography,
geoid, and plate velocities and refinements in viscosity structure can robustly improve
global dynamic models remains debated, e.g. given the limited sensitivity of the geoid to
LVVs (Ghosh et al., 2010) and the non-uniqueness discussed above (§5.4). An intriguing
result of an inversion for LVVs is that of Yang and Gurnis (2016) who found that a nega-
tive temperature dependence of viscosity was preferred by their inversion. This makes
little sense, unless tomography does not image strong slabs, but rather the exterior of con-
vection cells around compositionally strong blobs. Those have been suggested based on
isotope systematics and mixing considerations (Manga, 1996; Becker et al., 1999b) and may
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be associated with bridgmanite and/or grain size evolution (Solomatov and Reese, 2008;
Ballmer et al., 2017; Gülcher et al., 2021).

5.5.3 Opportunities for model refinement

Returning to the plate motion fit of Fig. 5.11, we note that what is often observed is that
while the global match to plate motions is good (Fig. 5.16), regional features and individ-
ual plate motions, such as for North America, are sometimes harder to match. This might
indicate the requirement of the inclusion of gravitational potential energy variations be-
yond the ridge push implicit in including oceanic lithosphere structure from seismic to-
mography, how far-field slabs are incorporated, and/or how slow seismic velocities in
tomography are interpreted (Becker and Faccenna, 2011; Ghosh et al., 2013a; Liu and King,
2022).

The latter is an example of the aforementioned uncertainties in scaling velocity anoma-
lies to density, done with a simple, single conversion factor for the computation in Fig. 5.11
outside continental regions. This approach which we followed so far assumes a relatively
homogeneous, and well imaged mantle, i.e. given and fixed density anomalies from seis-
mology, and then focuses on the other uncertain factors controlling flow, i.e. viscosity, in
particular the role of RVVs and LVVs to achieve a better match to plate motions.

Alternatively, we can explore the density anomaly contributions to flow. While uncer-
tainties are large, mineral physics would imply significant variations by means of depth-
dependent Π even for a homgeneous mantle (Fig. 3.54b; Ricard et al., 2005; Steinberger and
Calderwood, 2006). Moreover, differences between shear and compressional wave seismo-
logical models of the deep mantle at the same depth imply compositional variations, in
particular in the vicinity of the LLSVPs (Masters et al., 2000; Trampert et al., 2004; Simmons
et al., 2009).

Since the spatial extent of compositionally distinct mantle domains remains debated,
one can also take the point of view that LVVs and other aspects of the mechanics of plate
motion generation are perfectly well known, and then allow for an inversion for composi-
tion and/or modification of imperfectly imaged seismic structure based on global MCMs
(Forte and Mitrovica, 2001; Simmons et al., 2009; Lu et al., 2020). Such inversions allow a
near perfect match of plate velocities (Forte et al., 2015). They also lead to regionally very
different mantle flow predictions from compared to those based on simpler scalings, par-
ticularly in terms of vertical flow (Forte et al., 2010a; Rowley et al., 2016).

This means that while our understanding of global mantle convection is validated by
a wide range of observations (Fig. 5.11), the weighting of different observables, and the
different degrees to which we trust our understanding of the rheology of the Earth, leads
to remaining ambiguity and geoid, dynamic topography, and plate velocities on their own
are not sufficient to remove all non-uniqueness. One way to add a set of constraints is to
further consider seismic anisotropy. Which is a bit of a messy topic, but in the end quite
powerful for helping us understand asthenospheric mantle flow.

5.6 Seismic anisotropy as a constraint for mantle flow

Seismic wave speeds are governed by the elastic properties of the medium on scales of
the wavelength. For example, if the symmetry axis of hexagonal anisotropy, or transverse
isotropy, is oriented in the vertical, horizontally polarized (Love) waves may travel at
different speeds, vSH , from vertically polarized (Rayleigh) surface waves moving with
vSV . Such radial anisotropy is observed in the uppermost mantle (Fig. 5.17a; Anderson,
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Figure 5.17: a) Average radial anisotropy (Ξ , eq. 5.3) from PREM (Fig. 1.7), and the 3-D SAVANI
(Auer et al., 2014), S3262ANI+M (Moulik and Ekström, 2014), and SEMUCB-WM1 (French and Ro-
manowicz, 2014) models; dark and light shading indicate ±σ variation around the mean and the
extremal range, respectively. b) Azimuthal anisotropy (Ψ , eq. 5.6) from SL2013SVA (Schaeffer and
Lebedev, 2013), YB13SV (Yuan and Beghein, 2013), and 3D2018 (Debayle et al., 2016); same shading. c)
Correlation up to ` = 20 (Becker et al., 2007, gray region indicating 95% confidence level) between
shear wave splitting (Fig. 5.18) and the azimuthal anisotropy models (modified from Becker and
Lebedev, 2020).

1961; Montagner and Nataf , 1986). With the elastic constants of Expanded details 5, we can
measure radial anisotropy by

ξ =
N

L
=

(
vSH
vSV

)2

or Ξ =
vSH − vSV
vV oigtS

=

√
3(
√
ξ − 1)√

ξ + 2
, (5.3)

which is incorporated in the upper 220 km of PREM (Fig. 1.7). Globally, average values
are ξ & 1 for the uppermost ∼300 km (Fig. 5.17a; Beghein and Trampert, 2003; Kustowski
et al., 2008).

If the hexaginal symmetry axis lies in the horizontal, wave speeds depend on the ori-
entation of propagation. Such azimuthal anisotropy can be seen for the sub-Moho regions
from azimuth-dependent Pn speeds (Hess, 1964; Smith and Ekström, 1999), and can be in-
verted for from Rayleigh wave speed variations (Forsyth, 1975; Tanimoto and Anderson,
1984), or jointly with radial anisotropy using a vectorial approach, i.e. aligning some, e.g.,
hexagonal, anisotropy model (Montagner and Nataf , 1988; Montagner and Tanimoto, 1991).
Any azimuthal, ψ, anisotropy can be expressed by a series expansion (Backus, 1965; Smith
and Dahlen, 1973)

v(ψ) ≈ A0 +A1 cos (2ψ) +A2 sin (2ψ) +A3 cos (4ψ) +A4 sin (4ψ) , (5.4)

which implies 180◦ (orientational, A1,2) and 90◦ periodic (A3,4) terms. For Rayleigh and
Love waves, olivine crystallographic preferred orientation (CPO) related anisotropy leads
us to expect, to first order, A3,4 ∼ 0 and A1,2 ∼ 0, respectively (Montagner and Nataf , 1986),
even though significant deviations are found observationally (Trampert and Woodhouse,
2003; Beucler and Montagner, 2006) and systematic 2ψ and 4ψ signatures can be expected
for different CPOs (Becker et al., 2006a; Russell et al., 2022).

306 DRAFT



5.6. SEISMIC ANISOTROPY AS A CONSTRAINT FOR MANTLE FLOW

0.5 1.0 1.5 2.0

δt [s]

0° 60° 120° 180° −120° −60°

−60°

−30°

0°

30°

60°

Figure 5.18: Distribution of SK(K)S splitting measurements, indicating “fast axes” (i.e. polariza-
tion plane orientation for VS1, eq. 5.5) and delay times (color of fixed length stick, delay between
VS1 and VS2 arrivals, eq. 5.7), based on a 2◦×2◦ average (compilation of Becker et al., 2012, updated
09/2022), contours are 0.5 cm/yr increments of plate velocities (NUVEL1A of DeMets et al., 1994,
in the spreading-aligned reference frame of Fig. 1.19a).

Another effect of azimuthal anisotropy, and a more direct means of detecting it, is that
a shear wave traversing an anisotropic medium is split into two pulses propagating at
two different speeds, vS1 > vS2, akin to optical birefrigence (Fig. 5.18; Silver and Chan,
1988; Vinnik et al., 1989). The two S wave pulses move as(

ρv2
S1

ρv2
S2

)
= L±Gc cos (2ψ)±Gs sin (2ψ) ,

or, in the case of weak anisotropy with L� {Gc, Gs} (Montagner et al., 2000),(
vS1

vS2

)
= vSV

(
1± Ψ

2
cos (2 (ψ − ψf ))

)
, (5.5)

with azimuthal anisotropy strength

Ψ =
G

L
=
vS1(ψf )− vS2(ψf )

vSV
, (5.6)

where ψf is the fast polarization plane azimuth, and (Expanded details 5)

Gc =
1

2
(c55 − c44) ; Gs = c45; G =

√
G2
c +G2

s; ψf =
1

2
arctan

(
Gs
Gc

)
.

The delay time between pulses traversing a homogeneously anisotropic layer of∆z thick-
ness is found from

δt =
∆z

vSV
Ψ. (5.7)

To first order, several layers can be averaged to infer bulk shear wave splitting from depth-
dependent anisotropy (Montagner et al., 2000) though complexities arise from dipping
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Figure 5.19: Comparison of asthenospheric seismic anisotropy as inferred from radial (back-
ground; Auer et al., 2014) and azimuthal (green sticks; Schaeffer and Lebedev, 2013) surface wave
models at 175 km depth and a smoothed, spherical harmonics representation of SKS splitting
(cyan, based on Fig. 5.18, contours same as there).

symmetry axes and non-linear averaging behavior (Rümpker and Silver, 1998; Saltzer et al.,
2000).

When applied to local body waves in the crust, the anisotropy detected from S wave
splitting can be indicative of crustal stress due to its effect on cracks and hence seismic
wave speeds (Crampin and Chastin, 2003). Close to faults, this relationship can break down
and existing fabrics such as damage zones around faults (§3.2.3.4) may affect anisotropy
(Li and Peng, 2017). Both are examples of shape preferred orientation (SPO) anisotropy where
layers or smaller-scale lenses, e.g. of cracks or partial melt, with different isotropic veloci-
ties are interspersed in a background medium.

On mantle scales, SK(K)S phases which are converted from P waves upon travers-
ing the CMB into the mantle are often used for splitting, since any source side effects of
anisotropy are removed by the P to S conversion. While there is some depth-sensitivity
(Chevrot, 2006; Long et al., 2008), SKS splitting has predominantly good lateral resolu-
tion, but anisotropy can accumulate anywhere along the path. Joint consideration of
surface-wave inversions for azimuthal anisotropy can provide complementary depth res-
olution (Montagner and Nataf , 1986). Figure 5.17c shows that, on the longest wavelengths,
SKS splitting fast azimuths match those of surface wave models (Fig. 5.19) for the upper
∼ 400 km of the mantle (Montagner et al., 2000; Becker et al., 2012).

5.6.1 Origin of upper mantle anisotropy

When we consider the strength of anisotropy in the upper mantle (Fig. 5.17a and b), it
is clear that particularly radial anisotropy increases toward the surface, i.e. within the
top, cold boundary layer of the convecting mantle (Montagner, 1998). What is the origin
of this anisotropy below the crust? One way to make a medium appear anisotropic is
by means of extrinsic anisotropy where intrinsically isotropic media of different velocities
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appear effectively anisotropic on long wavelengths.
The simplest example is the periodic isotropic two-layered (PITL) model (Thomson, 1950)

with alternating, horizontal layers of shear moduli µ1 and µ2 and thicknesses h1 and h2.
If the ratio of layer thicknesses, f , and moduli contrast µ̃ are defined as

f =
h1

h1 + h2
and µ̃ =

µ2

µ1
,

then the effective radial anisotropy of this isostropic sandwich medium is (Backus, 1962)

ξPITL = (fµ1 + (1− f)µ2)

(
f

µ1
+

(1− f)

µ2

)
= 1 +

(µ2 − µ1)2

µ1µ2

(
f − f2

)
, (5.8)

and thus ξPITL ≥ 1 always. Eq. (5.8) is maximum for f = 1
2 , when ξmax

PITL = (1 + µ̃)2/(4µ̃).
Reaching typical upper mantle values of observed radial anisotropy of ξ ∼ 1.1 thus re-
quires quite extreme µ̃ ≈ 1.87, making pure extrinsic anisotropy a highly unlikely expla-
nation of upper mantle anisotropy.

Another way to generate anisotropy is by means of formation of olivine-rich CPOs
during mantle flow. The intrinsic anisotropy of olivine depends somewhat on the pT condi-
tions, but single-crystal, maximum values can be up to Ψ ≈ 19%, ξ ≈ 1.27, and Ξ ≈ 12%.
Anisotropy is reduced to Ψ ∼ 13%, ξ ∼ 1.18, and Ξ ∼ 9% for olivine-enstatite assem-
blages, and xenoliths (Ismail and Mainprice, 1998) show Ψ ≈ 7%, ξ ≈ 1.08, and Ξ ≈ 5%
(Browaeys and Chevrot, 2004; Becker et al., 2006a).

Typical observed SKS delay times of δt ∼ 1.15 ± 0.46 s (Fig. 5.18) would require
86 ± 31 km of a homogeneously aligned xenolithic CPO, eq. (5.7). While some litho-
spheric SPO or CPO may contribute, the depth-dependent correlation of Fig. 5.17c, and
local comparisons of S and SKS splitting are, instead, indicative of an uppermost mantle
origin of much of the measured anisotropy that involves the asthenosphere (Fischer and
Wiens, 1996; Conrad et al., 2007). Typical radial anisotropy values (Fig. 5.17a) are moreover
comparable to xenolith estimates for olivine bearing CPOs, but local extreme Ξ values ex-
ceed the values that would be expected if we consider that azimuthal anisotropy strength
(Fig. 5.17a) is somewhat less than what is expected based on perfectly aligned CPOs.

Locally, SPO effects and extrinsic anisotropy may thus contribute, but a pure SPO
origin is not compatible with the observations (Wang et al., 2013). Taken together with
evidence for CPO type fabrics in the rock record (Nicolas and Christensen, 1987; Ismail and
Mainprice, 1998), all of this implies a predominantly olivine CPO-related origin of upper-
most mantle anisotropy both for the lithosphere and asthenosphere. That is, alignment of
intrinsically anisotropic minerals, mainly olivine, under convective shear leads to forma-
tion of a bulk anisotropy that reflects convection and tectonic deformation (Silver, 1996).

Figure 5.19 shows a global comparison of radial and azimuthal anisotropy patterns at
asthenospheric depths from surface wave models and SKS splitting “fast axes”. When
considering the patterns of azimuthal anisotropy, there is a indeed a clear, broad-scale
match between the orientation of plate motions and the fast propagation axes, and by
inference the alignment of olivine CPOs under shear (Tanimoto and Anderson, 1984). The
link arises due to the accumulation of deformation, and the associated formation of finite-
strain (§B.4), aligning olivine to first order such that the fast axes are in the direction of
shear, or along the longest axes of the finite strain ellipsoid (Fig. 5.20; McKenzie, 1979; Ribe,
1989; Ribe et al., 2018).

The typical, A-type CPOs for which such an alignment approximately holds (Zhang and
Karato, 1995) are inferred to form under nominally dry and low deviatoric stress condi-
tions (Karato et al., 2008), and are the most ubiquitous fabrics in the rock record (Mainprice,
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Figure 5.20: a) and b) de-
velopment of finite strain
(§B.4) visualized by ellipses
for two different timestep
of a slab rollback experi-
ment (contours). Shading
is the out of plane dimen-
sion of the ellipsoids (from
Li et al., 2014).

a)

b)

2007; Bernard et al., 2019). If we consider an idealized convection cell like Fig. 4.41, then
the pure-shear regime of upwelling underneath a ridge leads us to expect small Ψ and
Ξ < 0 due to alignment of the fast axes in the vertical due to an upwelling. After transi-
tioning into the simple-shear regime underneath the plate, Ψ will increase, and Ξ > 1 due
to alignment of the fast symmetry axes in the horizontal (Chastel et al., 1993). On broad
scales, the observed radial and azimuthal anisotropy patterns of Fig. 5.19 reflects this ex-
pectation, and there are a number of approaches to estimate CPOs from flow (Kaminski
et al., 2004; Castelnau et al., 2009).

Using global circulation models (§5.1), we can go beyond such general considerations,
and Tanimoto and Anderson (1984) provided a visual comparisons of azimuthal anisotropy
and asthenospheric velocities from the mantle flow models of Hager and O’Connell (1979).
Such global comparisons can be made more quantitative by estimating the formation of
anisotropy by computing stretching or finite strain ellipsoid (FSE; §2.3) axes (Gaboret et al.,
2003; Becker et al., 2003; Behn et al., 2004; Conrad et al., 2007) or tracking CPO formation
along particle paths (Becker et al., 2006a, 2008).

Figure 5.21 shows the predictions for radial, Ξ , eq. (5.3), and azimuthal, Ψ , eq. (5.6)
anisotropy, below the lithosphere for a region where mantle circulation is probably closest
to a simple convection cell, underneath the Pacific from Japan to the East Pacific Rise (cf.
Fig. 5.3). While there are complexities close to plate boundaries, and we know not to
always expect alignment of shear with the surface plate velocities (§5.1), the alignment of
fast azimuths, eq. (5.5), is overall close to the direction of plate motions, and the expectation
of vSV > vSH over up and downwellings and vSH > vSV within plates where simple shear
dominates (Montagner and Guillot, 2000) is confirmed (Becker et al., 2006a). This indicates
that seismic anisotropy can be used as a quantitative tool to test and refine MCMs, and
hence our understanding of mantle convection, by exploring the match on regional scales
for different flow scenarios and exploring different possible rheological models for the
Earth.

Much work has thus gone into the forward modeling of flow and CPOs, and much is
ongoing. If we focus on seismic anisotropy in the upper mantle, Fig. 5.17 shows that the
signal is concentrated in the upper ∼ 250 km. These regions in the top thermal boundary
layer of mantle convection are where we expect olivine rheologies to be predominantly in
the dislocation creep regime based on deformation maps (§3.10), boundary layer (Podolef-
sky et al., 2004), and global mantle flow modeling (Becker, 2006) if grain-sizes are of order
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Figure 5.21: a) Radial (Ξ , eq. 5.3, and, b) azimuthal anisotropy (Ψ , eq. 5.6), as predicted from
applying the CPO formation model of Kaminski et al. (2004) to global MCMs (Becker et al., 2008).
Maps are for the Pacific at 150 km depth, capturing flow from the East Pacific Rise to the Japan
trenches (cf. Fig. 5.22). White vectors are surface velocities, orange sticks fast azimuths, eq. (5.5).
c) shows mantle flow with depth along the profile shown on a) and b).

mm (Fig. 3.69). While diffusion creep assisted grain rotations can form CPOs (Miyazaki
et al., 2013), CPO formation is typically held to be associated with dislocation creep mech-
anisms (cf. Nicolas and Christensen, 1987; Mainprice, 2007). This suggests that the 1-D radial
seismic anisotropy signature on the top of the mantle (Fig. 5.17a) is associated with olivine
CPOs under dislocation creep, much formed during recent asthenospheric flow. Ξ thus
provides additional constraints on mantle rheology (Becker et al., 2008; Behn et al., 2009).
While this also means that power-law flow has to be considered for MCMs, the orienta-
tions of non-Newtonian mantle flow are similar to those of Newtonian models (Becker,
2006).

Another snag related to deformation memory is that olivine CPO formation does not
only lead to seismic but also to mechanical anisotropy (§3.4.1) where the ratio between
weak and strong viscosity values may be of order 50 (Tommasi et al., 2009; Hansen et al.,
2012). While viscous anisotropy may matter by means of stabilizing plate motion direc-
tions (Honda, 1986; Christensen, 1987; Király et al., 2020), circulation models for the present-
day plate geometries indicate that the effects on mantle flow and the geoid on global scales
are limited and hard to distinguish from an isotropically weak asthenosphere (Becker and
Kawakatsu, 2011). For regional settings such as underneath spreading centers, anisotropy
strength variations may be more diagnostic (Blackman et al., 2017).

5.6.2 Absolute plate motion and net rotations

There have been numerous approaches to use seismic anisotropy on regional or global
scales as a constraint for mantle flow, and the question arises which level of flow com-
plexity is required, or constrained. The simplest approach is to associate fast azimuths
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of azimuthal anisotropy with plate motions, assuming that those are indicative of shear
relative to a stationary base of the asthenosphere (Fig. 5.3), an absolute plate motion (APM)
model. As Figs. 5.19 and 5.21 show, regionally, this assumption may hold, to first order,
and globally there is also some indication that the APM signal is a good predictor of az-
imuthal anisotropy at least underneath fast moving lithospheric plates (Fig. 5.22; Debayle
and Ricard, 2013; Burgos et al., 2014). This raises the question of which reference to use
for the APM model since motion direction and inferred shear can be quite different for
suggested reference frames which are variable in terms of their net rotation component
(Fig. 1.19). Indeed, seismic anisotropy can be used to infer a best-matching APM refer-
ence frame (Kreemer, 2009; Zheng et al., 2014).

On global scales, net rotations (NRs, Fig. 1.20) of plate motions on the surface corre-
spond to large-scale shear with respect to the base of the mantle, in a mean-mantle NNR
reference frame, and this shear is focused in the upper mantle given the likely depth-
variation of viscosity (Zhong, 2001; Becker, 2006). If the NR component of a hypothetical
APM model is too large, then the match of CPO from mantle flow models to azimuthal
anisotropy would be overpowered by the net rotation compared to relative plate mo-
tion patterns. This provides a sort of “speed limit” for net rotations; preferred values for
the amplitude of the associated Euler vector are |ωNR| . 0.25◦/Myr for the present-day
(Becker, 2008; Conrad and Behn, 2010). While Pacific plate hotspot only reference frames
(§6.4) favor larger amplitude NR (Gripp and Gordon, 2002), values of 0.25◦/Myr are within
the range of global hotspot reference frames, and those found by optimizing the fit with
azimuthal anisotropy patterns (Fig. 1.20).

In particular, the moderate net rotation amplitude, spreading-aligned reference frame
as in Fig. 5.19 matches surface-wave based azimuthal anisotropy models well (Fig. 1.20).
This indicates that there exists a consistent absolute reference frame for plate tectonics for
the last few Myr, and the alignment of motions with spreading orientations may arise due
to the relative weakness of transform faults (Becker et al., 2015).

How are net rotations excited? The broadly westward drift of the lithosphere that is
associated with present-day net rotations has been suggested to be due to tidal forcing due
to the Moon. However, the related torques are orders of magnitudes too small unless as-
thenospheric viscosity is drastically lower than expected (Jordan, 1974; Ranalli, 2000). Net
rotations of the lithosphere with respect to the deep mantle can be excited convectively
in a number of ways, but we know that lateral viscosity variations (LVVs) are required
(Expanded details 22). Most prominently for the upper mantle, LVVs arise due to the dif-
ference between sub-oceanic and sub-continental asthensopheric viscosity, and those can
excite the right kinds of NR motions (Ricard et al., 1991).

Global circulation models with strong continental keels at current or inferred past po-
sitions produce∼ 0.15◦/Myr (Fig. 5.16; Becker, 2006; Rudolph and Zhong, 2014); other effects
such as the stirring actions of strong slabs (Gérault et al., 2012) and lateral plate bound-
ary strength variations (Mao and Zhong, 2021) may further contribute to higher values.
However, self-consistent, plate-generating convection 87computations also yield values
. 0.2◦/Myr for ∼ 4 orders of magnitude viscosity variations (Atkins and Coltice, 2021),
implying that geodynamic models obey the anisotropy speed limit.

While plate reconstructions often contain larger net rotations (e.g. Fig. 1.23), it is pos-
sible to reduce their NR component to . 0.1◦/Myr while matching relative plate motion
and paleomagnetic constraints for the last 220 Ma (Tetley et al., 2019). This implies that
while NR is an important component of global plate motions, the amplitudes are likely
. 0.2◦Ma, corresponding to maximum velocities of∼ 2 cm/yr, at present aligned roughly
with the Pacific plate Euler pole (Fig. 1.19).

312 DRAFT



5.6. SEISMIC ANISOTROPY AS A CONSTRAINT FOR MANTLE FLOW

0 30 60 90
∆α [o]

a) spreading - lithosphere

b) APM - asthenosphere

c) CPO from flow - asthenosphere

Figure 5.22: Angular ori-
entational misfit, ∆α, in
the oceanic plate regions,
between azimuthal seismic
anisotropy from SL2013SA
(cyan sticks; Schaeffer
et al., 2016, Fig. 5.19) and
predictions from geody-
namic models (green).
a) Seismology at 50 km
depth vrs. paleo-spreading
orientations inferred from
seafloor age gradients. b)
SL2013SA at 200 km depth
vrs. absolute plate motions
in the spreading-aligned
reference frame (Becker
et al., 2015). c) SL2013SA at
200 km depth vrs.synthetic
anisotropy based on CPO
formed in mantle flow
(Fig. 5.21; model of Becker
et al., 2008). From Becker
et al. (2014a).

5.6.3 Memory of deformation

If CPO of olivine is the cause of most of the upper mantle’s seismic anisotropy, then this
provides a record of past deformation. CPO textures are controlled by total, finite strain, ε,
quantified more strictly, by the natural strains, e.g., the ratio of stretch, s of eq. (2.5), in the
extensional and intermediate axis of the FSE (Fig. 5.20), or the ln thereof, ρ1 of eq. (B.12).
Experiments on olivine indicate that an initially randomly aligned set of single crystals
form clearly expressed CPOs at ρ1 ∼ 0.5 . . . 1 where the anisotropy strength is limited by
recrystallization to saturation values below single crystal expectations (Zhang and Karato,
1995; Bystricky et al., 2000). Modeling of anisotropy formed by mantle flow indicates that

DRAFT 313



5.6. SEISMIC ANISOTROPY AS A CONSTRAINT FOR MANTLE FLOW

upper mantle anisotropy may correspond to ρ1 ∼ 0.75 . . . 1 (Becker et al., 2006a; Miller and
Becker, 2012).

It takes larger finite strains of ρ1 . 2.5 to realign existing fabrics (Hansen et al., 2014;
Boneh and Skemer, 2014), and modeling of CPOs also faces challenges in the reorienta-
tion regime, such as when undergoing a transition between pure to simple shear for an
upwelling underneath a spreading center (Castelnau et al., 2009; Boneh et al., 2015). The
equivalent finite strains, ε ∼ eρ1 , can be linked to time, and hence convective memory of
anisotropy, tm, by assuming some typical strain-rates, ε̇, over which ε is formed, e.g.

tm =
ε

ε̇
=

1.5 . . . 12

5 · 10−15 s−1
∼ 10 . . . 76 Myr.

Convective strain-rates are mainly controlled by viscosity which is predominantly depth-
dependent (§5.4), and modeling indeed indicates tm ∼ 10 ± 10 Myr for ξ = 1 at astheno-
spheric depths (Becker et al., 2006a).

Larger values are found for the slowly deforming, or near rigid, lithosphere, to the
extent that shallow depths will have a record of past deformation, “frozen-in” anisotropy
in relatively cold boundary layers (§4.2.3.2), not associated with present-day mantle con-
vection (Fig. 5.22; Silver, 1996). These relatively small tm for the asthenosphere mean that
much of the uppermost mantle CPO induced anisotropy is expected to be saturated, and
the signal as expressed in radial or azimuthal anisotropy to be mainly controlled by the
alignment of CPOs, and not local strain-rates, nor absolute velocities, to first order.

This also means that while CPO evolution may be complex and dependent on evolv-
ing convective scenarios (Fig. 5.20; Hall et al., 2000; Faccenda and Capitanio, 2013), much of
global asthenospheric anisotropy can likely be approximated by present-day circulation
scenarios. The fit of flow models to global anisotropy is only mildly different for evolving
plates and circulation (Becker et al., 2003).

The link between convective dynamics and seismic anisotropy is simplest in the ocea-
nic plate boundary layers (Fig. 5.22; Nishimura and Forsyth, 1989; Conrad et al., 2007) since
seafloor is being formed by a mainly thermally controlled process (§4.2.3.2 and §7.2) and
reflects less deformation history than continental plates (§1.16). Given the strain-rate de-
pendence of tm which turns into an depth, or age-dependence, for the thermo-mechanical
oceanic lithosphere, we expect that old, shallow seafloor azimuthal anisotropy is mainly
a record of past deformation, in particular paleo-spreading orientation (Nishimura and
Forsyth, 1989). A corresponding match is observed, and the shallow lithosphere reflects
past plate motions (Fig. 5.22a; Smith et al., 2004; Debayle and Ricard, 2013).

For asthenospheric depths, underneath the mechanical lithosphere, APM type models
provide a good overall match of azimuthal anisotropy with low angular misfit, another
indication that overall shear of plate motions is a good background model (Fig. 5.22b;
Debayle and Ricard, 2013; Burgos et al., 2014; Beghein et al., 2014). Mantle flow based models
that include CPO formation do only comparably in terms of misfit metrics, but provide a
perhaps physically more convincing model (Fig. 5.22c; Becker et al., 2014a). Comparison of
Figs. 5.22b and c shows that large regions of oceanic plates show systematic misfits for the
APM model, while the flow-based CPO model shows high misfits in regions where there
is intraplate deformation (e.g. Tonga) and over spreading centers where CPOs are being
reformed, in ways possibly not matched by the CPO modeling (§5.6.1).

Assuming that CPO formed in global mantle flow models provide a good background
model of uppermost mantle anisotropy (Fig. 5.22c), we can use insights to further im-
prove MCMs or as a priori information to improve structural seismology models. For ex-
ample, statistical analysis of elasticity tensors based on CPOs shows that reducing olivine-
orthopyroxene associated anisotropy to the hexagonal approximation captures ∼ 80% of
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Figure 5.23: Mean angular misfit be-
tween dynamically consistent flow
model (Fig. 5.11) CPO predictions
and azimuthal seismic anisotropy fast
axes, as well as correlation with plate
motions as a function of astheno-
spheric (100. . . 300 km depth) viscos-
ity, ηa, relative to the upper man-
tle background, η0. Results are com-
pared to three seismological mod-
els: SL2013SVA (Schaeffer et al., 2016,
Fig. 5.19), DR2015 (Debayle and Ri-
card, 2013), and YB13SV (Yuan and
Beghein, 2013) (cf. Fig. 5.17; modified
from Becker, 2017).

upper mantle anisotropy (Montagner and Nataf , 1988; Becker et al., 2006a), and inferred scal-
ing laws can reduce the parameter space of seismological inversions (Panning and Nolet,
2008).

This statement is, of course, continents on the petrological assumptions, and CPOs
different from the A-type will be expressed differently. In particular, the signatures in
Love and Rayleigh wave 2Ψ and 4Ψ of different fabrics vary, eq. (5.4) (Montagner and Nataf ,
1988; Becker et al., 2008). Along with body wave constraints, this provides an as of yet
incompletely explored opportunity to explore different possible fabrics, with implications
for oceanic plate generation (Song and Kawakatsu, 2013; Russell et al., 2022).

A dynamic question for MCMs is the contribution of density anomalies as inferred
from seismic tomography, as opposed to simple, plate-motion based shear. Becker et al.
(2003) and Behn et al. (2004) showed that active mantle flow, e.g. as expected from geoid
modeling (§5.4), does lead to better fits to anisotropy observations (Conrad et al., 2007).
Conrad and Behn (2010) used the modulation of shear in the asthenosphere to derive a
best fit viscosity based on the match to azimuthal anisotropy, and their preferred value of
∼ 0.5 . . . 1 · 1021 Pas is consistent with the Haskell constraint (§4.1.7.1).

Figure 5.23 shows how the asthenospheric viscosity drop in a layer underneath the
lithosphere can be further constrained; there is a sweet spot of moderate viscosity reduc-
tion for fitting both seismic anisotropy and plate motions (§5.5). If the asthenospheric
viscosity is too low, smaller-scale convection patterns are enhanced, which disrupts the
fit to global anistropy of Fig. 5.22c significantly, and argues against large-scale viscosity
reduction effects of partial melt (Hua et al., 2023). Reassuringly given the complexities
of imaging seismic anisotropy, this finding is independent of the ensemble uncertainties
represented by different seismological models of anisotropy (Fig. 5.23; Becker, 2017).

Besides these global examples, there are numerous fruitful regional applications of
seismic anisotropy to constrain mantle dynamics, including for spreading centers (Black-
man and Kendall, 2002; Gaherty et al., 2004; Kodaira et al., 2014), subduction zones (Russo
and Silver, 1994; Hall et al., 2000; Long, 2013), and active continental margins such as South
America (Miller and Becker, 2012; Hu et al., 2017), and the western US (Silver and Holt, 2002;
Becker et al., 2006b; Zhou et al., 2018). Remaining challenges arise in a number of steps in
the fairly involved chain of linking tectonic history and flow to seismic measurements,
particularly in continental regions (Plomerová et al., 2002; Fouch and Rondenay, 2006; Wang
and Becker, 2019).

Yet, there are indications that even in well constrained, supposedly simple, oceanic
settings things are not as simple in the upper mantle as the convective link between an-
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isotropy and flow implied by Fig. 5.22c suggests (Takeo et al., 2018; Russell et al., 2019).
Important questions, e.g. regarding the role of melt, water, and petrological anisotropy,
remain for the upper boundary layer, and more so for the lower mantle (Romanowicz and
Wenk, 2017; Creasy et al., 2020).

Exercises: 8) Modeling global mantle circulation with SEATREE

The Solid Earth Research and Teaching Environment (SEATREE; Milner et al., 2009) is an open-
source, python based software package which provides a graphical user interface for a range of solid
Earth tools including modules that implement interfaces for
� 2-D mantle convection modeling using ConMan (King et al., 1990), a finite element solver of the

coupled Stokes and energy equations for infinite Prandtl number convection;
� 2-D, surfave wave phase velocity tomography using Larry2D (Boschi and Ekström, 2002);
� 3-D, body wave mantle tomography using Larry3D (Boschi and Dziewoński, 1999); and
� 3-D, spherical mantle circulation modeling using HC (Becker et al., 2009b), an implementation of

the Hager and O’Connell (1981) approach based on (Steinberger, 2000).
The general idea is to have a consistent user interface for different modules, which deal with various

geophysical problems. However, all original software is provided along with the package, along with
various python/shell script wrappers, so that the user can look under the hood and reuse code, for
example, for running numerous, automated forward models. The geoid inversions discussed in §5
were computed with the HC tool as supplied by SEATREE.

The general SEATREEWiki web pages are athttp://geosys.usc.edu/projects/seatree/
and have more detailed references and documentation; all source code is provided their by means of
Github repository access or archive download athttps://github.com/thwbecker/seatree/.
The software can be installed from there.

Perhaps more conveniently, there are a number of VirtualBox pre-compiled installations, including
https://geodynamics.org/cig/static/CIDER16 TutorialVM.ovawhich provides a
Linux operating system install with a number of other useful software tools. This is, however, a 4GB
sized file. The instructions for running that particular VirtualBox install are here: https://wiki.
geodynamics.org/cig16.

More information about alternative installations can also be found at the Unified Geodynamics
Earth Science Computing Environment web site athttp://www-udc.ig.utexas.edu/external/
becker/ugesce.html.

SEATREE exercises There is documentation for some modules on the SEATREEweb site, and most
selection boxes and buttons of the GUI have “tool tips” where a little help window will pop up when
the mouse is hovering over them.

The following tutorial exercises are meant to illustrate some of the capabilities of SEATREE and
explore a few scientifically interesting implications, some of which were discussed in sec. 4.3 for con-
vection (ConMan module) and sec. 5 for global circulation modeling (HC module). All items are meant
as suggestions for what effects to explore.
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Figure 5.24: Screenshot of the SEATREE (Milner et al., 2009) software running the HC (Becker et al., 2009b)
global mantle circulation module of Hager and O’Connell (1981); Richards and Hager (1984) type. The
interface allows computing velocities, mantle tractions and the geoid for different tomography models,
viscosity profiles, and velocity to density scaling. Plotting interface is to GMT (Wessel and Smith, 1998).

1. HC – Global mantle circulation modeling (Fig. 5.24)

(a) Start up the HC module. Use the default settings, but load viscosity structure visc.D from
the file dialog. Compute mantle flow and plot the geoid.

(b) Change the asthenospheric and lower mantle viscosity. Compute the geoid and comment
on the changes, for example as expressed in the correlation with the actual geoid.

(c) By adding another layer, shift the lower mantle viscosity increase from being at 660 km
to 900 km. Recompute the geoid. Reload the original viscosity structure, for example
by restarting SEATREE or by navigating to the default input data directory $SEATREE/
seatree/python/data/hc/viscosity, where $SEATREE is the installation di-
rectory.

(d) Change to depth-dependent scaling of velocity to density and compare the geoid (and the
radial tractions at ∼100 km) with constant scaling with that where the upper or the lower
300 km of the mantle are set to zero. How about the lower 500 km of the mantle zeroed
out?

(e) Using your favorite flow model with free slip surface boundary conditions, plot the ve-
locities at the surface, at 600 km (layer 26 for the default model), at 750 km (in the lower
mantle, layer 23), and just above the CMB (layer 2).

(f) Change to prescribed plate velocities and replot the velocities, bottom up.

(g) Compare the geoid for free-slip and prescribed plate computations.

2. ConMan – 2D thermal convection (Fig. 5.25)
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Figure 5.25: Screenshot of the SEATREE (Milner et al., 2009) software running the ConMan (King et al.,
1990) 2-D mantle convection module. Plotting interface is via Python’s MatplotLib.

(a) Load the ConMan module. Using the default parameters, explore the steady state (?), aver-
age temperature profile for Rayleigh,Ra, numbers of 5 ·103, 104, 105, 106 at zero activation
energy, E.

(b) Measure the top boundary layer thickness and plot against Ra on a log-log plot.

(c) UsingRa = 105, test activation energies,E, of 0, 5, 10, and 15 and note how the top thermal
boundary layer thickness deviates from that of the bottom. E implements temperature
dependent viscosity via the simplification of

η(T̂ ) = η0 exp (E(T − T0)) ,

where T is non-dimensionalized temperature with T ∈ [0; 1], and T0 a reference tempera-
ture.

(d) Using zero activation energy and internal heating of Ĥ = 10, comment on the steady state
(?) temperature profile.

(e) Use a Rayleigh number of 106 and explore the planform of convection for activation energy
5, and zero, and 20 internal heating.
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Chapter 6

The role of plumes in mantle
convection

Subducting slabs are responsible for ∼70% of plate driving forces and represent the dom-
inant agent of tectonic activity, organizing mantle structure (§5.5). However, as we dis-
cussed in §4.3.5.1, any bottom-heated convective system will have active upwellings, con-
tributing a secondary, plume-scale of convection, to which we now return.

6.1 Hotspots, plumes, and LIPs

When one considers the oceanic seafloor, there are a number of roughly linear chains
of seamounts with active volcanoes rising above sealevel for several of them (Figs. 1.1a
and 6.1). Wilson (1963) suggested that the seven, roughly parallel chains of islands in
the Pacific could be explained by plates moving over the cores of mantle convection cells
which produce volcanism at the surface. Wilson also explored how this validated the
view of Holmes (1931) that Wegener’s (1912) continental drift was due to mantle convection
(§1.4). We would now call a location where there appears to be a source of volcanism in the

Figure 6.1: Suggestion of
the link between hotspot
volcanoes being caused by
asthenospheric heat from
the interior of convection
cells, leaving a track on the
Pacific (Fig. 6.2) and Nazca
plates (from Wilson, 1963).
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Figure 6.2: Pacific
hotspot tracks in ba-
thymetry and island or
seamount volcanic age
constraints (circles;
from the compilation
of Doubrovine et al.,
2012). Top is for the
Hawaiian-Emperor
chain, bottom for
Louisville (cf. Fig. 6.4).
Also shown are
modeled tracks for
fixed (thin line) and
moving (heavy line)
plume models for the
Australia-1 circuit of
Doubrovine et al. (2012).
Plume conduits and
plume locations in
a mantle reference
frame are shown with
different colorscale,
from the modeling
technique of Stein-
berger and O’Connell
(2000) (Steinberger
and Antretter, 2006,
implementation).
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mantle, leading to volcanic centers away from spreading centers and subduction zones, a
hotspot. While local hydration anomalies or upwellings may also cause melting (§7.2.3),
we will see that the dynamics of hotspots are indeed indicative of buoyancy flux due to
heat.

If the hotpot, i.e. the location of creation of volcanism, is stationary in a mantle refer-
ence frame, then the volcanic chain on the moving plate above it should show a progres-
sively increasing age away from the hotspot, and this is observed for many hotspot tracks
(Fig. 6.2). Morgan (1971) made the link with the deep mantle more specific by suggesting
that localized upwellings, mantle plumes, from the bottom of the mantle, the CMB, were
the source of Wilson’s hotspots. Morgan also suggested that near-vertical plumes were rel-
atively stationary, and as an idealization, actually fixed in the lower mantle. Soon after,
Clague and Jarrard (1973) associated the bend in the Emperor-Hawaian chain (Fig. 6.2a)
with a change in plate motions at ∼47 Ma by fitting Euler poles, similar to how transform
faults are used to build relative plate motion models.

In fluid dynamics, cold and hot plumes are used interchangeably, but for mantle
convection we typically only refer to hot upwellings as plumes, since the temperature-
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Figure 6.3: Laboratory
experiments of thermo-
chemical plume ascent for
different initial buoyancy
numbers, B0 eq. (4.177),
B0 = 0 is the classical, iso-
chemical case. Top shows
tank illuminated to bring
out geotherms (tempera-
tures are indicated), orange
is compositionally distinct
material. Bottom shows
the local Bl computed from
image analysis. Modified
from Kumagai et al. (2008).

dependent viscosity of rock breaks the symmetry (§4.4). (We are also firmly in the lami-
nar flow regime, unlike volcanic or oceanic plumes.) Mantle plumes start out as instabil-
ities at a thermal boundary layer, typically the CMB, detach, and then rise once a near-
circular anomaly, or diapir, of sufficient buoyancy has formed (Fig. 4.48a). If viscosity is
temperature-dependent such that hot material is weaker, the rising anomaly forms a plume
head which is trailed by a thinner conduit, or plume tail, that feeds material like a tube to the
rising head which has internal convection (Fig. 6.3, B0 = 0 case; Whitehead Jr and Luther,
1975; Griffiths and Campbell, 1990). While the B0 = 0.21 case in Fig. 6.3 is thermo-chemical,
the dense material is mainly a marker of flow, highlighting this circulation in the plume
head (cf. Griffiths and Campbell, 1990). Given the rheology of mantle rocks, we expect that
the conduit will be a preferred pathway for subsequent CMB anomalies to rise, leading
to pulsing plume flux feeding hot material from the boundary layer into the plume head
(Loper and McCartney, 1986; Schubert et al., 1989).

Once a plume head reaches the top, cold thermal boundary, it will flatten out un-
derneath the lithosphere, causing a major thermal perturbation, potentially leading to
wide-spread uplift, rifting, and melting (§7.1.4). This suggests that remnants of surface
volcanism besides hotspot chains may also be plume related. A major candidate are large
igneous provinces (LIPs), defined as mainly mafic volcanics of volume & 100, 000 km3 em-
placed within . 5 Myr (Coffin et al., 2006; Ernst, 2014). Typically, those are linked with
flood basalts sequences, or traps. Examples are the Siberian LIP, the Parana in Brazil, the
Ontong Java plateau in the SW Pacific, and the Deccan traps in India (Fig. 6.4).

Indeed, several of the more recently emplaced LIPs appear associated with hotspot
tracks, indicating a causative temporal link between head arrival causing LIPs. For exam-
ple, in the oceanic plates, the Louisville hotspot (Fig. 6.2b) has been linked to the Ontong-
Java plateau, and in the continents, the Afar hotspot to the Ethiopian plateau (§7.1.5),
the Reunion hotspot to the Deccan traps, Yellowstone to the Columbia flood basalts, and
Tristan to the Parana (Duncan and Richards, 1991; Courtillot et al., 2003). The timing be-
tween LIP emplacement and the hotspot tracks being caused by the plume tail appears
consistent with dynamic timescales (Richards et al., 1989; Campbell and Griffiths, 1990), and
the link between LIPs and the deep mantle may provide constraints on long-term plate
tectonic evolution (Burke et al., 2008; Torsvik et al., 2021).
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6.2 Plumes and the evolution of tectonics

Morgan (1971) also suggested that plumes drive the plates. Broad-scale, active upwellings
can contribute significantly to plate driving forces, such as for India’s sustained conver-
gence and the Pacific at present and in the past (§9.10.1 and §10.9.3). However, isolated,
narrowly upwelling plumes are, in general, not thought to be a major contribution to plate
driving forces.

Partially, this is because the rheological asymmetry of the boundary layers of the con-
vecting mantle that is dominated by slabs (§4.4.1.3), and because internal heating and
secural cooling are expected to be dominant as a heat source compared to bottom heating
from the core (§4.3.5.1). Moreover, if plumes reach the surface, their mantle tractions are
mainly oriented radially outward from the conduit, and thus average out to small torques
if they are rising underneath a plate, eq. (5.1). If the plume rises on the plate’s edge, such
as underneath a spreading center, the effect on plate speeds will be more pronounced.
However, it will still be limited by the diameter of the plume compared to other forces
around plate edges such as slab pull (§5.5).

While isolated plumes are thus secondary features in terms of tractions driving plates,
this does not mean that plumes play no role for plate tectonics. Influx of hot material from
plumes may contribute to a low viscosity asthenosphere on global scales (cf. Fig. 4.48d
and e; Phipps-Morgan et al., 1995), or temporarily reduce viscosities and hence enhance
plate speeds (Ratcliff et al., 1998; van Hinsbergen et al., 2011). Moreover, plumes have been
suggested to help kick start plate tectonics, either by forming positively buoyant crust
that can aid subduction initiation by spillover (Rey et al., 2014), or more directly (Ueda
et al., 2008; Gerya et al., 2015). Moreover, the arrival of plume heads with the emplacement
of large volumes of volcanism has been invoked as major trigger for supercontinental
dispersal and rifting (Dewey and Burke, 1974; Morgan, 1981; Gurnis, 1988), either by forming
weak zones, or exploiting existing sutures (Burke and Dewey, 1973; White and McKenzie,
1989). As discussed further in §7.1.4, the link between plume-induced volcanism and
rifting remains debated; often, rifting occurs without, or before, flood basalt emplacement
(Buiter and Torsvik, 2014).

Given this brief overview touching on some of the complexities, it should be clear that
Morgan’s (1971) plume-hotspot connection is a simplified model to guide our thinking.
Not all hotspots are connected to plumes, and not all plumes go all the way across the
mantle from the CMB to the surface. For example, while thermal convection generally
serves to mix the interior of mantle, phase transitions may transiently impede vertical
mass flux and so lead to temporary internal boundary layers which can source plumes, as
seen in Fig. 4.51.

Moreover, particularly convection in the lowermost mantle may be affected by com-
positional anomalies which makes plume dynamics more diverse (Fig. 6.3; Davaille, 1999;
Farnetani and Samuel, 2005; Lin and Van Keken, 2006). Many issues about the interaction of
plumes with LLSVP associated heterogeneity, including the potential role of LLSVPs in
terms of stabilization or, more likely, localization of plumes as has been invoked for the
supercontinental cycle (§10.10) remain debated (Jellinek and Manga, 2004). While composi-
tional anomalies at the base of the mantle such as the edges of thermo-chemical piles may
serve to localize plumes for . 100 Myr (Li and Zhong, 2017; Heyn et al., 2020), the piles
themselves will be pushed around by large-scale flow (Davaille et al., 2002; McNamara and
Zhong, 2004). Dynamically, the morphology of thermo-chemical anomalies is governed
by their viscosity and density (Tackley, 2002; McNamara and Zhong, 2005).

Another question is if the thermo-chemical anomalies that tomography sees on large
scales, e.g. by mismatch of shear and compressive tomography models of the LLSVPs
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Figure 6.4: Global distribution of large igneous provinces colored by their emplacement ages,
focusing on the Phanerozoic, based on the compilation of Ernst (2014) as updated and augmented
by Torsvik et al. (2021). Circles indicate hotspots from the catalog of Jackson et al. (2018) with code
legend in Fig. 6.7.

(Fig. 1.25; Masters et al., 2000; Hernlund and Houser, 2008) are coherent piles or bundles of
thermo-chemical plumes (Schubert et al., 2004; Davaille and Romanowicz, 2020). It is clear
that there is stucture within the LLSVPs (Mousavi et al., 2021), and they might best be
thought of as assemblies of thermo-chemical piles and ridges, not restricted to coherent
Pacific and Atlantic domains as imaged by long-wavelength tomography.

Complexities aside, there are several key localities such as Hawaii and Iceland where
the basic picture of Morgan (1971) appears to hold, to first order, albeit with moving plume
sources, including distorted or disrupted conduits. We proceed to discuss some of the
further inferences that can be made about plume dynamics.

6.3 Hotspot swells and plume heat transport

Detrick and Crough (1978) were among the first to suggest a dynamic, mantle plume origin
of topography anomalies around the volcanic centers associated hotspots. Crough (1983)
provided an overview of the phenomena associating the thermal anomaly due to a plume
such as around Hawaii (Fig. 6.5) with the dynamic topography of the hotspot swell, heat-
flow anomalies, and emplacement of volcanism.

An important consideration for sustaining a dynamic topography swell in convection
is that plate motions, in a hotspot reference frame, with velocity vP transport anomalies
away from the plume at a volumetric rate of S (Davies, 1988) or a mass flux of F (Sleep,
2000). If those parameters are based on anomalous topography, we can write a balance

Ft = St∆ρw = hw vp∆ρw with ∆ρw = ρm − ρw (6.1)

for transport downstream from the plume that has to be replenished by convectively feed-
ing in anomalous material from below. Here, h is the swell height, w the width, and ∆ρw
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Figure 6.5: Bathymetry anomaly, δz, around Hawaii with nominal plume location at the inter-
secting profiles (Fig. 6.6). Oblique Mercator projection aligned with absolute plate motion (APM
of Fig. 1.19), here assumed to indicate hotspot-relative motion. Contours in 1 km increment are
ETOPO1 (Amante and Eakins, 2009), shading is for a Gaussian filtered (6σ = 200 km) bathymetry
after removal of 25 km radius regions around Kim and Wessel’s (2011) seamounts (many small-
scale swells remain). Parabola is the Ψ = 0 dividing contour from the influx solution, eq. (4.46)
(Fig. 4.11), with stagnation distance xP ≈ 400 km.

takes into account the displacement of water with density ρw by asthenosphere (under the
lithospheric deflection) of density ρm (§5.2.2).

If we consider the Hawaii swell profiles (Fig. 6.6), we can infer w ∼ 1200 km and
h ∼ 750 m, and with vp = 9.3 cm/yr, we get FHawaii ∼ 6.1 Mg/s (the units that are
typically used). This compares to estimates of 8.7 and 6.3 Mg/s from Sleep (2000) and
Davies (1988), respectively. Different estimates are discussed in King and Adam (2014), and
Jackson et al.’s (2018) compilation of fluxes for all hotspots in Fig. 6.4 is shown in Fig. 6.7.

Alternatively, we can write the buoyancy flux as a function of a plume influx Sp at
elevated temperatures ∆T with eq. (4.129) such that

Fp = ρmα∆TSp (6.2)

where α is thermal expansivity. By means of comparison of the swell geometry (Fig. 6.6)
with the parabolic solution (Fig. 4.11), we can estimate Sp from the stagnation distance
ahead of the plume, xp, assuming an asthenospheric emplacement layer thickness A as
SP = −2πxP vaA, eq. (4.46). If we assume va = −1

2vP (Sleep, 2000), we can equate eqs. (6.1)
and (6.2) to find

∆T =
hw

παAxp

ρm − ρw
ρm

,

which is independent of vP . With xp ∼ 400 km, α = 2.5 · 10−5 1/K, and picking A =
100 km, we get a plausible excess plume temperatures of∆T ∼ 200◦C for Hawaii. This hot
anomaly leads to dynamic support hotspot swells, and the lifetime of islands is consistent
with their motion off the buoyanyc source, with implications for the carbon cycle and
biodiversity (Huppert et al., 2020).

Olson (1990) expanded the geometric hotspot swell analysis by considering bound-
ary layer flow, and more realistic, 3-D dynamic models and refined scaling analysis were
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Figure 6.6: a) Across track (up-
down profile in Fig. 6.5) me-
dian bathymetry for ∆L =
±100 km (range is 25 and 75%
percentile) at L = 250 km (ahead
of the plume), at the plume
(L = 0), and downstream (L =
−500 km). Note the smooth, dy-
namic swell from −600 . W .
600 km, and the shorter wave-
length, elastic loading bulge (cf.
Fig. 3.9; Zhong and Watts, 2002)
with negative swing at W ∼
180 km. b) Median, along-track
bathymetry from across track
slices (∆W = ±600 km; solid
line), with dashed line showing
averages for the upper part of
Fig. 6.5 only. Circles are esti-
mates from Crough (1978) and
dark and light magenta lines
model predictions from Ribe and
Christensen (1999) without and
with melting induced depletion
buoyancy.

presented by Ribe and Christensen (1994, 1999), and van Hunen and Zhong (2003). Ribe and
Christensen’s (1999) estimated swell topography with and without the effects of melt de-
pletion (§7.3) is shown on Fig. 6.6. Given the importance of understanding plumes as the
expression of secondary scales of convection, there have been numerous studies exploring
the dynamics of how they are expressed at hotspots. Notably, the interactions of plumes,
active features, with spreading centers, which are typically passive and pulled by slabs,
provides an opportunity to evaluate the degree of plume’s buoyancy contributions and
hence refine estimates of F and ∆T (Fig. 6.8; Albers and Christensen, 2001; Ribe et al., 1995,
2020; Feighner and Richards, 1995; Ito and Lin, 1995).

Another issue is that of the creation of oceanic crust where plume anomalies lead to
enhanced crustal thickness compared to the background asthenosphere (§7.2.3; Ito et al.,
2003). Ribe et al. (1995) showed that the swell and crustal thickness implied a cool, ∆T .
100◦C, plume source for Iceland, at odds with seismological constraints. Ito et al. (1999)
were able to reconcile the observations for Iceland at more plausible ∆T ∼ 180◦C by
incorporating the dehydration-induced viscosity increase within the residuum after melt
extraction. This provides important evidence that the bulk effect of partial melting may
or small, or actually lead to larger viscosity when considering mantle flow (§7.2.3).

On a global scale, plumes provide an important, albeit somewhat uncertain, constraint
on CMB heat flux as they are largely controlled by the balance between internal and bot-
tom heating of mantle convection (§4.3.5.1). We can relate the mass flux at the surface to
heat flux associated with plume generated swell, Q, by considering the conversion based
on incremental heat and density change due to a temperature anomaly ∆T

∆Q

∆ρ
=
ρmcp∆T

ρmα∆T
=
cp
α

such that Qs = F
cp
α

=
(∆ρ)wcp

α
S,

using eq. (4.70). With cp = 1000 Jkg−1◦C−1, Q ≈ 0.24 TW for Hawaii. Davies (1988, 1999)
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Figure 6.7: Hotspots catalog of Jackson et al.
(2018) with hotspot name abbreviations used on
the map of Fig. 6.4. Symbol color indicates plume
flux, based on an assessment of the estimates
of Sleep (1990), Steinberger and O’Connell (1998),
and King and Adam (2014). Connected conduit
length values from Jackson et al. (2018) are used
to sort hotspots; this number is an estimate of the
mantle thickness normalized, long-wavelength,
tomography-imaged plume conduit length, up-
dated from Boschi et al.’s (2007) approach of track-
ing slow anomalies along inferred advected con-
duit locations with depth (Fig. 6.9) in tomo-
graphic models such as the one in Fig. 6.8. This
provides one way of estimating if a hotspot has
a deep source (cf. Courtillot et al., 2003; French and
Romanowicz, 2015). However, note that low con-
nectivity values do not necessarily imply absence
of deep plume for a hotspot. Yellowstone, for ex-
ample, has been shown to have a deep source by
high-resolution imaging (Nelson and Grand, 2018;
Steinberger et al., 2019b).
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and Sleep (2000) presented plume catalogs, and their estimates amount to 2.4 . . . 3.5 TW
total, with King and Adam’s (2014) estimate of 1.95±0.28 TW on the lower end of this range.
Such totals depend on which hotspot or superswell anomalies are counted, of course, and
there is much ambiguity here; most agree on a set of ∼ 20 . . . 60 hotspots (Fig. 6.4), out of
which ∼ 10 . . . 30 may be fed by major, deeply sourced plumes (Fig. 6.7; Courtillot et al.,
2003; Koppers et al., 2021).

Classically, values of ∼2 TW from plume counts, out of a total convective 38 TW
(§4.2.1.1), have been used to argue for relatively small contributions of bottom heating
to mantle convection (Davies, 1988; Sleep, 2000). Using Cartesian convection computa-
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Figure 6.8: Tomography
profile across the North
Atlantic for Lu et al.’s (2019)
model. Profile is oriented
with the APM model of
Fig. 1.19, and nominally
centered on the current
Iceland hotspot which
sits on top of a spreading
center. The V-shaped Reyk-
janes ridge to the south of
Iceland and adjacent basins
recorded pulses of plume
flux and volcanism (White
and Lovell, 1997; Albers
and Christensen, 2001; Ito,
2001). Such broad-scale
and blobby representations
of slow anomalies are typ-
ical of global shear wave
tomography models, with
some recent imrpovements
(French and Romanowicz,
2015). The depth extent
of the Iceland plume has
long been debated, but in
this section would indicate
a complicated connection
to the lower matle, with
Greenland lithosphere
deflecting a plume from the
NW being an alternative,
for example (Celli et al.,
2021).

tions, this argument was revisited by Labrosse (2002) in whose models slabs subducting to
the CMB played an important part in heat transport, suggesting that the plume associated
fluxes severely underestimate the CMB flux.

From spherical convection modeling with temperature-dependent viscosity, Zhong
(2006) estimated that ∼80% of heat from the CMB was in fact transported by plumes.
This fraction does, however, decrease toward the surface upon transport in compressible
mantle convection. In the case of internal heating, the mean mantle temperatures can be
subadiabatic (§4.3.5.1). Moreover, the adiabatic gradient for plumes is steeper than in the
ambient mantle (Bunge, 2005; Zhong, 2006), and plumes loose heat due to adiabatic and
diffusive cooling during their ascent (Leng and Zhong, 2008a).

Using typical plume flux and excess temperature estimates, model results imply∼70%
internal heating, andQCMB ∼ 11 TW for CMB heat flux (Table 4.1; Leng and Zhong, 2008a).
That value is compatible with estimates from double-crossing the post-perovskite phase
transition at the base of the mantle (QCMB ∼ 13 TW; Hernlund et al., 2005), although there
are large uncertainties about conductivity. Both values are above bounds derived from
sustaining the geodynamo, QCMB & 3 . . . 8 TW (Buffett, 2002; Gubbins et al., 2004).

DRAFT 327



6.4. HOTSPOT REFERENCE FRAMES AND MOVING PLUMES

6.4 Hotspot reference frames and moving plumes

Absolute plate motion (APM) reference frames have been used for the interpretation of
seismic anisotropy (§5.6.2) and are needed to make important tectonic inferences such as
on trench motions (§9.7). However, APM models cannot ever be free of assumptions, and
using hotspots is one of them. Morgan (1972) and Minster and Jordan (1978) provided global
plate motions in an APM frame by anchoring relative plate motion estimates, e.g.from
seafloor spreading, to an assumed stationary lower mantle that is represented by fixed
hotspot locations. There are a number of more recent attempts to find APM models based
on hotspots, and the approximations of this APM model hold to varying degrees region-
ally (Gripp and Gordon, 2002; O’Neill et al., 2005; Morgan and Phipps-Morgan, 2007).

One thing that the associated best-fit motion frames show is that hotspots are, clearly,
not strictly fixed, but moving with respect to each other (Molnar and Stock, 1987; Wessel
and Kroenke, 1997), albeit at slower rates than plate motions, and with some global vari-
ation (Gripp and Gordon, 2002; O’Neill et al., 2005). One way to explain this is that plume
conduits are relatively anchored in the higher viscosity and perhaps compositionally het-
erogeneous lower mantle (Steinberger and O’Connell, 1998; Davaille et al., 2002) but moving
more freely in the upper mantle (cf. Fig. 4.48e, §5.4).

Mantle plumes connecting to hotspots are thus expected to be deflected in the “mantle
wind” (Fig. 6.9). Steinberger and O’Connell (1998, 2000) were the first to predict plume con-
duits connecting to hotspots, using a global, layered viscosity mantle circulation model,
driven by plate motion changes at the surface, and advecting density anomalies (§5.3).
Their predicted plume source locations underneath the lithosphere are now moving with
respect to each other and over time, leaving a record in hotspot tracks, and moving con-
duits indeed improved the fit to observed geometries (Fig. 6.2; Steinberger and O’Connell,
2000; Steinberger et al., 2004). The radial viscosity structures found from plume conduit
modeling are compatible with those from the geoid and other constraints (Steinberger and
Calderwood, 2006) but also allow for a low viscosity region above the CMB to facilitate hor-
izontal motions of the conduit at the base of the mantle (Steinberger and Antretter, 2006).

In turn, this approach can be used to refine hotspot reference frames (Doubrovine et al.,
2012), but the significance of the improvement is debated (Wang et al., 2019a). Compared
to global, fixed hotspots, present-day net-rotations estimates for moving hotspots are not
much affected (Becker et al., 2015), but individual plate fixed hotspot reference frames can
lead to prohibitely large net rotations (§5.6.2). Figure 6.2 is based on a comparison of
global fixed and moving hotspot reference frames; if only single plate hotspots are fit,
the match of fixed hotspots to seamount tracks can be improved (Gripp and Gordon, 2002;
Wessel and Kroenke, 2008).

One remaining point of debate and source of discrepancies between plate reconstruc-
tions is what moving hotspots and advected plume conduits imply about changes in plate
motions. The most prominent of these is the Hawaiian-Emperor seamount chain (Fig. 6.2)
which has an abrupt change in the trend at ≈47 Myr (Clague and Jarrard, 1973; Sharp and
Clague, 2006). The latter has traditionally been interpreted as showing a fairly abrupt
change of plate motions as the Pacific moves over the stationary Hawaii plume (Dun-
can and Clague, 1985). Based on global mantle circulation models it has been suggested
that almost all (Hassan et al., 2016), ∼ half (Hu et al., 2022), or little of the changes in the
track (Steinberger et al., 2004; Torsvik et al., 2017) were caused by plume conduit motions.
Figure 6.2 shows results from our preferred compromise, the models of Doubrovine et al.
(2012) which allows for a southward drift of the Hawaiian plume but has much of the
track be explained by changes in Pacific plate motion (§9.10.1; Torsvik et al., 2017).
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6.5 Thermal anomaly underneath hotspots and imaging plumes

We have seen that the swell topography is indeed indicative of a thermal anomaly un-
derneath many hotspots which is plausibly plume-fed (§6.3), yet not all hotspots have
significant swells, nor clear hotspot tracks, or some of the other hallmarks of the proto-
typical plumes such as Hawaii (Courtillot et al., 2003). One signature of a shallow thermal
anomaly underneath hotspots that is fed by a hot plume traversing the upper mantle are
deflections of the phase boundaries at 410 and 660 km, where a hot anomaly corresponds
to thinning of the distance between the two (§4.4.2). A (weak) negative correlation be-
tween the inferred potential temperatures based on petrology for hotspots, and the thick-
ness of the transition zone is observed (Courtier et al., 2007; Konter and Becker, 2012).

There has been much debate if seismic tomography shows, and can possibly show,
whole mantle plume conduits as slow anomalies underneath hotspots (Nataf , 2000; Nolet
et al., 2007). Using Iceland as an example (Fig. 6.8), regional S wave results showed an
upper mantle only anomaly (Foulger et al., 2001; Allen et al., 2002), in contrast to conclu-
sions of a mantle-wide plume from global P -wave tomography (Bijwaard and Spakman,
1999), and clear evidence of a hot anomaly at the CMB underneath Iceland (Helmberger
et al., 1998). Some of those differences are likely due to the inherent limits of different
imaging approaches and in particular the types of data that can be used. Montelli et al.’s
(2004) global finite frequency imaging revealed a range of plumes, indicating that some
hotspots are indeed sourced from the CMB, with vigorous debate as to robustness subse-
quently. What appears to be emerging, however, is a view that some hotspots are in fact
fed by deep plume conduits. Those are likely indicative of thermo-chemical rather than
purely thermal plumes (Fig. 6.3), and that those are plume conduits distorted in mantle
flow (Fig. 6.8; French and Romanowicz, 2015; Nelson and Grand, 2018).

One way to explore how plume conduits would be advected and distorted in the man-
tle wind is by comparing the inferred plume conduits (Steinberger and O’Connell, 1998)
to seismic tomography (Boschi et al., 2007). One would expect negative anomalies to be
mapped within hot plumes, particularly if they are of the thermo-chemical, and hence
wider than purely thermal, conduit type (Fig. 6.3; Lin and Van Keken, 2006; Kumagai et al.,
2008). Boschi et al. (2008) showed that the correlations of tomography with moving con-
duits connecting to plumes were statistically highly significant, and much better than as-
suming vertical connections to hotspots (Fig. 9.53b). Given this association, we can use the
typical, depth-normalized seismically inferred conduit length to classify plumes (Fig. 6.7;
Boschi et al., 2007). Another approach seeks to use interpretation of tomography directly
to build a catalog of deep plumes (Montelli et al., 2004; French and Romanowicz, 2015), with
different possible classifications discussed in Koppers et al. (2021), for example.

Figure 6.9 shows an updated conduit estimate connecting surface hotspots to inferred
deep mantle locations and visualizing the conduit length from Fig. 6.7 (Jackson et al., 2021).
This overview indicates that Hawaii and Iceland have deep plume sources, for exam-
ple, and hotspots fed from the eastern flank and central region of the African and Pacific
LLSVP, respectively, have the most direct connection to the deep mantle. Moreover the
model of Fig. 6.9 indicates that most hotspots are sourced from the interior of the LLSVP
associated thermo-chemical structures, perhaps being swept there after instabilities have
formed at the edges (Steinberger and Torsvik, 2012). This bring us to the question of how
and where hotspots are sampling which deep mantle geochemical reservoirs.
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Figure 6.9: Plume catalog of Fig. 6.7 with hotspot surface locations scaled by inferred flux, base of
conduit at CMB as diamonds using the plume advection method of Steinberger and Antretter (2006),
shown on seismic tomography at the CMB (cf. Fig. 1.25). Hotspot coloring shows conduit length
as in Fig. 6.7 (cf. Fig. 9.53b).

6.6 Hotspots as probes of deep mantle reservoirs

If one considers the trace element composition of continental crust (CC), it is enriched
in incompatible elements (§4.2.1.1), compared to the samples taken at mid-ocean ridges
(MORBs). Based on Nd isotopes, the corresponding depleted MORB reservoir that was
molten to make CC was inferred by classical estimates to be ∼ 30% (Jacobsen and Wasser-
burg, 1979) or . 50% (O’Nions et al., 1979) of the mantle. The remainder, with large volu-
metric uncertainties that are hard to narrow down with geophysical constraints, includes
a primordial reservoir that is closer to the bulk silicate Earth as inferred from chondrites, i.e.
stony metereorites that not been differentiated (McDonough and Sun, 1995; Lyubetskaya and
Korenaga, 2007). This primordial or ancient reservoir is generally inferred to not have gone
undergone wide-spread fractionation. If the BSE is not chondritic due to the extraction of
an enriched reservoir (Frossard et al., 2022), then much of the mantle would be inferred to
have been processed.

Volcanic hotspot helium measurements shows higher 3He/4He than expected (Mamyrin
et al., 1969; Clarke et al., 1969); since 3He is not renewed and 4He produced by radioactive
decay, high 3He/4He indicate an ancient, primordial source (Tolstikhin, 1975). Ocean is-
land basalts (OIBs) hotspots presumably fed by plumes show anomalously high 3He/4He
ratios (Fig. 6.10; Kaneoka and Takaoka, 1980; Kurz et al., 1982). Together with the signature
from 129Xe (Mukhopadhyay, 2012) and perhaps 182W (Mundl-Petermeier et al., 2017, 2020),
which are both products from short-lived decay, this supports a hypothesis where some
mantle reservoirs are preserved for ∼ 4.5 Ga, and fragments thereof appear sampled by
plumes. While old, this primordial reservoir is, however, not primitive, i.e. undifferenti-
ated; high 3He/4He lavas have higher than chondritic 143Nd/144Nd values (Jackson et al.,
2010), indicative of some early Earth melt extraction (cf. Mukhopadhyay and Parai, 2019).
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Most OIBs also show intermediate Nd values between MORB and BSE (Zindler and
Hart, 1986), which can altogether be explained by entrainment and mixing of primordial
material with the MORB reservoir (DePaolo and Wasserburg, 1976; Wasserburg and DePaolo,
1979). Together with trends in minor element compositions (Schilling, 1973) and other
lines of evidence, this led to the standard geochemical model of the late 70s: CC is the
product of fractionation the upper mantle where plate tectonics makes CC in subduction
zones. The depleted MORB reservoir is sampled at spreading centers, which are part of
layered mantle convection where plates are recycled into the upper mantle which is well
mixed. In this model, the lower mantle, i.e. the required∼ 50 . . . 70% that is the primordial
reservoir, is generally isolated from upper mantle convection, but is sampled by plumes
feeding hotspots.

This layered model became untenable in the late 90s based on geophysical constraints
when seismic tomography established that slabs penetrate the 660 km discontinuity and
sink to the lower mantle (§9.1; van der Hilst et al., 1997; Grand et al., 1997). This indicates
that the mantle is at least intermittently in a whole mantle convective mode which then
raises the question how a primordial reservoir could have possibly escaped convective
mixing for ∼4.5 Ga. Considering different isotope systems and reassessing constraints,
modern fractionation models also arrive at a larger, ∼ 60%, estimate for the residual man-
tle reservoir and require an early enriched reservoir (Hofmann et al., 2022), possibly lost to
space (Frossard et al., 2022).

While the story is complicated and evolving, geochemical constraints thus imply that
some primordial material has survived somewhere for & 4 Gyr, and its volume is smaller
than the lower mantle. While numerous models have been suggested (Tackley, 2000c; Al-
barede and van der Hilst, 2002), we still do not have a definite answer as to the mechanisms
of preservation, or how to parameterize mass flux across the transition zone with much
confidence.

One explanation for the geochemical observations is that OIBs and MORBs are un-
dergoing different kinds of melting (Ito and Mahoney, 2005), and/or that OIBs are due
to plumes whose composition is filtered by a volatile-rich transition zone (Bercovici and
Karato, 2003; Leahy and Bercovici, 2010). To consider alternative, mechanical explanations
for preservation, it is important to understand what controls the timescales of mixing in
convection (Olson et al., 1984; Gurnis, 1986). Early 2-D models indicated that preserva-
tion times might be sufficient (Christensen, 1989), particularly if layering of viscosity in a
stronger lower mantle will reduce strain-rates and mixing there (Davies, 1984; van Keken
and Ballentine, 1998). However, the effects of time-dependence, such as seen by motion of
spreading centers (Gurnis and Davies, 1986), and in particular stirring due to toroidal mo-
tions in 3-D introduces more vigorous mixing (Schmalzl et al., 1996; Ferrachat and Ricard,
1998), implying that mantle viscosity layering alone is not sufficient to isolate reservoirs
long enough (van Keken and Zhong, 1999).

If we allow for lateral viscosity variations in the interior of the mantle, those will serve
to move any high viscosity blobs into the interior of convection cells and so resist mix-
ing (Manga, 1996). Likewise, if any primordial reservoir is denser than ambient mantle,
it will segregate at the bottom. The viscosity and density of the material constituting
the primordial reservoir will determine its morphology similar to the thermo-chemical
anomalies broadly associatied with the LLSVPs (McNamara and Zhong, 2004). Like for cra-
tons (§7.3), high viscosity (Becker et al., 1999b; Ballmer et al., 2017), and, opposite to cratons,
dense composition (Davaille, 1999; Kellogg et al., 1999) have been suggested as mechanism
for maintaining reservoirs. Which mechanism dominates, and to what extent the spatial
distribution of geochemical reservoirs is reflected in thermo-chemical mantle dynamics,
remains to be fully understood (Garnero and McNamara, 2008; McNamara, 2019).

DRAFT 331



6.6. HOTSPOTS AS PROBES OF DEEP MANTLE RESERVOIRS

Figure 6.10: a) Maximum sample
3He/4He anomaly for each hotspot,
relative to the present-day atmo-
spheric value, Ra, against the as-
thenospheric seismic tomography ve-
locity anomaly underneath the in-
ferred hotspot location as a proxy
for plume temperature anomaly. Ex-
treme value hotspots labeled with
legend in Fig. 6.7. Hotspots are sub-
setted based on Boschi et al.’s (2007)
conduit length estimates into plume
and non-plume related, and values
indicate the respective linear cor-
relation coefficient with errors and
nominal significance. b) Buoyancy
flux (King and Adam, 2014) against
3He/4He anomaly. Modified from
Jackson et al. (2017).
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A few statements based on plume volcanic samples, the OIB record, can, however, be
made with some reasonable confidence. When considering the diversity of signals seen
in OIBs, it is helpful to distinguish lava compositions as endmembers in isotopic space
(Zindler and Hart, 1986). One endmember are HIMU OIBs, i.e. high-µ, with high µ =
(238U/204Pb) and low 87Sr/86Sr, as in the Cook Islands or St. Helena. Another, enriched
mantle one (EM-1) has high 208Pb/ 206Pb and low 143Nd/ 144Nd and is sampled in Pitcairn
and Tristan. The EM-2 endmember has the highest 87Sr/86Sr and intermediate 206Pb/
204Pb and is found in the Societies and Samoa OIBs (Hofmann, 1997; Jackson et al., 2021).

These endmembers can be found from principal or independent component analy-
sis of isotopic arrays (Zindler et al., 1982; Iwamori and Albarède, 2008). It has been argued
that they might represent mixing from a primordial focal zone (FOZO; Hart et al., 1992) or
a common component (C; Hanan and Graham, 1996), and there are a number of suggested
links with between isotopic heterogeneity and dynamics, and hence planetary evolution
(Kellogg et al., 2007; Rudge et al., 2013). HIMU is likely to arise from recycled oceanic crust
(Hofmann and White, 1982; Stracke et al., 2003), and EM reservoirs might be indicative of
continental recycling (White and Hofmann, 1982; Konter and Becker, 2012). Along with no-
ble gases, this puts constraints on the long-term evolution of the continents, for example
(Jacobsen, 1988; Coltice et al., 2000; Kellogg et al., 2002).
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There are also a number of intriguing geographic associations with what we now call
the LLSVPs, such as the DUPAL anomaly (Hart, 1984). In particular, EM type hotspots
appear sourced from the LLSVPs (Castillo, 1988); when plume conduit modeling is con-
sidered to trace the source of hotspots, there is a preponderance for the southern hemi-
sphere as a source (Jackson et al., 2021). This might imply some deep mantle connection to
the supercontinental cycles at the surface (Jackson and Macdonald, 2022).

HIMU OIB sources appear to be sourced from a number of regions not restricted to
the LLSVPs (Jackson et al., 2021). Moreover, if we consider the He signature of OIBs based
on advected plume conduits, Williams et al. (2019) suggested that high 3He/4He plumes
originate in the LLSVPs (Fig. 6.9). However, Yellowstone is one exception to this rule (Nel-
son and Grand, 2018), implying that the primordial reservoir is not limited to the LLSVPs
(Jackson et al., 2021).

While plume – mantle-temperature anomalies are difficult to establish (Courtier et al.,
2007; Konter and Becker, 2012), the asthenospheric plume temperature anomaly as inferred
from seismic tomography appears to be “hottest” for the most anomalous 3He/4He plumes
(Fig. 6.10a). There is also a correlation between the buoyancy flux of plumes as inferred
from hotspot swells and 3He/4He (Fig. 6.10b). Taken together, this suggests that plumes
may indeed sample a compositionally negatively buoyant reservoir with primordial and
recycled components (Christensen and Hofmann, 1994; Farnetani, 1997) that appears mostly,
but not exclusively, associated with the LLSVP domains. Only the hottest plumes are
able to entrain large amounts of the primordial mantle and these fluxes may be the major
controls on expression as 3He/4He anomalous OIBs (Jackson et al., 2017; Bao et al., 2022).

In summary, we have seen that plumes are likely of thermo-chemical nature and can
be distorted in the mantle wind. They may rise preferentially at the edges of piles at the
CMB, and then be swept around, including into the interior of LLSVPs (Fig. 6.9). The
base of the plume might be moving with, or be reflected by, smaller-scale chemical het-
erogeneity within the deep mantle. In contrast to such time-dependent motions stands
the compelling observation that many hotspots and the eruption sites of LIPs appear to
overly the edges of the presently imaged LLSVP domains. If those were stationary for
& 250 Myr, this would provide a longitudinal reference frame for paleomagnetically con-
strained plate models (Burke et al., 2008; Torsvik et al., 2010b).

We cannot think of any reason why thermo-chemical anomalies such as those found
within the LLSVP domains would be stationary and not get pushed around on the CMB
by convection, such as due to stirring by slabs (McNamara and Zhong, 2005; Zhang et al.,
2010). This makes the associated debate more about the degree to which subduction has
been stable geographically (§9.11) and the details of the morphology and evolution of the
individual piles (Bower et al., 2013; Bull et al., 2014; Flament et al., 2022). What is of course
intruiging is the link between the CMB and the surface, to which we will now return with
the perhaps most dramatic example.

6.7 Flood basalts and mass extinctions

A mass extinction in the history of Earth’s biosphere refers to an exceptional rate of ex-
tinction of species that happens in a relatively short time and leads to a significant drop
in biodiversity (Sepkoski Jr., 1986). However, there is quite a bit of debate how many and
extinctions there were and how we should be measuring their severity (Bambach, 2006;
Alroy, 2014). The potentially ongoing 6th extinction of the Anthropocene aside (Barnosky
et al., 2011), most agree on five major events (The Big Five) of the Phanerozoic (. 541 Ma,
Fig. A.1):
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The late Ordovician (∼ 443 Ma) and Devonian (∼ 379 Ma) events, the Permian-Triassic
(P-T, ≈251 Ma; worst by all indicators; Bond and Grasby, 2017), the Triassic-Jurassic (T-
J, ≈200 Ma), and the Cretaceous-Paleogene (K-Pg, ≈65 Ma) extinctions (Bambach, 2006;
Barnosky et al., 2011). Out of those, both the Ordovician and Devonian events appear to
have been associated mainly with climate and biosphere change and carbon cycle adjust-
ments, possibly linked to tectonics and orogeny, but without extreme internal or external
forcings.

The other three are associated with widespread volcanism. Volcanism may be caused
by catastrophic impacts (Alvarez et al., 1980), flood basalt eruptions (Fig. 6.4), e.g. due to
plume head arrival, or both in a linked way (Rampino and Stothers, 1988; Bond and Grasby,
2017), including eruption products being possibly miscategorized as impacts (Phipps-
Morgan et al., 2004). The Siberian trap volcanism associated with the P-T and the Central
Atlantic Magmatic Province (CAMP) which is linked to the T-J (now seen on both sides of
the North Atlantic, Fig. 6.4) have no, or no clear, evidence of concurrent impacts. While
the K-Pg is associated with an extraterrestrial source recorded within global sediments
(Alvarez et al., 1980; Smit and Hertogen, 1980) and as preserved in the Chicxulub crater
(Hildebrand et al., 1991), the Deccan flood basalts are another potential driver of extinction
(Courtillot et al., 1988), potentially triggered by the impact itself (Richards et al., 2015).

Thus, while not all flood basalts caused mass extinctions (White and Saunders, 2005),
most of the extinctions are in fact associated with flood basalt volcanism (Bond and Grasby,
2017; Clapham and Renne, 2019). In this sense, we can identify internal mantle dynamics,
and in particular plumes associated with LIP volcanism, as an important control on the
biosphere. The K-Pg impact may be an outlier when we think about sustaining the habit-
ability of terrestrial planets which appears to be critically linked to internal dynamics.

In fact, even “normal” volcanic eruptions can cause global climate change (Robock,
2000), and the perturbations due to historical events such as Krakatoa and Pinatubo can
be used to validate modern climate models and hence their projections for the anthro-
pocene (Flato et al., 2014). The volcanic climate response is linked at least partially to sul-
fur emissions, but involves complex asthenospheric and ocean perturbations of nutrient
cycles and habitat controls in the case of flood basalts (Bond and Grasby, 2017). Impacts on
terrestrial and marine biota include ocean warming and acidification and deoxygenation
(Clapham and Renne, 2019).

What controls the severity of flood basalt impact or general excursions of the biosphere-
solid Earth system? The carbon release rates, duration, and amounts are major factors
(Bond and Grasby, 2017; Clapham and Renne, 2019). While the exact amounts are hard to
quantify, there is some indication that there is a critical rate or critical amount thresh-
old for carbon release on long and short timescale events, respectively (Rothman, 2017).
Linking carbon or sulfur emissions to plume intensity or LIP eruptions is difficult from a
geodynamic perspective based on thermo-chemical modeling alone. Moreover, it is clear
that the impact of an eruption depends on what sort of lithosphere and crust is affected
by melting and what the exospheric setting is (Sobolev et al., 2011; Torsvik et al., 2021), in-
cluding in terms of what the continental configuration applied for weathering (Bond and
Grasby, 2017; Hoffman et al., 2017). Outside the geological setting, the biosphere and sur-
face process system will also determine resilience of life. For example, the P-T might have
been a perfect storm at least partly because of flood basalts leading to wildfires (Shen et al.,
2011; Vajda et al., 2020).

Evolution of organisms themselves will also determine the resilience of life, and it is
clear that animal physiology matters for survival (Clapham and Renne, 2019). An evolving
Earth biosystem may also explain that the extinction impact of more recent LIP eruptions
appears diminished. An example of this are the evolving biogeochemical cycles on the
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Earth’s surface, in particular the change in the marine carbon cycle in the mid Mesozoic
(∼ 250 Ma; Ridgwell, 2005) which may make the more modern ocean biosystem more
resilient to LIP induced effects (Sobolev et al., 2011).
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Chapter 7

Generating and stretching the
lithosphere

7.1 Rifting: Breaking continents apart

7.1.1 Introduction

Stretching of continents produces thinning of the lithosphere. The surface expression of
this is the formation of rifts with subsiding basins in the middle, bounded by extensional
faults, and usually associated with widespread magmatism. The extreme consequence of
this process is continental breakup, with the formation of new oceanic lithosphere, facil-
itating drifting apart of continents. Rifting and continental break-up therefore represent
a fundamental piece of the Wilson (1966) cycle of evolving plate tectonics. Rift zones and
related sedimentary basins have also been widely explored economically as they store
resources, such as high-temperature water reservoirs useful for geothermal energy, ore
deposits, and hydrocarbons.
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Figure 7.1: Crustal
cross sections of rifts,
from a) Rhine graben
in central Europe
(Brun et al., 1992),
b) Viking graben in
Northern Europe
(Allen and Allen, 2013),
c) Ethiopian Rift zone
(Ebinger, 2021), and
d) Afar Rift zone
(Ebinger, 2021)
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We proceed to illustrate how rifting occurs, in terms of the different styles of defor-
mation and the forces that are at work. Active or recent continental extensional rift zones
are found along the East African Rift System, the Baikal rift in Mongolia, the Gulf of Cali-
fornia, the Rio Grande Rift and the Basin and Range province in the western US, and the
Aegean-Turkey and Apennines extensional province in the Mediterranean (Fig. 4.61). Rift
zone shows a remarkable variety in terms of their shape and geometry (Fig. 7.1).

Given this diversity, attempts at classification for rifts have have been based on dif-
ferent criteria, such as geometry, architecture, and magmatism (Şengör and Burke, 1978;
Ziegler and Cloetingh, 2004). Based on the width, extensional domains 1,000s of km wide
have been defined as “wide”, contrast to “narrow rifts”, limited to . 100. . . 200 km. Some
extensional domains show a symmetric patterns of deformation, with bounding normal
faults typically steep, whereas asymmetric cases have at least one set of faults at . 30◦dip
angle. The discovery of such low angle normal faults accommodating large displacements
stimulated the idea of a simple-shear, asymmetric rifting style (Wernicke, 1985), opposed to
a pure-shear, symmetric one (McKenzie, 1978, Fig. 2.11). The pure-shear stretching model
is easy to adopt to predict subsidence patterns and sedimentary evolution within the rift
basin.

Rifted margins also show a range of magmatism and style of extension (Brune et al.,
2014). In some cases, rifting is proceed by doming and alkaline volcanism, while in other
cases volcanism occurred only once the main rifting phase started (Şengör and Burke, 1978).
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This is often used as a marker to distinguish between mantle upwelling related extension,
or “active” vrs. “passive” rifting, where the upward motion of mantle is considered only
as a consequence of lithospheric thinning (Şengör and Burke, 1978; Ziegler and Cloetingh,
2004).

7.1.2 Anatomy of a rift zone

brittle crust

ductile crust

lithosphere

 mantle

asthenosphere 

ductile shear
Moho

syn-rift deposits

magmatism

necking zone

fault scarps
transfer zone

yield strength (s1 - s3)

20 km

volcanism

Figure 7.2: Cartoon show-
ing the architecture of a
narrow rift zone (modified
from Brune et al., 2022).

Figure 7.2 shows the architecture of a generic rift zone. Here, lithospheric stretching is
accommodated by steep normal faults cutting the upper brittle crustal layer. In the lower
crust and lower lithospheric mantle, the deformation is expressed as a low angle ductile
shear zone. Thinning is accommodated by a necking zone that may be located at different
depths, depending on the thermal regime and lithology. Necking is commonly localized
in the mantle below the Moho. The depth of necking influences the surface history, includ-
ing the subsidence and topography of the stretched basin (Ziegler and Cloetingh, 2004). The
Moho under a rift is usually bent upward following crustal thinning (Fig. 7.1)

Magmatism often precedes and/or accompanies crustal thinning, due to decompres-
sion melting generating dikes, intrusive crustal magma bodies, and volcanoes. The low
viscosity magma can either rise to the surface producing lava flows, or form sills and lac-
colithes at different crustal depths. Fault structures are often segmented and linked by
oblique to strike-slip transfer zones. The two main bounding faults encompass an inner
subsiding block where sediments accumulate.

Rifts are generated when stresses exceed the strength of the continental lithosphere
(§3.11.2.2), and pre-existing crustal weak zones and structural fabric can guide deforma-
tion. The presence of a lithosphere root, for example, represents an obstacle for deep
deformation, whereas older sutures may facilitate it. Magmatism can also produce a sig-
nificant drop in lithospheric strength. In the initial stages of rift evolution, faults are seg-
mented. They then progressively coalesce, merging towards dominant faults taking up
increasing amounts of displacement (Fig. 7.3).

During the initial activity, rifts form above sea level at typical continental elevation
(Fig. 1.2). Consequently, the basin will store sediments supplied by the erosion of the rift
margins, syn-rift deposits (Fig. 7.4). Close to the faults, sediments accumulate in alluvial
fans fed by streams draining ranges of the rift margins. In the distal areas, the basins host
lakes with deposition of lacustrine sediments and salt-encrusted playa deposits in arid
climates. With further extension, the basins will subside below sea level (Fig. 7.3).

Any trapped seawater evaporation will deposits salt (dominantly halite ± gypsum ±
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Figure 7.3: Cartoon evolu-
tion from a narrow rift zone
to continental breakup and
initiation of oceanic spread-
ing (modified from Brune
et al., 2022).
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anhydrite), followed by shallow and deeper marine deposits (Fig. 7.4). A breakup uncon-
formity sealing the fault structure marks the transition from active extensional processes
to a wider, slow subsidence phase extended to the whole basin and margins, commonly
defined as the post-rift stage. During this stage, lightly deformed marine sediments (car-
bonates, sandstones, and shales) deposit onto the rift or pre-rift sequence, onlapping along
the continental margin. This subsidence is referred to as thermal relaxation of the lithosphere
after the main stretching episode (McKenzie, 1978).

Magmatism can be abundant during all phases of rifting. The decrease of the thick-
ness of the lithosphere leads to a decrease of lithostatic pressure in uplifting asthenosphere
which can cause decompression melting. This results in the formation of an underplating,
intrusive magmatic package and surface volcanism. The discovery of seaward dipping re-
flectors (SDRs) on seismic profiles suggests that the volume of rift-related volcanics can be
extensive (Mutter et al., 1982; Holbrook and Kelemen, 1993). Those reflectors are sequences
of up to ∼ 10 km thick and ∼ 100 km wide, dipping toward the ocean, and are imagined
along the Atlantic continental margins. The formation of SDRs has been interpreted as
due to volcanic layers emplaced during extension, and their dip towards has been inter-
preted with fault infill or a volcanic flexure model (Buck, 2017). Rifted margins are also
underlain by domains with high seismic velocity which can also be be interpreted as mag-
matic underplated material (Fig. 7.1). SDRs have been found along 1,000 km long sections
of margins near LIPs, for example in Greenland, Norway, and the South American, South
African, and Indian margin. However, several margins do not show evidence such as
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Figure 7.4: Cartoon archi-
tecture of sediment depo-
sition along titled blocks
separated by normal faults.
Syn-rift deposits increase in
thickness toward the fault,
and decrease in top toward
younger strata.

SDRs, and are considered amagmatic (Fig. 7.5).
In the final stages of rift evolution, the rift broadens, deepens, and evolves into a nar-

row ocean (Fig. 7.3). Passive margins represent the final stage of necking. Their width
ranges between 100 and 400 km, and crustal thickening sharply decreases from 30-40 km
to 8-10 km at the continent-ocean boundary (Fig. 7.5). The evolution from initial rift-
ing to rifted margin and oceanic spreading can be achieved in different ways. Figure 7.3
shows one possibility, guided by the example of the East African Rift in the Afar along
the Ethiopian rift (Fig. 7.1). During these final stages of continental thinning, deformation
and magmatism are progressively focused on the rift center. Events of dilation and dyke
emplacement dominate this early stage of oceanization. Upwelling mantle and basaltic
melt replace the continental lithosphere, leading to breakup and formation of an oceanic
ridge. This style of breakup is assisted by extensive magmatic intrusions.

Another possible scenario, inspired by numerical models where magmatism plays a
secondary role, is illustrated in Fig. 7.6, and would lead to a hyperextended margin. In this
case, distributed faulting and pure shear accommodate the early extensional phase, fol-
lowed by lithospheric necking, where ductile lower crust can flow laterally during the
formation of low angle detachment faults. Then extension migrates oceanward, widening
the rift zone, and forming up to ∼ 200 km wide areas of hyper-extended continental mar-
gin. Deformation then further localizes on a downward detachment fault cutting through
the entire lithosphere (“hyperextension and exhumation phase”), preceding continental
breakup and mid-ocean ridge spreading.

The formation of hyperextended structures, now recognized along several passive
margins, can thus be related to a sequential migration of rifting oceanward, on one side of
the margin, controlled by lower crustal flow and fault rheology (Fig. 7.6; Brune et al., 2014;
Lavier et al., 2019). The widening mechanism is favored by lower crustal flow, and hence
by a decrease in its viscosity, due to initial thermal structure, composition and tempera-
ture increase and extensional velocity. Hyperextension of the crust, mantle exhumation
and magmatism may directly precede continental breakup and mid-ocean ridge spread-
ing. In some cases, the rift does, however, not evolve into an oceanic basin. In this case,
a thin tapering wedge of sediment covers the rift margins, as the lithosphere beneath the
central part of the rift cools, thickens, and subsides.

7.1.3 Style and mechanics of rifting

As noted, the style of rifting can be broadly grouped as a function of its width (England
and McKenzie, 1983; Buck, 1991; Brun, 1999). This classification is useful, being related to
two different types of mechanical instability, even though a narrow rift can evolve into a
hyperextended and then a wide rift (Fig. 7.3).
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Figure 7.5: South Atlantic domain showing the location of the African superswell (Davaille et al.,
2005) and the extent of the seaward dipping reflector and Aptian salt (Torsvik et al., 2009). Hotspots
(pink stars): Tr: Trinidad; StH: St. Helena; Bu: Buvet, TdC: Tristan (modified from; Beniest et al.,
2017, cf. Fig. 6.4). Solid red lines mark the position of the West Africa – Angola and the Brazilian
Espirito Santo rifted margin sections (modified from Brune et al., 2017).

7.1.3.1 Narrow rifts

Narrow rifts form in cold, strong lithosphere with Moho temperature not exceeding 600-
700◦C. In the initial stage, the rift is 30. . . 40 km wide, exceptionally up to 60. . . 70 km,
and then it evolves toward the extreme stage of continental break up and passive margin
formation. The initial width of individual rifts corresponds to first order to the brittle
upper crust thickness, but it may contain several rift zones. Necking evolves over a four
mechanical layer type of strength profile (§3.11.2.2), where the greatest strength is located
in the sub-lithospheric mantle (Fig. 7.7).

Seismic constraints show that most of those rifts have a master fault and antithetic
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Figure 7.6: Evolution from rifting to hyperextended margin. Active faults are in red, inactive in
black. During the first stages, distributed faulting cross-cuts the brittle lithosphere. During the sec-
ond stage, lower crust and mantle lithosphere start thinning and necking. Rifting migrates ocean-
ward, forming an exhumation channel below a concave upward detachment, leading to eventual
crustal break up and oceanic spreading (Brune et al., 2014).

fault structures, resulting in an overall upper crustal asymmetry. However, on litho-
spheric scales, this style of rifting and necking is broadly symmetric, corresponding to
bulk pure-shear (McKenzie, 1978). Models also show that the width of the rift is sensi-
tive to strain-rate, and narrower for lower strain rates. Increasing strain rates can cause
boudinage of the lower crust with formation of several rift zones (Buck, 1991; Brun, 1999).

Summing up, the characteristics of the narrow rifting style are:
� localized deformation with sharp lateral boundaries;
� high strain rates;
� stretching of an initially strong/cold lithosphere;
� small amounts of extension;
� current examples include the East African (Fig. 7.8) and Baikal Rift Zones, the Rhine

graben, and the Rio Grande Rift.

7.1.3.2 Wide rifts

Wide rifts are the other end member, exemplified by the case of the Basin and Range
of the western US. In this style of rifting, extensional deformation is distributed over
∼1,000 km. Extension in the Basin and Range started 20 Myr after the cessation of the
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Figure 7.7: Differ-
ent styles of rifting,
classified as narrow
(left) vrs. wide (right),
as related to the
initial rheology of the
lithosphere (modified
from Brun, 1999).
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orogenic episode, a period long enough to ensure thermal relaxation (Sonder and Eng-
land, 1989; Sonder and Jones, 1999). The post-orogeny rheology of the lithosphere is then
expected to be considerably weaker than the normal lithosphere, with possible delamina-
tion of the mantle lithosphere, and peak strength at the base of the upper crust.

The amount of extension for wide rifts can be very large and is usually accommodated
by horst and graben or by tilted blocks and low angle dipping normal faults. The Moho
in those extended terrains is usually flat, i.e. not cross-cut by normal faults as observed in
narrow rift. The characteristics of the wide rifting style include:
� distributed lithospheric-scale thinning;
� high heat flux;
� formation on previous sites of high topography, such as pre-exiting orogens, during

or after the cessation of convergence;
� low strain rates and passive, gravitationally (GPE) driven collapse;
� area of extensions migrate laterally during rifting;
� current examples include the Basin and Range, Aegean-Turkey, and Tyrrhenian rift-

ing.
The presence of an initially weak rheology and thickened crust suggest that the me-

chanical instability leading to wide rift extension is the collapse of a weak and thick crustal
column toward a free margin. During stretching, the upper crust may be decoupled from
the low viscosity lower crust (England and McKenzie, 1983; Buck, 1991; Brun, 1999). It is
possible to have localized zones of extremely high extension, with detachment faults that
exhume metamorphic core complexes (Fig. 7.9).

Detachment faults are low-dipping extensional shear zones, mainly mylonitic, formed
at mid-crustal levels. During progressive exhumation, they evolve to semi-brittle and then
brittle deformation. Detachment zones separate non metamorphic units on the hanging
wall from deeper metamorphic units on the footwall. Detachments accommodate large
displacements, producing crustal thinning and exhuming lower crustal layers in dome
shaped core-complexes. The origin of those structures is disputed, and can be either in-
terpreted as originally developed at low angle, or as due to the rotation of initially steep
faults. Core complexes are high-strain structures within the wide rift, and may develop,
for example, due to local heterogeneities or weak zones, such as a partial melting pockets
or a granitic pluton (Tirel et al., 2008; Rey et al., 2009).

Distinct wide and narrow rift behavior has also been documented and modeled in
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Figure 7.8: Geophysi-
cal constraints on the
East African Rift system.
Geodetic velocities (blue
vectors, Nubia fixed refer-
ence frame; Kreemer et al.,
2014), SKS splitting (sta-
tion averaged on 0.5× 0.5◦)
with fast axes indicated
by sticks colored by the
delay time (Fig. 5.18), and
Kostrov summed gCMT
moment tensors (< 50 km
depth, 0.5 × 0.5c◦ binning,
with mean horizontal strain
colored, as in Fig. 2.1). Blue
lines indicate the Nubia-
Somalia plate boundary
from Bird (2003) (Fig. A.5),
and open blue vectors plate
velocities (Fig. 1.19)

backarc settings (Faccenna et al., 1997; Jolivet et al., 1998; Erdős et al., 2022). In the Mediter-
ranean, for example, backarc extension occurs after orogenic episodes. As a result, the
wide style of rifting is observed in the Aegean, Tyrrhenian, Pannonian, and Alboran
basins. In contrast, the Liguro-Provençal basin represents the only narrow rift style of
extension in the Mediterranean. In this case, extension deformed lithosphere that was
only marginally affected by a previous crustal thickening.

Buck (1991) considered the evolution of yield strength envelopes (Fig. 3.72) and lower
crustal flow under extension. As a function of Moho temperatures and extensional strain-
rates, a simplified balance of force rates can provide some insights into the controls of
rifting style. Buck defines a Goetze number as

G =
dFcf
−dFσ

, (7.1)

where dFcf is the the change in buoyancy due to a crustal thickness step from extension
being being followed by smoothing out by lower crustal flow. dFσ is the change in total
crustal strength due to extension, which is expected to always be a reduction in strength
for all extensional strain-rates & 3 · 10−16 1/s. Eq. (7.1) has similarities with Ar, eq. (4.53),
in terms of buoyancy vrs. strength balance, but is based on rates of change in forces. G > 1
is then expected to lead to wide, and G < 1 localized deformation of the narrow rift or
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Northern Snake Range detachment

Buckskin-Rawhide detachment

Figure 7.9: Cross-sections of the Snake Range Core Complex (Miller et al., 1999) and the Buckskin-
Rawhide Core Complex (Spencer and Reynolds, 1990) of the Basin and Range province (modified
from Brun et al., 2018).

core complex mode, if Moho temperatures are low or high, respectively (Fig. 7.10).
These estimates are strongly depend on assumptions about rheology. However, at

low temperatures, for example, Fig. 7.10a shows the expected transition from wide to
narrow rift as a function of increasing strain-rates. For significant extensional velocities,
Fig. 7.10b indicates that the transition between narrow and wide rift is expected at roughly
constant Moho temperature of ∼ 750◦C, across a range of initial crustal thicknesses. If
core complexes are formed as a distinct regime from wide rifting remains debated, but
Fig. 7.10c shows that natural rift settings fall broadly into the expected categories (Buck,
1991).

7.1.4 Dynamics of rifting

Rifts form by stretching of the lithosphere. Yet, the resistance of homogeneous lithosphere
without preexisting weak zones to stretching is substantial; from theoretical considera-
tions, it can be larger than the forces that are typically considered to drive rifting (Kusznir
and Park, 1984; Buck, 2004; Naliboff et al., 2012), implying that some sort of weakening is
required, similar to what is debated for subduction initiation. Models often approach the
rifting problem by applying a kinematic or stress boundary condition, but that does not
address the origin of those forces that drive stretching of the lithosphere.

In general, the forces that drive lithospheric deformation can be either generated within
the plate, such as due to GPE, transmitted through the plate, such as by edge forces from
far-field drivers, and/or they can be related to the underlying mantle that drags and pulls
the lithosphere (§10). Rifting can be generated in different tectonic contexts, and depend-
ing on the setting, the different components are relevant to different degrees.

Figure 7.11 illustrates possible continental rifting driving mechanisms. For case a),
rifting is driven by body forces due to differences in gravitational potential energy stored
in lithospheric columns which are variable between highlands and lowlands. This setting
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a) b)

c)

Figure 7.10: Classifica-
tion of rifting styles as
a function of strain-rate
and temperature for
a dry quartz rheology
and crustal thickness
of 40 km (a) and rifting
velocity of 1 cm/yr
(b) where TM is Moho
temperature. The wide
rift domains are found
where G > 1, eq. (7.1).
The G = 1 boundary
from analytical esti-
mates are shown with
dashed, and numerical
results with solid lines.
c) TM converted to
heatflow for extensional
velocities of 1 cm/yr
with estimates from
natural settings as in-
dicated. (from Buck,
1991).
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Figure 7.11: Tectonic setting for rifting, a) post orogenic collapse towards a free boundary, here
represented as a retreating trench; b) backarc extension; c) extension due to traction transmitted
within the lithosphere, for example due to plate re-organization; d) mantle upwelling related ex-
tension (modified from Brune et al., 2022).

may be most appropriate if the crustal column has been previously thickened by an oro-
genic episode. Continental stretching then occurs because the post-orogenic lithospheric
strength is reduced due to thermal relaxation of a thickened crust, with Moho tempera-
tures exceeding 800◦C, associated with pervasive melting of the lower crust (§10.4).

In case of favorable boundary conditions, the lithospheric column will then collapse
under its own weight due to GPE forces (§4.1.6), often also responding to a retreating
trench or transform boundary. As Fig. 4.12 shows, most regions with active extension, in
the figure indicated by the presence of normal faults, are in fact found in regions of high
GPE, with the exception of backarc spreading domains.

For case a), extension will likely be distributed over a region several 100s km wide, and
high heat flow and magmatism will produce exhumation of deep crustal layers below the
footwall of large-scale detachment faults. The Moho over this domain may remain flat,
and one may imagine ready lower crust flow laterally. This is the case, e.g., for the Basin
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Figure 7.12: Drop in
lithospheric strength
and tectonic forces
required with and
without a magmatic
intrusion for a strain
rate of 10–14 s–1 for
30-km-thick crust. The
solid and dashed lines
show the stresses for
magmatic and tectonic
stretching type rifting,
respectively (from
Buck, 2004).
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and Range province in the western US.
Any pre-existing structural grain and fabric inherited from prior orogenic phases can

be re-activated in extension. The NS trending pattern of normal faults in Tibet, for exam-
ple, can be also interpreted as an incipient phase of orogenic collapse towards the East
and then South-East, that is towards the retreating Sumatra-Java subduction (Fig. 2.1 and
§8.4.2; Royden et al., 1997). In some cases, a post-orogenic, extensional setting can be pro-
duced in a back arc when subduction post-dates a collisional episode. This is the case in
the Mediterranean, where backarc extension is produced after the main, Alpine phase of
crustal thickening. Back arc deformation leads to the extensional provinces of the Aegean
or Tyrrhenian, and the Alboran-Betics domain in Spain (§9.10.3). In these settings, post-
orogenic collapse and backarc extension occur together (Fig. 7.11a and b), producing faster
trench retreat (e.g. Faccenna et al., 1996).

The transmission of stress from the lower to the upper plate during trench retreat
and backarc extension can be related to return flow in the mantle dragging the upper
plate, the forearc sliver, toward the trench, or by directly pulling the upper plate along the
subduction interface (§9.7). In the latter case, it has been shown that a weak subduction
interface produces a local re-orientation of the stress field, inducing stretching in the upper
plate, so that the slab-pull force is transmitted through the subduction interface (e.g. Erdős
et al., 2021). This force has also been referred to as slab suction (Carlson and Melia, 1984).

Subduction zones may also be responsible for creating a tensional stress in the over-
riding plate (Fig. 7.11c). In this case, the presence of a pre-existing sutures and large slab
pull, e.g. due to a deep, old subducting slab, are fundamental ingredients for the break-up
of the continental interior (Koptev et al., 2019; Yang et al., 2021). Slab pull alone is probably
not able to to overcome the resistance of an intact lithosphere, unless the plate is wakened
by magmatism or high asthenospheric temperatures (Buck, 2004).

Magmatism can play a major role in the weakening of the lithosphere (Fig. 7.12).
Dykes may intrude into the crust and quickly propagate upward, causing a sharp reduc-
tion of crustal strength, and offering an easy way to pull apart continents at modest force
levels (Fig. 7.12). Magmatism can either assists or post-date the initial stage of rifting. In
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the case of magma-assisted rifting, volcanism takes place before and during rifting and
continental break-up with large magmatic outpouring, intrusion, and underplating. But
volcanism may also appear afterwards, once rifting started, as hot asthenosphere will rise
up into the necking zone causing decompression melting (Campbell and Griffiths, 1990).
Thus rifting may or not evolve into non-volcanic passive margins. The connection be-
tween rifting, breakup, and emplacement of large igneous proviinces (LIPs, §6.1), for ex-
ample, illustrates that breakup occurred mostly shortly after LIP emplacement, but rifting
sometimes started long before the breakup and volcanic events (Fig. 7.13).

The separation of continental blocks from Gondwana, like the Cimmerian or Apulia
in the Triassic and Jurassic, may be related to volcanism and plume upwelling associ-
ated breakup which requires a weakness zone in overriding plate. This may occur in the
presence of a mantle upwelling (Fig. 7.11d). The separation of Arabia from Africa is a
more recent example of related processes where far field stresses are generated by slab
pull along the Tethyan trench, and those localize as extension in the region of the Afar
mantle upwelling (Bellahsen et al., 2003). A similar scenario might explain the break up
and separation of India from Madagascar (Fig. 1.23).

For the plume mode of Fig. 7.11d, continental extension is intimately connected with a
localized mantle upwelling, resulting in dynamically sustained surface uplift, of the order
of ∼1 km (Şengör et al., 2001). This dynamic topography signal is related to the normal
stresses generated by a mantle upwelling at the base of the lithosphere (§4.1.4.2), and
will be modulated by the lithosphere’s thermal and mechanical erosion. The topographic
signal may thus be different depending on the lithosphere’s rigidity and stratification.
Figure 7.14 illustrates an idealized surface response due to a plume with and without
far-field stress.

The impact of a plume on an oceanic lithosphere, for example, is expected be different
from continental lithosphere. For the latter, lower crust flow may dampen the signal, pro-
ducing small wavelength structures superimposed on large wavelength doming (Burov
and Guillou-Frottier, 2005). The topographic expression of a plume can be further influ-
enced by surface processes such as erosion transporting material laterally and modifying
the surface load (Braun, 2010; Király et al., 2015). Lateral return flow from a mantle up-
welling can also generate dripping of the mantle lithosphere on the sides of the upwelling
zone, generating surface subsidence (Fig. 7.14).
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Figure 7.14: Conceptual plume-induced topography (top) and lithospheric deformation (bottom).
Upwellings can produce long-wavelength (λ > 1000 km), axisymmetric domes for a homogeneous
plate (left). In case of a stratified, brittle–ductile lithosphere, and if there are additional far-field
stresses, surface topography can be different (Fig. 7.16; modified from Burov and Gerya, 2014).
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Figure 7.15: Mantle upwelling assisted vrs. passive rifting. The presence of a large-scale topogra-
phy swell, flood basalts preceding rifting, and a positive free air topography are all characteristic
of mantle upwelling assisted rifting. In this case, the rise of GPE may play an important, but prob-
ably not dominant role, on driving rifting subsequently. For the case of “passive rifting”, other,
unspecified, external mechanisms are required to drive extension.

As noted, rifting may be accompanied by large volumes of volcanism and this attests
to the contributions of active mantle upwellings. After the arrival of a plume (Fig. 7.15)
regional extension may be sustained due the stored GPE increase in combination with a
horizontal drag at the base of the lithosphere. Models show that an upwelling itself is typ-
ically not able to generate a rift zone if the continental region is under overall compression,
so having neutral stress boundary conditions, or a pull from a subduction zone (Fig. 7.11)
may be required to have major stretching of the lithosphere. Example of this style of
rifting are represented by South Atlantic rifting related to the Parana-Etendeka LIP, the
separation of India—Madagascar (Madagascar LIP) India-Seychelles (Deccan LIP), and
the Arabia-Africa separation (Afar LIP) (Figs. 6.4 and 7.13).

In several settings, the distinction between the drivers of Fig. 7.11 or active and passive
settings (Fig. 7.15) are not obvious. For example, plumes may be distant at the time rifting
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Figure 7.16: Topography evolution of a topographic dome induced by a mantle upwelling un-
der weak extensional far field stresses. This setting can generate highly asymmetric topography
(modified from Koptev et al., 2019).

started (Fig. 7.16). This is the case, e.g., during fragmentation of Pangea and the opening
of Central Atlantic Ocean, with Central Atlantic Magmatic Province (CAMP), the South
Africa—Antarctica separation (Karoo), or the North Atlantic (NAIP) (Fig. 6.4). In the fol-
lowing, we will discuss the rift zones of two key regions which are commonly considered
as end members for the dynamics and styles of extension.

7.1.5 The East African rift (EAR): a narrow rift

The African plate is surrounded by ridges, except to the north, where it is converging
towards Eurasia along the Atlasic system (Fig. 1.23). After the Pan-African orogenic event,
the African continent has been internally deformed by extensional episodes and diffuse
magmatism. LIPs flooded African plains during the breakup of Gondwana: the Central
Atlantic Magmatic Province (200 Ma), the Ferrar-Karroo flood basalts (184–179 Ma), the
Etendeka-Parana flood basalts (137–127 Ma), Madagascar (90 Ma) and lastly, the Afar-
Ethiopia flood basalt (31 Ma; Fig. 6.4). Extension occurred in different pulses: in the Late
Cretaceous, the Paleogene, and, lastly, from the Oligocene onward, within the East African
rift (EAR) system (Fig. 7.17).

The structure of the African plate reflects its tectonic history; it is characterized by the
presence of high velocity cratonic regions (West Africa, Congo, Tanzania, and Kapvaal)
and by low velocity regions over Tertiary volcanic domes (Hoggar, Tibesti), along the East
African Rift System, and the Cameroon volcanic line (Fig. 7.17). The African landscape
is consequentially sculpted by swells and basins, with more than hundred of kilometers
lateral extent. This suggests a dynamic origin of topography, sustained by the action of a
convecting mantle beneath a relatively slowly moving plate (Burke, 1996).

The EAR system represents a spectacular example of a rift zone, breaking apart and
separating Nubia from Somalia and other, smaller microplates (Figs. 7.8 and A.5). This
∼ 3,000 km long system extends from the Afar in the north to Mozambique in the south
(Fig. 7.18). In southern Ethiopia, the EAR splits up into two branches surrounding Lake
Victoria. The eastern branch passes Kenya and terminates in northern Tanzania. The west-
ern branch runs through Lake Albert, Lake Edward, Lake Tanganyika, and Lake Malawi.
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Figure 7.17: Large Igneous
Provinces (cf. Fig. 6.4),
main fault structures, and
volcanic zones, on top
of Schaeffer and Lebedev’s
(2013) shear wave tomog-
raphy model at 200 km
depth. (L. Jolivet, pers.
comm.) -8 -4 0 4 8
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It then splits in two, to the East in southern Mozambique in the South East Rift System,
and to the west toward the Okawango swamps (Ebinger et al., 2017). The distribution of
the rift zone and of cratons suggest that the locus of extension is controlled by the preexist-
ing lithospheric thickness variations, as faults and volcanoes are localized along cratons’
margins.

The presence of a low velocity anomaly in the mantle, volcanism, flood basalts, and
high dynamic topography (Fig. 5.7) suggest that most of the rift zone developed in corre-
spondence to a broad mantle upwelling, with one or more plumes (Şengör and Burke, 1978;
Nyblade and Robinson, 1994; Ebinger and Sleep, 1998). Extension is most pronounced over
the current topographic high, from Yemen-Ethiopia to the Kenya dome and southward to-
wards South Africa highlands (Fig. 7.18). Geodetic data, seismicity and focal mechanisms
indicate that rifting process is ongoing at a rate of few millimeters per years, mainly in
E-W direction. The shallow rift is located over a low seismic velocity zone in the mantle,
and the orientations of SKS splitting “fast axes” are aligned preferentially along rift axis
(Fig. 7.8). The SKS orientations are typically explained by a shallow, partial melt and
extensional deformation origin, but might also indicate along rift flow in the mantle.

In Southern Ethiopia and northern Kenya, volcanism started at ∼40 Ma and has been
followed by flood basalts erupted in southwestern Ethiopia-Somalia Yemen at ∼31 Ma
(e.g. Ebinger and Sleep, 1998), with a main center of eruption probably beneath Lake Tana
(Fig. 7.19; Sembroni et al., 2016), and the EAR is an example of magma-rich extension. In
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Figure 7.18: The main fault
systems of the East African
rift system, craton distribu-
tion (lithospheric thickness
& 160 km), and active vol-
canoes. Microplates: RMP:
Rovuma; LWP: Lwandle;
VP: Victoria. Cratons: Tz:
Tanzania; BG: Bangweulu;
Zim: Zimbabwe (modified
from Ebinger et al., 2017).

the Afar, extreme rifting leads to currently ongoing continental break-up and we see the
early stage of oceanization, which are well developed further north in the Red Sea.

In the rift-rift-rift triple junction between the Nubian, Somalian, and Arabian plates
and in the Afar we have the superimposition of two rift zones, the Red Sea and the Main
Ethiopian Rift (MER). Considering cross sections illustrates the different amount of ex-
tension moving from MER to the Afar. In the region of maximum stretching the crust is
less than 20 km thick, and the upper crust is intruded by a dike complex covered by few
km of lava and sediments (e.g. Bridges et al., 2012). The northern sector of the MER cuts
through the crust that was originally stretched by the Red Sea-Gulf of Aden system. This
suggests that crustal extension here is facilitated by pulses of magma intrusion, e.g. suc-
cessive intrusion of dykes, which may account for . 80% of extensional, favoring magma
accommodation instead of motion on the Miocene boundary faults.

The Ethiopian plateau is also a spectacular site to understand the connection between
uplift, flood basalt emplacement, and rift evolution (Fig. 7.19). The history of uplift of the
Ethiopian swell suggests that a topography dome was formed before the emplacement of
the flood basalt, as the lower flood basalt units filled up wide valleys (Sembroni et al., 2016).
Uplift extended to the north, where a regional unconformity has been recognized up to
northern Egypt. Large-scale doming occurred also after the flood basalt emplacement,
as deduced by the present-day elevation of the basalt units. The final development of
the MER occurred ∼ 20 Myr after the emplacement of the flood basalt. Residual and
dynamic topography estimates show that the Ethiopian plateau is still supported by a
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Figure 7.19: Ethiopian
Plateau topographic
evolution since pre-
Oligocene time, inferred
from the attitude of
the flood basalt. Uplift
started before the flood
basalt emplacement and
pursue also after that.
Rifting post dates the
LIP emplacement by
15. . . 20 Myr (modified
from Sembroni et al., 2016).

mantle upwelling, contribution for several hundreds of meters to the current elevation.
Having a positive dynamic topography signal persist for some 10s of Myr even after

the main eruptive phases is also documented in a few other regions. One example is from
Ethiopia, where the main eruptive phase occurred at∼ 30 Ma, but the topographic bulge is
still well preserved today (Fig. 7.19). Several explanations are provided for this long-term
process, from trapped mantle anomalies, to pulses of mantle upwelling, to magmatic un-
derplating or thermo-mechanical erosion of mantle lithosphere, to changes mineralogical
phases in the mantle lithosphere.

The evolution of the EAR system can be reconstructed by comparing regions at dif-
ferent stages of maturity. In the initial stage, a main boundary fault forms creating sub-
sidence. If magmatism develops, then the deformation is localized in a narrow region in
the center of the rift zone, the regions of maximum thinning (Ebinger et al., 2017; Ebinger,
2021). Here extension is mainly driven by episode of dike intrusion and underplating.

While there are indications for a mantle driven, magma rich style of rifting, the driv-
ing forces of extension in the EAR remain debated. An active upwelling is expected to
have consequences in terms of dynamic topography, lithospheric structure, and melting.
Subsequently, GPE forces result from the uplift-related topographic difference, and from
the lateral variation in the crust and mantle lithosphere structure (Fig. 4.12). The GPE
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contribution is probably lower at the onset of rifting, and maybe not enough to initiate
the rifting. However, GPE forces may be relevant for sustaining rifting once it is started.
Geodetic and geological strain analysis shows that a combination of buoyancy forces and
mantle flow is able to match geodetic patterns (Rajaonarison et al., 2021). Models show that
a contribution of the plume alone, i.e. without far-field lateral stretching, may be insuffi-
cient to cause the rift system.

7.1.6 The Basin and Range: a wide rift
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Figure 7.20: Geodetic
velocities in a North Amer-
ica fixed reference frame
(solid blue vectors, median
values on 1 × 1◦ spacing
Kreemer et al., 2014), and
from MORVEL56 (open
blue vectors, Fig. 1.19),
gCMT moment tensors
summed on 0.25◦ × 0.25◦

grids and colored by
mean normal strain (cf.
Figs. 2.1 and 2.9), and SKS
splitting colored by delay
times (1 × 1◦ average,
cf. Fig. 5.18). Red lines
denote geomorphologi-
cal domains, BR: Basin
and Range; SRP: Snake
River Plane; CP: Colorado
Plateau.

The Basin and Range province in the western United States represents one of the best
sites to explore how extensional processes evolve after orogeny (Fig. 7.20). The extreme
crustal thickening produced a system of high and low angle normal faults, forming un-
dulations in the topography, basins and ranges, oriented roughly NS, for hundreds of kilo-
meters and with a wavelength of ∼ 30 km. Other similar features can be observed in the
Mediterranean, e.g. in the Aegean or in the Tyrrhenian Sea.

At first sight, this style of extension is completely different to what is observed in
the EAR, both in terms of the amount and the style of extension. This indicates that the
tectonic history of the region and the rheology of the lithosphere matter greatly.

Extension in the Basin and Range initiated in the Miocene, following the cessation of
a previous (Late Cretaceous-Early Tertiary) period of crustal thickening during the Lara-
mide. The evolution of the western US Pacific margin, in fact, has been first under conver-
gence, with the Farallon plate consumed beneath North America. During the Paleocene
and Eocene, east-ward migration of shortening and magmatism is interpreted to represent
a shallowing of subduction angle. As a consequence, the Basin and Range lithosphere has
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Figure 7.21: Reconstruction of the extensional processes in the Basin and Range Province at 18 Ma,
10 Ma, and the present-day. The red areas shows active extension, and yellow are undeformed
blocks. Red lines indicate fault activity and blue lines the position of the ridge, (modified from
McQuarrie and Wernicke, 2005).

been thermally perturbed and weakened by the Laramide orogeny, likely associated with
transient slab flattening and subsequent lithospheric thinning. This represents the oppo-
site end-member with respect to what we observe in EAR.

The arrival of Pacific-Farallon ridge at the trench below the North American plate
changed the configuration, forming a triple junction. This triple junction progressively
migrated along the coast, generating the San Andreas fault system transform margin (At-
water, 1970). During the migration, the Juan de Fuca subduction zone decreased progres-
sively in size and started retreating westward, at higher speeds than the north Amer-
ica plate, creating the condition to switch from compression to extension. The onset of
widespread extension occurred in the Middle Miocene during the conversion from sub-
duction to transform margin (Fig. 7.21). The thickened orogenic crust, probably already
weakened by thermal relaxation (Sonder et al., 1987) extended and collapse toward the
west.

At the present-day, geodetic constraints indicate only a small amount of distributed ex-
tension within the Basin and Range, and extension is localized along the eastern boundary
along the Wasatch front (Fig. 2.14c; Dixon et al., 1995; Parsons and Thatcher, 2011; Hammond
et al., 2014). However, most of the seismicity in the interior of the western US is of exten-
sional character (Fig. 7.20). Seismic anisotropy from SKS splitting is overall compatible
with the plate boundary shear and a large-scale asthenospheric counter-flow driven by
the sinking Farallon slab remainder underneath the central US (Silver and Holt, 2002; Becker
et al., 2006b). The exception is the Basin and Range province where frozen in lithospheric
structure affect fast axes in ways that are different from the present-day deformation.

Structural studies and the COCORP deep crustal profile (Fig. 7.22) provided impor-
tant constraints on the architecture of the Basin and Range. Seismic imaging illustrates
that the lower crust is highly reflective with discontinuous segments. The Moho is sub-
horizontal and the faults do not appear to penetrate deeper into the lower crust. Seismics
also show a low angle reflector that extends over a large distances down to 20 km depth.
Figure 7.22 also shows the Sevier detachment fault extending down to a depth of 15 km
with an apparent dip of 12◦, where it shows a series of west dipping splays. Other main
detachments systems are represented by the Snake range that dips gently toward the East
opposite to other westward dipping structures.

From tectonic reconstructions, it has been possible to estimate that extensional struc-
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0 50 km

Figure 7.22: Interpreted seismic section across the Basin and Range (Gans, 1987, assuming an av-
erage crustal velocity of 6.5 km/s). Note that the lower crust dominated by discontinuous, sub-
horizontal reflectors. Steep faults cannot be traced down more than 10 km, and the Moho reflector
is remarkably flat. Low angle detachment faults can be followed for 10s of km.

tures accommodate ∼ 230 km of EW oriented stretching (Fig. 7.21). If so, the Basin and
Range prior to extension had an original crustal thickness of ∼ 56 km (Gans, 1987; Mc-
Quarrie and Wernicke, 2005; Long, 2019). From these estimates and isotope-based paleo-
altimetry it the presence of a plateau during the Late Cretaceous and Paleogene has been
suggested, the Nevadaplano, standing at 2.5–3.5 km elevation (Snell et al., 2014).

The origin of extension in the Basin and Range thus requires three ingredients:

1. A change in boundary conditions. The conversion from a convergent to a transform
margin, and the retreat of the remaining subduction zone, produce lateral space to
the west for lithospheric extension.

2. High GPE. The crust was probably thick, of the order of 60 km, and the eleva-
tion in the Late Cretaceous Paleocene was such to form a plateau standing at more
than 3 km elevation. A transient flat slab episode possibly hydrated and then de-
laminated the upper plate mantle lithosphere below the region (Humphreys, 1995;
Humphreys et al., 2003). This leads to uplift due to removal of the lithospheric load,
such that after orogeny, the lithospheric column stored high GPE.

3. A weakened lithosphere. The crustal thickening episode ended in the Paleogene,
whereas extension started only in the Oligocene-Miocene (Coney and Harms, 1984).
This time gap is probably enough to produce thermal relaxation, partial melting of
the lower crust, inducing an overall weakening of the lithosphere. Under gravita-
tional potential energy driving forces, this weakened lithosphere can likely collapse
and extend (Sonder and Jones, 1999). The consequence of the collapse of a hot ex-
tended lithosphere is the formation of a wide rift with region of localized deforma-
tion forming detachment and core complex structures.

With this brief overview in mind, we now proceed to explore the fully developed end-
stage of a rift during the Wilson cycle. Once new oceanic seafloor is being generated, the
continental rift will evolve into a marine spreading center.
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7.2 Oceanic spreading: generating lithosphere

Spreading ridges, or more properly spreading centers, to avoid referring to specific topo-
graphic features, are divergent plate boundaries where new seafloor is formed. Typical
ridge-like structures are linear, segmented tectonic features (Fig. 1.14), and spreading cen-
ters extend for over 80,000 km (Fig. 7.23). They are marked by a narrow zone of volcanoes,
flanked by zones of fissuring, and generate the longest relief on Earth. Seafloor volcanoes
make up most of the volume of Earth’s volcanic activity, yet, with spectacular exceptions
(Proud et al., 2022), their eruptions are usually hidden beneath the oceans which remain to
be fully explored.

In the modern era, the idea that new crust was generated below the ocean at ocea-
nic ridges was first proposed by Dietz (1961) and Hess (1962), before being demonstrated
by the establishment of seafloor spreading based on magnetic anomalies by Vine and
Matthews (1963) and Morley and Larochelle (1964) (§1.4.1). However, the first map of the
Atlantic Ocean floor describing the presence of huge underwater mountain chains was
realized in the 50s by a team headed by Marie Tharp and Bruce Heezen (Fig. 1.14). Tharp
first deduced the presence of a continuous ridge in 1949 by comparing only few profiles
across the Atlantic Ocean (Tharp, 1999). This speaks to the extraordinary intuition link-
ing the presence of an axial valley to their expansion. Their work eventually led to the
legendary maps of the ocean floor by Heezen et al. (1959, 1977).

Since then, our view of the oceanic seafloor has improved. Thanks to satellite altimetry,
sea surface slope measurements can be converted into approximate seafloor bathymetry,
and we have now a more complete picture of bathymetry (Sandwell and Smith, 1997; Tozer
et al., 2019). However, still, only a small portion of the ocean has been mapped at high
resolution using shipboard sounding methods.

The elevation of spreading ridges is on average ∼ 2600. . . 2700 m ± 350 m below sea
level (§4.2.3.2; Rowley, 2019), but their average topography and shape show large vari-
ations as a function of the interplay between spreading rates, the magmatic plumbing
system, and the asthenospheric background and convective activity including plumes
(Fig. 7.23; §6.1). Moving away along the ridge flank for ∼ 20. . . 30 km, the depth of the
seafloor progressively increases with age, descending to the abyssal plain where the depth
vrs. age correlation eventually slowly flattens (§7.2.4).

The spreading rates vary from one plate to the other (Fig. 1.16), from fast spreading
such as the East Pacific Rise EPR (EPR, full rate between 8. . . 16 cm/yr), to intermediate
(full rate between 4 . . . 8 cm/yr), slow such as the Middle Atlantic Ridge (MAR; full rate
between 2 . . . 4 cm/yr), down to ultraslow (full rate < 2 cm/yr) as for the SW Indian
Ocean or Antarctic Ridge (Figs. 7.23 and 7.24). The slowest spreading center on Earth is
the Gakkel ridge, in the Arctic Sea (from 0.6 to 1.3 cm/yr), showing very thin basaltic
crust.

In the shallow regions, spreading centers, in particular the degree to which they show
different ridge-transform morphologies and are controlled by magmatism (§8.3), are mainly
controlled by their spreading rate (Perfit and Chadwick, 1998; Macdonald et al., 1992). The
deep structure beneath spreading centers is characterized by the presence of a low velocity
zone beneath the axis, extending to a depth of∼200 km, and over a width of∼ 50 km both
sides of the axis. These observations, along with the attenuation and the seismicity pattern
can be explained by the presence of an absorptive zone due to partial melting, which may
significantly down seismic velocities even for limited fractions of melting. Spreading cen-
ters are predominantly passive structures (§4.3.5.1). During lithospheric stretching, the
upwelling mantle material below moves up under the ridge axis adiabatically, and this
causes decompression melting. Oceanic crust is generated by ≈ 10 . . . 20% partial melting
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Figure 7.23: Global distribution of seafloor spreading rates (top; Seton et al., 2020) and global ba-
thymetry with major features discussed in this section labelled.

of fertile mantle at depths of ∼ 50 km (§7.2.3).
Figure 7.25 shows that the deeper seismic structure underneath spreading centers as

imaged on larger scales by surface wave tomography is consistent with the view of ocea-
nic plates being formed according to the half-space cooling model (§4.2.3.2; Forsyth, 1977;
Priestley and McKenzie, 2006). However, we can also see that seismic wave velocities are
different between Pacific and the Atlantic, for example (Fig. 7.25). The low velocity zone
below the Pacific is stronger beneath the axis and extends to larger distance, possibly
because of different thermal background states. Global data sets show that the mantle
velocity structure beneath mid-ocean ridges is correlated with spreading center depth, i.e.
lower seismic speeds match shallower ridge axes, and lavas with lower Na concentrations
(Dalton et al., 2014). This can be explained by variation of the asthenospheric temperature,
but grain size variations, and the presence of water and carbon may matter as well (§7.2.4;
Ma and Dalton, 2019).

Figure 7.26 compares the structures of a different spreading centers which can be char-
acterized as:

Fast spreading centers with full spreading rate between 8-16 cm/yr such the East Pacific
Rise (EPR, Fig. 7.24a and b) show

� segment lengths from 50-100 km up to 1000 km (Sandwell et al., 2009);
� axial topographic highs, ∼400 m in height and 1-2 km in width, on average;
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Figure 7.24: Topographic features of the East Pacific Rise (EPR; a, b) compared to the Mid Atlantic
Ridge (MAR; c, d; Atlantis region of Fig. 7.27a marked by rectangle), the SW Indian Ridge (e) and
New Hebrides (f), where we have two parallel ridges, to the left is the Central Spreading Ridge
(CSR) and right the West Fiji Ridge (WFR). The spreading center along the EPR is marked by a
sharp, narrow relief, whereas in the MAR or SWI are marked by rift valleys. SRTM15+ bathymetry
blend (Tozer et al., 2019), moment tensors are from the gCMT catalog, all events shallower than
50 km, and contours are seafloor age (Fig. 1.16) in 2.5 Ma increments.
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Figure 7.25: Shear wave velocity
structure from the model by Auer et al.
(2014) binned by seafloor age and
subsetted into Pacific and Atlantic
domains, and the difference between
the two. Orange contours are HSC
type isotherms at 600 and 1200◦C
(modified from Auer et al., 2015, cf.
Fig. 7.36;); compare with Fig. 7.40.

� presence of a small linear depression, less than 100 m wide and up to 10 m deep
at the crest of the axial high (called Axial Summit Caldera, ASC, Graben, ASG,
or Trough, AST);
� active volcanic zones with widths between 0.1-0.2 km;
� volcanic eruptions with recurrence intervals of∼5 yr (Perfit and Chadwick, 1998);
� fault scarps of tens of meters in height;
� presence of a sill shape axial magma chamber (AMC) reflector (Kent et al., 1994);
� constant crustal thickness between 6 and 8 km.

Intermediate spreading centers with full spreading rates between 4-8 cm/yr, show

� segment lengths from 50 to 100 km;
� shallow valleys, typically 2–4 km wide and 400 m deep;
� rifted axial highs characterized by a narrow depression 50–200 m;
� a deep at the summit of an axial high that is a few km wide;
� an active volcanic zone with width of 0.2-2.0 km;
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Figure 7.26: Fast vrs. slow
spreading: Schematic
crustal cross sections show-
ing the difference between
fast and slow spreading
ridge. (Modified and re-
drawn from Cannat, 1996;
Sinton and Detrick, 1992;
Dilek et al., 1998; Standish
and Sims, 2010).
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� eruptions with recurrence interval of ∼500 yrs (Perfit and Chadwick, 1998);
� an abyssal hill length decreases with spreading rate.

Slow spreading ridges with full spreading rate between 2 and 4 cm/yr such as the Mid
Atlantic Ridges (MARs, Fig. 7.24c and d) show:

� axial valleys, 500 m to 2 kilometers deep, with an inner valley floor up to 12 km
wide, bounded by normal faults;
� ridge-crest elevation on average 150 meters lower than fast spreading ridge;
� ranges of crestal mountains on each side of the valley with an average spacing

of 20 to 40 km;
� axial topographic highs, 1–5 km in width, with hundreds of meters of relief;
� width of active volcanic zone of 2-12 km;
� eruptions with recurrence interval of ∼5000 yrs (Perfit and Chadwick, 1998);
� second-order segmentation on slow-spreading centers is characterized by non-

transform offsets;
� presence of oceanic core complexes, especially near transform faults;
� abyssal hills seem to be produced primarily by growth of large normal faults.

Slow to ultra-slow spreading ridges with spreading rate less than≈2 cm/yr, such as the
SW Indian Ridge (Fig. 7.24e), show similar features to the slow centers, but also:

� a median valley, more than 2 km deep, with an inner valley floor up to 12 km
wide, a rift bounded by normal faults;
� the presence of linked magmatic and amagmatic ridge segments with intermit-

tent volcanism;
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a)

b)
Figure 7.27: a) High
resolution bathymetry
(GMRT; Ryan et al.,
2009) available for
the region around the
Atlantis massif (cen-
ter, cf. Fig. 7.24c) b)
Atlantis based concept
of a slow-spreading
mid-ocean ridge in
which the extension
is primarily accom-
modated by faulting
(Karson et al., 2006)

� amagmatic segments marked by an axial trough up to a kilometer deep, ex-
tending 50 km or more;
� off-axis magmatism magma rising along faults indicating that crustal accretion

is not confined in the narrow central zone (Standish and Sims, 2010);
� presence of oceanic core complexes and corrugated domal structures;
� relative scarcity of transform faults;
� variable crustal thickness from 2 to 7 km with large regions of highly thinned

or missing crust.

Slow and ultra-slow spreading ridges show asymmetric structures, including the for-
mation of oceanic core complexes (OCCs). Some of the best examples are found at the At-
lantis massif (Fig. 7.27) and along the SW Indian ridges (Blackman et al., 2002; Sauter and
Cannat, 2010). OCC structure is similar to core complexes observed in continental litho-
sphere extensional domains (§7.1.3). Oceanic core complexes have been described mainly
but not exclusively at ridge-transform intersections. They are characterized by domal
bathymetric highs constituted of lower crust and mantle units, i.e. gabbro and serpentine
peridotite, exhumed below a low-angle detachment generating spreading-parallel undu-
lations and corrugated surfaces (Blackman et al., 2002; Smith et al., 2006; Cannat et al., 2009).
Core complex domes extend for tens of kilometers, and detachment fault activity lasts
for few million years. The formation of OCC is pronounced during reduced magmatic
activity.
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Figure 7.28: Numeri-
cal model results from
Buck et al. (2005) for
different spreading
rates and magmatic
fluxes compared to
bathymetric profiles,
from the EPR (a),
SEIR (b, South East
Indian Ridge) and
MAR (c). a) shows a
buoyancy-dominated
center, resembling
the axial relief of fast
spreading. Panels
b) and c) illustrate
cases with slower
spreading rate. Here,
the competition be-
tween stretching and
diking is controlled
by the fraction of
plate separation that
is accommodated by
magmatic dying, M .
In this case, stretching
produces a rift valley
and asymmetric struc-
ture resembling to the
oceanic core complex
(cf. Fig. 7.31).

a)

b)

c)

7.2.1 Slow to fast spreading and melt generation

Why are slow and fast spreading centers so different? The main difference is that slow-
spreading ridges are dominated by tectonic stretching, and faults are active for an ex-
tended period of time, generating a real rift valley, whereas at fast spreading centers, the
system is supported by a large influx of magma. Figure 7.28 shows results of a numerical
model which illustrates this behavior (Buck et al., 2005). The model suggests that the mor-
phology and the deformation of spreading can be indeed explained by the competition
between the buoyancy and accommodation provided by the magmatic system and the
tectonic stretching. “Tectonic” here means that there is a far field force pulling the spread-
ing center apart, such as due to slab pull at the other end of the plate, or at the other of the
plate attached at the passive margin.

Fast spreading centers such as the EPR may have an active component of upwelling or
at least a local buoyant anomaly (Toomey et al., 2007; Rowley et al., 2016), and such a setting
can be modeled by a buoyancy-dominated system. Here, the low density magmatic body
below the thin lithosphere generates a large axial relief by isostasy. Faults in this case dip

364 DRAFT



7.2. OCEANIC SPREADING: GENERATING LITHOSPHERE

0 100 200 300 400 500 600 700 800 km

0

100

50

primary melting

incipient melting

lithospheric mantle

crust
101 mm-yr 45 mm-yr

150

Melt experiment at EPR 17-18S 

Figure 7.29: Interpretation
of the MELT experiment re-
sults beneath the EPR (17-
18◦S), suggesting that melt
extends over a broader re-
gion than for slow spread-
ing, and that the struc-
ture is strongly asymmet-
ric (cf. Fig. 5.21). Re-
drawn from The MELT Seis-
mic Team (1998).

Figure 7.30: Depth of the axial magma
chamber (AMC) as a function of spread-
ing rate. CRR: Costa Rica Rift; EGSC and
WGSC: East and West Galapagos Spread-
ing Center; JdF: Juan de Fuca Ridge;
LB: Lau Basin; LS: Lucky Strike vol-
cano; MCSC: Mid-Cayman; RR: Reykjanes
Ridge; SWIR: Southwest Indian Ridge;
NEPR: Northern EPR ; SEPR: Southern
EPR; 35◦N: MAR 35◦N. Dashed black line:
predicted depth of a stable AMC (Phipps-
Morgan and Chen, 1993). From Van Aven-
donk et al. (2017b).

both toward and away from the ridge, and they are generated by the flexural unbending
of the lithosphere moving away from the axial high (Fig. 7.28a).

At slow spreading rates, the bathymetry is stretching-dominated. Hot isotherms are
shallower toward segment centers, reducing the strength of the lithosphere, inhibiting the
sustained growth of faults, and allowing new faults to form easily. In this case, the fault
patterns and the relief are generated by the competition of magmatic diking and stretch-
ing, which under specific conditions may generate asymmetric deformation resembling
the oceanic core complex style (Fig. 7.28c).

Seismic constraints on magmatism below spreading ridges show different results be-
tween the MAR and EPR (Carbotte et al., 1998). At the EPR, a large amplitude, continuous
seismic reflector has been interpreted as the roof of an axial magma chamber, with a 700 m
wide sill that can be followed continuously beneath the ridge (Kent et al., 1994), located
between 1 and 2 km depth below the ridge (Fig. 7.26).

Waveform inversion confirmed the presence of both melt and crystal mush (50% of
crystal in the melt) in such regions (Singh et al., 1998). At larger depths, a low velocity
zone has been imaged down to few kilometers depth, extending 7-10 km from ridge axis.
Seismic studies also show that there may be multiple lenses of melt, connected to each
other (Marjanović et al., 2014), and this system may also extend off axis. The primary
source of melt extends deeper down to a depth of 100 km, or even further, but it is not
rooted in the lower part of the upper mantle (Fig. 7.29).

Along slow-spreading ridges, the crust shows variable thickness. The thickest crust
is generally found near the segment centers, where the upwelling is focused, and the
thinnest crust near the segment ends (Fig. 7.26). Slow-spreading ridge magmatism may
be intermittent (Phipps-Morgan and Chen, 1993) and lack a steady-state magma chamber.
It has been proposed that accretion derives from small pockets of melt. However, seismic
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Figure 7.31: Spreading center morphology, e.g., spacing of abyssal hills, faulting style, seismicity
distribution and dike geometry as a function of spreading rate and magma supply,M (cf.Fig. 7.28),
based on Olive and Dublanchet (2020) (from Olive, 2023).

low velocity zones beneath the MAR and SW Indian Ridge and ultraslow ridges suggest
the presence of a (yes, another) low velocity zone (LVZ, interpreted as an AMC), interpreted
as a magmatic body, at maximum 4 km wide and extending down from to 2 to 5 km, with
the presence of melt on the top of small lens of magma (Fig. 7.30).

At slow or ultra-slow spreading ridges, seamount volcanism also plays an important
part in the formation of oceanic crust. The small (1-2 km in extent) axial volcanoes may
be isolated or form linear chains, and often pile on top of each other and coalesce to build
larger axial volcanic ridges (Smith and Cann, 1993). The physical controls on M were
explored by Olive and Dublanchet (2020) who show how the stresses due to fault slip can
interact with magma intrusions. The different styles of spreading can be explained by
a balance between the axial lithospheric thickness and the rate of pressure build up in
horizontally stacked magma sills (Fig. 7.31).

7.2.2 Hydrothermal circulation

Another fundamental aspect of spreading ridges is represented by the hydrothermal cir-
culation. This represents a fundamental piece of the plate tectonics puzzle: Hydrothermal
circulation rapidly cools the oceanic lithosphere (§4.2.3.2), modifies the sea water chem-
istry, and hydrates and weakens the oceanic mantle generating a fracture system network.
The convection currents are generated by infiltrating seawater along fractures and faults
going down to several kilometers, where they are heated and then rise up again, at tem-
perature of up to 400◦C and low pH.

The hydrothermal vents are distributed along the ridge at distance that scales linearly
with spreading rate. The water penetration produces a chemical exchange of cations, such
as sodium and calcium, dissolving elements from the basaltic crust and depositing others.
The rise of hydrothermal fluid builds up chimneys. Fluids with temperature higher than
300◦C generate black smokers. Those fluids are usually H2S rich fluid, with extremely low
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pH. They create mineralization of Cu, Fe, Zn, and S oxides. The creation of black smoker
chimneys is related to anhydrite, or calcium sulfate (CaSO4) that, unlike many other min-
erals, dissolves at low temperatures and precipitates at high temperature greater than
∼ 150◦C.

Hydrothermal fluids with temperature around 150-290◦C generate white smoker chim-
ney depositing anhydrite, barite, and quarts. Vent fluids of relatively cool (40–75◦C) and
alkaline (pH 9.0–9.8) water is also diffuse over a large region. Because of the high pH
and low temperature of those fluids, their iron concentrations should be low. Infiltration
of water along fracture system produces weakening and hydration of the olivine in peri-
dotite leading to serpentinization. This process is fundamental as it hydrates and weakens
the lithosphere. The water and carbonate stored in the oceanic crust will then eventually
brought into the mantle during subduction. The volatiles will then be partly released in
the mantle wedge, promoting melting and arc volcanism, and partly descend down into
the deep mantle.

These transport and reaction pathways enabled by hydrothermal circulation at spread-
ing centers are thus important components of arc magmatism, and with it the formation of
continental crust, as well as the carbon cycle. Moreover, hydrothermal vents host micro-
bial communities at extreme conditions, extremophiles, and may play an important role in
the origin of life and habitability during extreme events such as snowball Earth (Yayanos,
1995; Hoffman et al., 1998; Martin et al., 2008).

7.2.3 Melting parameterizations

How can we quantitatively link the thermal structure of the oceanic plate and the as-
thenosphere below to the fractionation processes that generate the basaltic oceanic crust
at spreading centers? For this, we need an understanding of melt generation and trans-
port, starting with a description of melting conditions. The solidus is the temperature, T ,
as a function of conditions such as pressure, p, and water content, at which a rock of a
given composition starts to melt. The liquidus corresponds to the case where the phase
transition to fluid is complete, i.e. the 100% molten state. Since seismic shear waves prop-
agate through the uppermost mantle (Fig. 1.7), we do not expect that significant amounts
of melt are widespread in the mantle. Rather, temperatures are usually below, or only
slightly above, the solidus. Any partial melt fractions, F , are small, with maximum val-
ues up to a few to tens of % in the asthenosphere directly underneath spreading centers,
respectively.

Figure 7.32 shows the pressure-dependence of the melting temperature for a nominal
mantle material of peridotitic composition compared to our reference adiabat with poten-
tial temperature of 1327◦C (§1.3.4) and several half-space cooling based profiles for the
oceanic lithosphere (§4.2.3.2). These curves are based on simple parametric fits to petro-
logical experiments (McKenzie and Bickle, 1988; Hirschmann, 2006) and depend on volatile
concentrations, and composition to a much smaller degree (Katz et al., 2003). They form
the basic ingredients of any assessment of melt transport. Taking Fig. 7.32 at face value,
partial melting can be sustained in the shallow mantle only underneath lithospheres that
are younger than ∼10 Ma for reference geotherms. More extensive melting can happen
by moving material without loss of heat above the solidus, decompression melting, such as
underneath ridges, by exceeding the adiabatic temperature, such as above plume anoma-
lies for hotspot volcanism (§6), or by the introduction of water, such as in subduction
zones where sediments on top of the slab release fluids to the mantle wedge, leading to
arc volcanism (§9.5).

Once melting ensues, one has to consider the fluid dynamics of the mixture of rela-
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Figure 7.32: Melt fraction,
F , for dry peridotite (shad-
ing and black contours);
light and dark blue con-
tours are Tsol (where F =
0) for wet conditions at 0.1
and 0.3 weight% H2O, re-
spectively (Katz et al., 2003).
Also shown are dry solidus
and liquidus, Tliq (where
F = 1) from McKenzie and
Bickle (1988) (dotted). The
geotherm (dark red) is that
of Fig. 1.11, with half-space
cooling profiles for seafloor
ages as indicated.
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tively solid, but creeping, convective flow of the matrix and the (near) shear-stress free
flow of the much lower viscosity, molten material within. The dynamics of this two-
phase flow regime (Sleep, 1974) were clarified in a landmark paper by McKenzie (1984).
Numerous studies have since explored the dynamical implications which are complex,
and include compaction boundary layers (McKenzie, 1984; Schmeling, 2000), solitary melt-
porosity feedback waves (magmons; Scott and Stevenson, 1984; Wiggins and Spiegelman,
1995; Cai and Bercovici, 2016), how melting affects the chemical makeup of the melt prod-
ucts (Spiegelman and Kelemen, 2003; Rudge et al., 2011), and melt focusing underneath the
spreading center (Spiegelman, 1993; Turner et al., 2017).

Dannberg and Heister (2016), for example, compare two cases for convective melt esti-
mates: 1), if the degree of melting is estimated a posterior, based on the p and T state, e.g.
due a mix of decompression melting and increase of temperature when plumes hit the
lithosphere. This melt scenario is consistent with the assumption of batch or equilibrium
melting, which means that chemical equilibrium is maintained between phases, and the
melt remains in a closed system. Alternatively, 2), one can assume fractional or Rayleigh
melting, where system is not in chemical equilibrium, and the melt is being extracted con-
tinuously, in this case by two-phase, porous flow. Allowing for fractional extraction lead
to ∼ 0.1 the amount of melting predicted from batch melting in the asthenosphere, and
the two-phase flow scenario also show enhanced small-scale convection, partially due to
the sinking of the depleted residuum (Dannberg and Heister, 2016).

Another question is how melt makes it all the way to the surface, through the brittle
part of the lithosphere. This scenario is relevant, e.g., underneath volcanoes or during
pluton emplacement, after the extraction by means of partial melting and two-phase flow
from the convecting mantle beneath. Addressing some of the related questions, Keller et al.
(2013) coupled two-phase flow with visco-elasto-plastic rheologies. The authors found
three regimes of melt extraction: Elasto-plastic diking, decompaction channels governed
by two-phase flow, and viscous diapirism. The transition between them is controlled by
going from high to low matrix viscosities and from low to high tensile strength of the rock.

We refer the reader to Katz (2022) for the dynamics of two-phase flow, but note that
McKenzie (1984) also laid the foundation for a simple model linking asthenospheric tem-
perature to melt fraction, and hence crustal thickness, for example under decompresssion
melting on top of a spreading center (McKenzie and Bickle, 1988). This is the missing ingre-
dient for our goal of linking asthenospheric temperature to seafloor spreading generated
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Figure 7.33: a) Melt fraction and, b), temperature during ascent and decompression, batch melting
for different potential temperatures, Tp, as indicated where T at depth is from eq. (1.34). Solid and
dashed lines are for dry and wet (600 ppm wt. % H2O) conditions, respectively, and curves are
based on upward integration of eq. (7.2). b) also shows the dry solidus and DMM reference adiabat
from Fig. 1.11. c) Total melt thickness, eq. (7.3), as a function of TP compared with seismically
inferred oceanic crust thickness (mean and standard deviation for spreading rates> 2 cm/yr from
White et al., 2001). Computation uses the melt parameterization and parameters of Katz et al. (2003),
but αs = 3 ·10−5 1/K to match the adiabatic gradient. Dotted is a linear approximation from White
and McKenzie (1989) as reported by Davies (1992), and dashed line an alternative estimate from van
Thienen et al. (2004), showing reduced melt production due a crustal overburden pressure effect.

crust. If we assume an isentropic process where no heat is being exchanged during the
ascent of material, the change in entropy, dS, is zero, by definition. We can write dS as
the total derivative of S(X,T, p)

dS =
∂S

∂X

∣∣∣∣
p,T

dX +
∂S

∂T

∣∣∣∣
p,X

dT +
∂S

∂p

∣∣∣∣
X,T

dP = 0,

where X is the melt fraction by weight, and T and p temperature and pressure, respec-
tively, and subscripts indicate the variables that are held fixed. X relates to the volume
fraction of melt, F , as

F =
Xρs

ρf +X(ρs − ρf )

where ρs and ρf are the density of the solid matrix and molten fluid, respectively. McKen-
zie (1984) showed that the Maxwell relationships from thermodynamics can be used to
derive the isentropic change of F and T with p as

dF

dp

∣∣∣∣
S

=
F
αf
ρf

+ (1− F )αsρs −
cp
T

∂T
∂p

∣∣∣
F

∆S +
cp
T

∂T
∂F

∣∣
P

;
dT

dp

∣∣∣∣
S

= T
F
αf
ρf

+ (1− F )αsρs −∆S
dF
dp

∣∣∣
S

cp
. (7.2)

Here, αs,f are the thermal expansivities of solid and fluid, ∆S the change in entropy on
changing from solid to melt (∼ 300 J/K/kg), and cp (∼ 1000 J/K/kg) the specific heat, or
heat capacity eq. (1.30), at constant pressure. The density ratio, ρf/ρs ∼ 88%, affects how
melt is being transported, and αf/αs ∼ 1.7 implies, e.g., that the melt experiences a larger
adiabatic cooling effect upwelling than the solid, eq. (1.33) (McKenzie and Bickle, 1988).

Eq. (7.2) can be integrated upward for F for a batch melting system in which melt and
solid move at the same rate, as might be appropriate for a spreading center. Figure 7.33a
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and b show the predictions for degree of melting and temperature, respectively, against
pressure/depth, for the parameterization of Fig. 7.32 for example geotherms. A potential
temperature of Tp ≈ 1330◦C matches our reference geotherm of Fig. 1.11 well. A corre-
sponding adiabatic upwelling at dry conditions is expected to start to melt at ∼ 70 km
depth, and reach ∼ 20% partial melt at the surface. The kink in the F curves of Fig. 7.33a
is due to the exhaustion of melting of the clinopyroxene component, which makes up 10%
by weight for our computation here (cf. Katz et al., 2003).

We can also compute the total melt layer thickness accumulated from the onset of
melting at zm toward the surface from

h(Tp) =

∫ 0

zm

F (z) dz. (7.3)

At last, with this link between asthenospheric, or potential, temperature and melt thick-
ness, we have a major constraint on the state of the upper mantle, if one associates h with
the oceanic crustal thickness that can, for example, be imaged seismically (McKenzie and
Bickle, 1988). Figure 7.33c shows that our reference geotherm, and Tp ∼ 1350◦ as was
inferred from half-space cooling (§4.2.3.2), are broadly consistent with present-day ocea-
nic crust thickness at spreading centers, at least for dry conditions. Melt layer thickness,
h, in [km] (Fig. 7.33c) can be estimated from potential temperature, Tp, in [C] and water
content, X , in [ppm wt. %] as

h(Tp, X) ≈ 107.9 − 2.116 · 10−1Tp + 1.021 · 10−4T 2
p

− 6.584 · 10−3X − 2.078 · 10−6X2 + 8.787 · 10−6TpX, (7.4)

where for dry conditions, X = 0, T rP = 1328.72◦C yields h = 7 km. Such melt thickness-
temperature relationships also allow inferences on past mantle temperatures from seis-
mically observed oceanic crustal thickness variations in old seafloor, e.g. for the Cenozoic
withing a supercontinental cycle context (Van Avendonk et al., 2017a).

7.2.4 Deviations from half-space cooling

We now revisit the age-dependence of oceanic lithosphere in terms of its thickness, ba-
thymetry, and heatflux (§4.2.3.2). Recall that, as a function of seafloor age, τ , the heatflux
at the surface, q, and subsidence, w, of the seafloor relative to the ridge for the half-space
cooling (HSC) model is given by (eqs. 4.95 and 4.107)

qHSC =
k∆T√
πκτ

and wHSC = c
√
τ with c =

2α∆Tρa
ρa − ρw

√
κ

π
, (7.5)

where ∆T is the temperature difference between the asthenosphere and surface, and ρa,w
the densities of the asthenosphere and water, respectively. When viewed globally, seafloor
depth and heat flux follow this trend broadly up to ∼ 80 Myr, but then seafloor is too
shallow, and heat flux too high, on average (Parsons and Sclater, 1977). Figure 7.34a shows
an example where we fit younger than 80 Myr heatflow estimates with eq. (7.5) using
Hasterok’s (2013) best-fit k = 3.7 W/m/K, κ = 0.95 · 10−6 m/s2 to find ∆T = 1361± 13◦C.
The HSC model works well for young ages for both heat flux and bathymetry (§4.2.3.2),
but it is incompatible with old ages on global scales (Figs. 4.33 and 7.34a). What this
means for a general model of the oceanic lithosphere remains debated. One approach to
modify the HSC model globally, and assert that there is a general process which modifies
the behavior of all plates. Two approaches are common:

370 DRAFT



7.2. OCEANIC SPREADING: GENERATING LITHOSPHERE

0.3

0.4

0.5

0.6

0.7

0.8
0.9

1

2

3

4

5

d
ep

th
 r

el
at

iv
e 

to
 r

id
g

e 
[k

m
]

5 10 20 50 100 200

age [Myr]

40

50

60

70

80

90

100

200

300

400

h
ea

t 
fl

u
x

 [
m

W
/

m
2 ]

a)

4.0

4.5

5.0

5.5

6.0

6.5

7.0

d
ep

th
 [

k
m

]

40506070

heat flux [mW/m2]

b)

Figure 7.34: a): Seafloor depth relative to the spreading center, w (blue), and heat flux, q (red)
against age, on log− log-scale, for the HSC (solid, eq. 7.5), plate (dashed, eqs. 7.6 and 7.7), and
Chablis (dotted, eq. 7.8) model. Depths are median and 25/75% percentile ranges after correction
following Carlson and Johnson (1994) using Straume et al.’s (2019) sediment cover, and removing
regions inferred to be close to hotspots (cf. Fig. 7.36d). Heat flux estimates are as corrected and
binned by Hasterok (2013), our best-fits shown. b) The three models, based on bathymetry (blue)
and heat flux (red) fit compared to the old Pacific, high quality data from Nagihara et al. (1996).

Plate model: This was introduced as an ad-hoc description of flattening of the seafloor.
The most common version posits that a constant basal temperature boundary con-
dition T (zl) = ∆T applies at a depth zl (Langseth Jr et al., 1966; McKenzie, 1967). The
solution depends on plate speeds (Sclater and Franchetau, 1970), but for velocities
larger than a few mm, and typical parameters, these approximations hold (Carlson
and Johnson, 1994):

qP = qmP

[
1 + 2

∞∑
n=1

exp

(
−
(
nπ

2η

)2
)]

with η =
zl

2
√
κτ

; qmP =
k∆T

zl
(7.6)

wP = wa

1− 8

π2

∞∑
j=1,3,5,...

j−2 exp

(
−
(
jπ

2η

)2
) with wa =

zlc

4

√
π

κ
. (7.7)

Here, η is a similarity variable (cf. eq. 4.84), and qmP and wa the asymptotic heatflow
and depths at τ → ∞, respectively. Comparison of eq. (7.5) with eqs. (7.6) and (7.7)
shows that the HSC and plate models are not independent, and should be linked by
the thermodynamic parameters and the state of the asthenosphere,∆T . Figure 7.34a
shows our qP fit, keeping k, ∆T , and κ from qHSC , which yields zp = 96 ± 2 km,
corresponding to qmP = 52 mW/m2, from a heat flux fit, and zp = 117 ± 1 km from
bathymetry, quite different values indicating inconsistencies.

There are a number of popular plate models in use, based on different filtering and
inversions strategies. However, some of those, including Stein and Stein’s (1992)
model are “too hot”, i.e. inconsistent with petrological constraints. Crosby and McKen-
zie’s (2009) model is often used for estimates of anomalous topography in the oceans.
In this case, the flattening of the seafloor is not considered of regional, dynamic ori-
gin (Figs. 7.35 and 7.36), which may lead to bias (§5.2.1).
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Figure 7.35: Illus-
tration of sediment-
corrected bathymetry
as a function of √age
for different oceanic
basins as indicated in
the map, with a few
selected profiles. Note
regional character
of deviation from
half-space cooling,
and ocean basin de-
pendent cooling rates
(modified from Marty
and Cazenave, 1989).

Chablis model: This model posits that there is Constant Heat flow Applied on the Bottom
Lithospheric ISotherm, i.e. constant q at the base of an age-dependent boundary layer
(Crough, 1975; Doin and Fleitout, 1996; Dumoulin et al., 2001). The corresponding so-
lutions for the surface heatflux and deepening of the seafloor are given by (Hasterok,
2013)

qC = qHSC
1

erf(η)
and wC = wHSC

(
1− e−η2

erf(η)

)
. (7.8)

We find a best-fit zl = 124±3 km for for heat flux and zl = 136±1 km for bathymetry
fits. These estimates are closer than for the plate model, but both provide better fits
to the data than HSC (Fig. 7.34a; Hasterok, 2013; Goutorbe and Hillier, 2013).

As a physical motivation for plate-type model deviations from HSC, typically, the estab-
lishment of small-scale convection (SSC) underneath the cooling plate after some age is
invoked (Parsons and McKenzie, 1978). Two kinds of SSCs can be distinguished: 1), lon-
gitudinal, or Richter rolls (Richter and Parsons, 1975), where the cell center is aligned with
the direction of plate motion, forming tube-like structures, and transverse rolls where the
centers of the cells are aligned perpendicular to the plate motion. Both types of SSC have
been explored in term of their scaling and implications with convection models (Dumoulin
et al., 2001; Korenaga and Jordan, 2003; van Hunen et al., 2005). Huang et al. (2003) find that
the non-dimensional onset time of SSC scales with Rayleigh number, Ra, and tempera-
ture dependence of viscosity, θ of eq. (4.167), roughly as τ̂c ≈ 63Ra−

2
3 θ

3
4 . Ra = 5 · 107 (for
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the upper mantle) and θ = 15 yield τ̂ = 0.005, which corresponds to ∼63 Myr for a scale
length of 660 km.

This timing is consistent with the deviation from HSC that is observed (Fig. 7.34a), but
the physics of how SSC might lead to a reduction of plate cooling is not straightforward.
If there is vigorous sublithospheric convection, then heat transport and the cooling rate at
the base would increase, leading us to expect enhanced, rather than reduced, subsidence
(O’Connell and Hager, 1980). However, Huang and Zhong (2005) showed that plate-like
cooling settings may arise in predominantly (& 60%) internally heated convection. In
this case, trapped heat underneath old lithosphere, possibly close to a subducting slab
which prevents lateral heat exchange, can lead to heating from below and flattening of
the seafloor akin to the plate model by SSC.

There are a number of complexities ignored in the application of any homogeneous
and thermal model, including the role of fractionation, phase changes, heat producing
elements, and the pressure and temperature dependence of thermodynamic parameters.
Modeling approaches which include some of those effects make different predictions for
the effective buoyancy of the oceanic plate (§7.3) and reinterpret the flattening parame-
ter c. However, most are broadly compatible with our previous estimates of typical as-
thenospheric temperatures of ∼ 1350◦C (McKenzie et al., 2005; Grose and Afonso, 2013; Ko-
renaga and Korenaga, 2016). Recently, Korenaga et al. (2021) argued that the relatively small,
∼20 K secular cooling component which might be expected over the last ∼ 200 Myr (i.e.
200 K/2 Gyr, §11) might in fact be sufficient to lead to a noticeable effect in old seafloor.
The debate about the right reference model for the oceanic lithosphere continues.

Regional variations and reheating Here, we take the point of view that it might be most
instructive to consider variations from the predictions of half-space cooling not as a fun-
damentally different process of mantle convection, but rather as specific to our current
tectonic setting. On the largest scales, Parsons and Sclater (1977) noted that the flatten-
ing constant c of HSC is different for the Atlantic and the Pacific, with co-variations of
ridge depth, dl, and flattening indicating ∼ 100◦C temperature variations (Calcagno and
Cazenave, 1994). Marty and Cazenave (1989) showed that within each oceanic basin, there
are moreover transects where HSC holds to ages older than the ∼ 80 Myr flattening on-
set seen in global variations (Fig. 7.35). Having temperature fluctuations underneath the
spreading center will not just change the bathymetric curves, but also affect crustal thick-
ness via fractionation (§7.2.3). Removal of the sediment load and regions of anomalous
crust, close to hotspots or oceanic plateaus, is required before fitting HSC type trends,
and, in one extreme, what remains after removal of anomalous regions might not show
any significant evidence of consistent flattening (Korenaga and Korenaga, 2008).

For the spreading centers themselves, we know that there are also variations in seis-
mically imaged boundary layer structure between oceanic basins (Fig. 7.25), which might
imply a temperature signature. In many instances there are indeed consistent variations
in dl, petrological signatures of MORBs, and seismic velocities underneath spreading cen-
ters (Dalton et al., 2014). These indicate standard deviation variation of asthenospheric
temperatures of order σ ∼ 40◦C, or ∼ 3%, with a range of −50 . . . 150◦ (Table 1.1; Dalton
et al., 2014; Brown Krein et al., 2021). Elevated values are found in particular underneath
hotspots such as Iceland (§6). However, volatiles (water or carbon) and grainsize varia-
tions can also have an effect, and there is additionally some debate as to role of composi-
tion for the petrological signatures used (Niu, 2016).

We can then view the oceanic lithosphere as being generated following HSC type phy-
sics, but not at constant temperature, and subjected to reheating events, such as due to re-
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Figure 7.36: Simplified analysis of bathymetry and seismic tomography following Ritzwoller et al.’s
(2004) approach a) Actual seafloor age (Müller et al., 2008a). b) Equivalent, half-space cooling
profile fitted “seismological age” using the seismic tomography model of Auer et al. (2014). c)
Difference between seismically inferred and geological age. d) Corrected bathymetry deviation
from half-space cooling converted to age difference, smoothed and extrapolated for regions that
were masked out for fitting (dark). Orange circles are inferred hotspot locations (§6).

moval or thinning of oceanic lithosphere associated with plume activity, or local SSC. One
way to recast seafloor observations with this in mind is by considering heat flow vrs. ba-
thymetry, rather than geological age. As argued by Nagihara et al. (1996), for the selected,
high-quality heat flow measurements in Fig. 7.34b, it appears that the data scatter close
to the HSC type curve. However, they do so with geological ages that are quite different
from the corresponding HSC cooling ages, indicating reheating of some sort.

In an elegant analysis, Ritzwoller et al. (2004) substantiated this view by parameteriz-
ing their surface wave tomography model not in term of shear wave speed vrs. depth, but
directly in terms of a “seismological age” with corresponding erf type, eq. (4.92), velocity
variation with depth. Ritzwoller et al. showed that their tomography indicated oceanic
lithosphere of younger structure in the regions that are inferred to be anomalously shal-
low based on bathymetric deviations from the HSC ages. Figure 7.36 repeats their analysis
in simplified form; while amplitudes are not exactly comparable, and details remain to be
sorted, there is a consistent signal of anomalous structure, with half-space cooling provid-
ing a meaningful background for our understanding of the timing of perturbations, and
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the overall evolution of the oceanic plates.

7.3 Thermo-chemical boundary layers
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7.3.1 Compositional density anomalies in the oceanic lithosphere

Let us now explore the effects of having both a thermal and chemical oceanic lithosphere.
A density balance can be instructive. Consider a reference asthenosphere with nominal
reference density for a pyrolitic mantle of ρa = 3330 kg/m3. At spreading centers, a
basaltic oceanic crust is generated by decompression melting (§7.2.3) and fractionation
with density of ρ0

c ≈ ρa − 250 kg/m3. Oceanic crust is thus heavier than continental,
“granitic” crust, but still relatively buoyant compared to the oceanic lithosphere.

However, this fractionation of a nominal peridotitic or pyrolitic mantle by extraction
of partial melt leaves behind a layer of harzburgitic mantle lithosphere that is depleted of
incompatible elements (Fig. A.2). Partial melting of pyrolite at ∼ 20% yields a ∼ 7 km
basaltic crust and ∼ 24 km of depleted harzburgite, which is less dense than peridotite by
∆ρd ∼ 30 kg/m3 (Fig. 7.38; Irifune and Ringwood, 1993; Workman and Hart, 2005). This com-
positional effect partially counterbalances the buoyancy of the thermal boundary layer.

To assess the importance of compositional effects for the oceanic lithosphere, We can
consider a simple model with total plate thickness d as a function of age, τ , from half-
space cooling, the γ scaling of eq. (4.102), and then compute the lithospheric mean density,
ρl, from eq. (4.108), using the potential temperature, Tp, for asthenospheric temperature,
Ta ≈ Tp (Davies, 1992). The boundary layer ρl terms are diminished by a depleted density
of ρd = ρl − ∆ρd within a layer of thickness δ due to melt extraction leading to crustal
thickness h(Tp), where we apply dry peridotite from eq. (7.4).

We can then compute a density neutral age, τn, which is when the lithospheric thermal
anomaly overcomes the harzburgitic and basaltic compositional contributions

τn = h2

(
γ

(ρl − ρc) + (ρl − ρd) δh
ρl − ρa

)2

, (7.9)
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Figure 7.38: Density as a func-
tion of depth (left, cf. Fig. 1.7)
along a reference adiabat
(Fig. 1.11) for the pyrolitic
composition of Fig. 1.12 and
hartzburgitic and basaltic com-
positions (modified from Work-
man and Hart, 2005, by Xu et al.
(2008); cf. Fig. A.2), computed
with HeFESTo (Stixrude and
Lithgow-Bertelloni, 2011, 2022)
and density difference relative
to pyrolite (right). Background
shows the nominal thermal ef-
fect of a Ta/2 ≈ 675◦/2 anomaly
on pyrolite with the depth
dependent thermal expansivity
of Fig. 3.54a. Note that while
basalt shows large variations
of relative density compared
to pyrolite, the bulk volume
fraction, e.g. upon subduction of
oceanic lithosphere, is small.
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using a TP dependent basalt density of ρc = ρ0
c+c(TP−T rp ) with c = 0.4 (following Davies,

1992, with typos corrected, and modified parameters as noted). Figure 7.37 shows eq. (7.9)
type estimates; at the present-day crustal thickness of h ∼ 7 km, the neutral buoyancy age
for oceanic lithosphere is expected to be ∼ 10 . . . 20 Myr. Only plates older than τn are
then expected to sink due to negative buoyancy, possibly modifying the estimates from
exercise 7. A dependency of effective buoyancy on chemical contributions and fraction
also implies, e.g., that temperatures in the early Earth might be associated with a decrease
in heat transport efficiency, as enhanced compositional contributions make it harder to
subduct the thermal boundary layer, perhaps even to the extent of being associated with a
stagnant lid scenario due to a thick, Archean compositional boundary layer (§11.3; Davies,
1992).

However, these arguments do not capture the effects of phase transitions, for example
for basalt to eclogite, upon subduction, which will lead to an increase in negative buoy-
ancy with depth, and may at least partially overcome the effects of depletion and crustal
effects (Fig. 7.38). The rheological effects of temperature on slab strength, e.g., may be
more of a limiting factor for achieving sustained subduction in the early Earth (§11.1; van
Hunen and van den Berg, 2008; Gerya et al., 2021). That said, understanding fractionation
including its effect on rheology due to dehydration is important to understand the struc-
ture of the oceanic lithosphere, e.g. for its internal, GPE driven stress state and seismicity
(Wiens and Stein, 1985; Zhong and Watts, 2013), and for unraveling how it will deform upon
bending at the trench (§11.3; Chapple and Forsyth, 1979; Craig et al., 2014).

7.3.2 Cratonic roots, keels, and the tectosphere

Fractionation of the mantle lithosphere is even more important in continental plates,
where the oldest regions within cratonic lithosphere (Greek: kratos (κράτος) = strength)
likely formed during a hotter Earth with more extensive degrees of melting. Figure 7.39
shows an estimate of the thermal, compositional, and rheological continental lithosphere
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Figure 7.39: Case for the continental chemical boundary layer (CBL) by Lee et al. (2005) A) Archean
mantle temperature structure (cf. Fig. 4.26) using a half-space cooling, transient solution for the
geotherm, and comparing with xenolith estimates, where white and gray symbols indicate de-
pleted and fertile material, respectively. B) Shows the composite effect of pressure and tempe-
rature on density plus the inferred compositional density variation of the fractionated cratonic
mantle, leading to near neutral, depth-averaged density (weakly isopycnic state). C) shows the pT
effects on viscosity assuming “dry” and “wet” dislocation creep rheology at deviatoric stress of
0.3 MPa, for olivine (cf.exercise 4) for the strong cratonic lithosphere and convectively unstable
mantle, respectively (from Lee et al., 2005).

that invokes a highly fractionated, or depleted, cratonic lithosphere of positive composi-
tional buoyancy so as to counteract its negative thermal buoyancy and explain its longevity.
This chemical boundary layer was associated with the thermal boundary layer for old
continental mantle and termed the tectosphere by Jordan (1978).

Another effect of fractionation is redistribution of volatiles, meaning that the residuum
of melt extraction leaves behind a dry and hence high viscosity region (§3.11.2.1; Pollack,
1986; Hirth and Kohlstedt, 1996). The dehydration effect of fractionation may thus lead to
a further, compositional increase of viscosity of the lower lithosphere. Both effectively
neutral (isopycnic; Greek: isos (ισος) = equal, puknos (πυκνός) = dense; Jordan, 1978) buoy-
ancy and increased viscosity, e.g. due to dehydration (Fig. 7.39), appear required based on
dynamic models of craton longevity (§4.4.4.3; Sleep, 2003; Lenardic et al., 2003; Wang et al.,
2014).

A range of observations indicate that picture of a cold and dry, hence strong, and
chemically depleted, and hence compositionally neutral, sub-continental lithospheric man-
tle to hold overall. Heat flux within cratonic regions is and likely was low (Burke and Kidd,
1978; Rudnick et al., 1998), and samples associated with the underlying material have a
signature of low volatile content and an extensive melt source over a range of depths
(O’Reilly et al., 2001; Pearson et al., 2002). Xenoliths indicate that the compositionally buoy-
ant mantle reaches depths of &225 km (Fig. 7.39a; Boyd et al., 1985; Lee and Rudnick, 1999),
and this is broadly consistent with observations from seismology (Figs. 1.9c and 7.40).

The strict isopycnic hypothesis suggests perfect balance of compositional and thermal
anomalies at all depths (Jordan, 1978). For a thermal boundary layer, this means that
the degree of positive buoyancy due to chemical effects would have to decrease with
depth, since the thermal anomaly also decreases according to the erf function of half-
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space cooling (§4.2.3.2). Density effects for peridotites are complicated, but to first order,
density decreases with increasing Mg-#, i.e., the atomic weight ratio of Mg/(Mg + Fe) (Lee,
2003; Schutt and Lesher, 2006). Some cratons do show a corresponding decrease of Mg-#
with depth, but most cratons appear to be balanced by composition on average only, and
not at each depth, indicating that a weakly isopycnic state may hold broadly (Lee et al., 2005,
2011).

This neutral buoyancy is consistent with the absence of strong freeair gravity anoma-
lies that a negatively buoyant lithosphere would imply (Expanded details 1; Doin et al.,
1996). It means that residual topography (§5.2.3) or geoid computations (§5.4) should and
typically do account for viscosity effects as might be inferred from seismic tomography,
but zero out the corresponding shallow density anomalies (Forte and Perry, 2000; Ghosh
et al., 2010). Accounting for the density and viscosity effects means that we should also
view the sub-continental lithosphere as a thermo-chemical boundary layer (Jordan, 1981a;
Lee et al., 2005). Compositional effects are likely more important than for oceanic litho-
sphere, not least because continental lithosphere is preserved longer.

One issue is then the spatial degree to which old, cratonic crust that has been deformed
only in the distant geological past (Fig. 1.22) is underlain by thick continental lithosphere
(Fig. 1.9c), i.e. continental keels or roots, usually used interchangeably, or, more specifically,
Archean cratonic lithosphere. As a corollary, it is interesting to ask where such lithosphere
might have been removed and what this removal did to the overlying lithosphere, e.g., in
terms of volcanism and modifying its structure.

One way to analyze the basic properties of oceanic and continental lithosphere is seis-
mologically, for example by means of computing velocity averages with depth for dif-
ferent tectonic settings. Figure 7.40a shows that to first order, continental lithosphere is
faster than oceanic lithosphere, an observation that is visually apparent from Fig. 1.25,
of course. Moreover, continents also show more complexity at all depths, as measured
by the standard deviation from the means (Fig. 7.40b). When the structure underneath
oceanic plates are divided into tectonic age groups, we see the bulk behavior expected
from Fig. 7.25. Within the continental regions, the division into domains roughly by their
last orogenic episode implies that the oldest (“shields”) are fastest (Fig. 7.40a), and hence
coldest and presumably strongest.

To first order, Archean basement (Fig. 1.22; Lee et al., 2011) is thus found in regions
where the seismic-tomography based lithospheric thickness estimate of Figs. 1.9c and 7.40
indicate &250 km lithospheric thickness. Turned around, if the uppermost mantle seismic
profiles are subsetted by geological age, there are clear difference in the regional averages
(Fig. 7.40a). Building in such tectonic information a priori into structural forward models
can, in fact, capture much of the information in surface wave delay time observations
(Nataf and Ricard, 1996). A prior-free approach of clustering 1-D seismological depth-
profiles also yields classifications that are similar as to what one would infer based on
knowledge about geological age and hotspot distributions (Lekic and Romanowicz, 2011).

A related issue is that of the typical depth of continental roots. The name keel itself
implies some deep, stabilizing ingredient, steadying continental lithosphere relative to
oceanic lithosphere. As we had seen, relative viscosity contrasts in the asthenosphere be-
tween 100. . . 300 km or so can indeed explain oceanic-continental plate speed differences
(§5.5.1) and the stronger and deeper the keels, the enhanced the effects in terms of ex-
citing net rotations as well resistance to convective removal (§5.6.2). The formation and
evolution of continental roots is thus intimately linked to plate tectonics, e.g., as each con-
tinental root configuration will affect plate speeds and the relative motions of the surface
with respect to the deep mantle by means of net rotations.

From Figs. 1.9c and 7.40, it is clear that relatively smooth tomographic models and
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Figure 7.40: Tectonically
regionalized shear wave,
eq. (3.18), velocity averages
(left) and their standard
deviations (right) for the
radially anisotropic seismic
tomography models by
Auer et al. (2014) (trans-
parent, heavy) and French
and Romanowicz (2015)
(solid, thin lines), against
depth below the crust.
Regionalization is GTR-1
(Jordan, 1981b) as used
traditionally for such pur-
poses; “shields” roughly
corresponds to the cratonic
regions of Fig. 1.22, and
similar.

inferences that are built upon them are somewhat uncertain when it comes to the thickness
of the lithosphere. As a consequence, a range of keel depths have been inferred, some
significantly exceeding the &250 km constraints mentioned above (Jordan and Paulson,
2013; Dalton et al., 2017). Gung et al. (2003) pointed out that it radial anisotropy (§5.6) has
to be considered in this context. Many regions underneath continents are inferred to have
vSH > vSV anisotropy at the bottom of the lithosphere, presumably due to shear along
their high viscosity base. This can lead to overestimates of lithospheric thickness in SH
waveform dominated models, and it is why average vS from radially anisotropic models
was used for Fig. 7.40. Speaking to the dynamics, Gung et al. also identified a transition
from weak anisotropy to strong vSH > vSV with the mechanical lithosphere thickness for
both oceanic and continental plates, sometimes called the Lehmann discontinuity (Karato,
1992; Gaherty and Jordan, 1995).

The dynamics of the formation of sub-continental lithospheric mantle remain debated,
but the effects of melt extraction in terms of modifying the density and viscosity of the
residuum are crucial (Lee et al., 2011; Wang et al., 2018). A plume, or rising diapir, source
with characteristics only expected for the early Earth, including extensive, deep mantle
melting, is one of the major mechanisms that has been explored (Herzberg et al., 1990; Grif-
fin et al., 2003). The early Earth setting might have been special and, e.g., the transition
from stagnant lid to plate tectonics might provide a mechanism for Archean root forma-
tion (Beall et al., 2018).

If plate tectonics or other significant horizontal motions are a considered operational
during craton formation (§11.1), then a model involving underthrusting of subducted oce-
anic lithosphere with remelting of thick packages of oceanic crust may be more compatible
with observations (Canil, 2004; Lee et al., 2008). Accretion and thickening of arcs material
is another mechanism for formation of subcontinental mantle lithosphere (Kelemen et al.,
1998). It is a version of the generally held mechanism for the formation of modern con-
tinental crust, by means of volcanic arc formation (Rudnick, 1995; Barth et al., 2000), in
particular for boninites (Parman et al., 2004) and subsequent compression such as in the
present-day Andes.
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7.3.3 Mid-lithospheric discontinuities

The processes generating sub-oceanic (§7.2) and sub-continental mantle lithosphere must
also be related to the observations of secondary, large scale structures within the litho-
sphere which are currently actively debated. While seismic tomography can resolve 3-D
variations in wave speed, images are necessarily smooth because regularization is typ-
ically required (§1.5). Contrasts in velocity such as due to sharp layers are more easily
imaged by impedance, i.e. density times velocity, sensitive receiver functions (Phinney, 1964;
Vinnik, 1977). Those have been used extensively to identify the Moho but S-wave based
approaches, in particular using joint inversions with surface waves (Julia et al., 2000; Bodin
et al., 2012; Shen et al., 2013), are also useful to infer lithospheric thickness and structure.

Within oceanic plates, receiver function and scattering observations yield lithospheric
thicknesses that are smaller than those imaged by surface waves (Kawakatsu et al., 2009;
Rychert and Shearer, 2009; Schmerr, 2012). While elastic thickness, thermal structure from
isotropic tomography, and the alignment of azimuthal anisotropy (Fig. 5.22) are consistent
with half-space cooling thicknesses, radial anisotropy strength shows little seafloor age-
dependence (Burgos et al., 2014; Auer et al., 2015). This might indicate that the thermal and
mechanical lithosphere indeed follows half-space cooling overall but there is an internal,
petrological layer at ∼60. . . 70 km within the oceanic lithosphere, perhaps associated with
the mobility of partial melt (Beghein et al., 2014; Auer et al., 2015; Ohira et al., 2017), seen as
the Gutenberg discontinuity by receiver functions. There are some issues with this model
and its not clear if the wave speed contrasts associated with petrological differences are
sufficient to explain observations (Rychert and Harmon, 2017).

Should there be such a global mid-lithospheric discontinuity (MLD) in the oceanic litho-
sphere, it may or may not be related to what is more robustly imaged as layering within
old continental lithosphere (Fischer et al., 2020). There, clustering of 1-D sheave wave
profiles shows a low velocity zone at ∼100 km depth within old lithosphere (Lekić and
Romanowicz, 2011), anisotropy appears layered (Bostock, 1998; Plomerová et al., 2002; Yuan
and Romanowicz, 2010), and a range of receiver function type studies showed MLD type
structures in cratonic lithosphere (Savage and Silver, 2008; Rychert and Shearer, 2009; Kind
et al., 2012). Within the well-imaged North American lithosphere, thermal and impedance
structure imaging is consistent with the existence of an MLD only in the thick, old litho-
sphere of the central and eastern U.S. (Hansen et al., 2015; Hopper and Fischer, 2018). The
origin of the continental MLD remains likewise debated (Fischer et al., 2020); it may in-
clude partial melt and/or metasomatism (Selway et al., 2015), or be related to the effects of
a transition to elastically accommodated grain boundary sliding (Karato et al., 2015). It re-
mains to be seen which range of mechanisms needs to be invoked to fully explain not just
the structure of the current lithospheric heterogeneity, but also the role of these processes
in the evolution of our planet throughout the Wilson cycle (§10).
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Chapter 8

Lateral motion of the lithosphere:
Strike-slip
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Figure 8.1: Interseismic velocities for the San Andreas from InSAR analysis (Tong et al., 2014, line
of sight direction, cf. Fig. 3.33) along with quaternary faults (U.S. Geological Survey and California
Geological Survey, 2023), and major plate boundary geometry (Bird, 2003) in wide, transparent line.
Note how the deformation gradients are offset east and west of the nominal plate boundary in the
North and South of the system (cf. Fig. 3.29), respectively (cf. Platt and Becker, 2010).

Translation and lateral motion of the lithosphere are accommodated by strike-slip fault
zones. They are spectacular fault systems, well recognizable from geological maps as well
as aerial and satellite imagery because of their steep topography. These faults cut the land-
scape like a sharp knife and can displace rocks for hundreds of kilometers (Fig. 8.1). From
the broad category of strike-slip faults, we can distinguish two main types of structures:
transcurrent and transform/transfer faults (Fig. 8.2). Transcurrent faults have free tips,
which means that they grow in length as they accumulate displacement. For this reason
they differ from transform or transfer faults. Transform faults were first defined by Wilson
(1965b) in his seminal paper as “faults in which displacement suddenly stops“. Transform
faults are, by definition, active only between plate boundaries, and for this reason can be
distinguished from transcurrent faults. Transform faults can connect spreading centers
(“ridges”, Fig. 7.24a-d) or other types of plate boundaries, such as subduction or other
transform margins (Fig. 8.2).

Transfer faults also belong to the transform fault category, but they do not represent
or connect plate boundaries. Transfer faults are also limited in space, as they transfer dis-
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Figure 8.2: Illustration of
strike-slip fault types and
deformational features
associated with transform
fault segmentation and
offsets (cf. Fig. 3.19).
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placement between two extensional or contractional faults by means of strike-slip motion.
For example, they can act as lateral ramps in contractional domains, or they can connect
two opposite dipping extensional faults.

Transform faults accommodate much of the toroidal motion of plate tectonics (Fig. 1.19d),
and are typically not directly associated with seafloor spreading or subduction and hence
mainly subjected to external driving forces such as subducting slabs (Fig. 8.4). Oceanic
transform faults and the associated fracture zones serve to derive Euler poles for plate
motions (§2.2), and the associated segmentation of spreading zones appears as one of the
hallmarks of how mantle convection is expressed as plate tectonics at the surface (§4.4.4.4).
On broad scales, transform motions serve to make plate tectonics more efficient by reduc-
ing total viscous dissipation (§4.4.3.1).

In continental interiors, transcurrent and transform faults are associated with some
of the highest seismic risk, defined as hazard × exposure × vulnerability. Since transform
earthquake magnitudes are limited toMw . 8 (§3.3.1), their potential hazard is, in general,
smaller than those of megathrust earthquakes in subduction zones withMw . 9.5 (§9.9.2).
The risk is nonetheless considerable since many population centers are close to, or on top
of, transform faults, i.e. there can be large exposure.

The 2008 Mw = 7.8 Wenchuan and 2023 Kahramanmaraş (Turkey/Syria) earthquakes
on the Eastern Anatolian fault (Fig. 3.19a), with a Mw = 7.8 main and an Mw = 7.6 af-
tershock are a few, recent reminders of the devastating impact that continental transform
earthquakes can have. The Anatolian plate is also bounded by the North Anatolian fault
(NAF) system (Fig. 8.3a) which has hosted a westward progression of events over the last
∼ 100 yr with the 1999 Mw = 7.6 Izmit event being the last in the series so far. In places
with high vulnerability, e.g., because building codes were not, or could not be, enforced,
the risk can potentially include extensive loss of human lives.

The most prominent example of a continental transform is perhaps the San Andreas
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Figure 8.3: a) North (NAF) and East Anatolian (EAF), b) San Andreas (SAF, cf. Fig. 3.29), and, c),
Alpine fault systems. GNSS velocities (1◦ × 1◦ averaged) and shear strain-rates, ε̇hmax of eq. (2.48),
from Kreemer et al. (2014) (Fig. 2.14b), but for b) where ε̇hmax is from Kreemer and Yound (2022). Black
lines are plate boundaries (from Bird, 2003, see inset maps, cf. Fig. 1.19;), faults: red: thrust; blue:
normal; dark green: right-lateral; dark cyan: left-lateral (Styron and Pagani, 2020). Velocities are
in a North America, Eurasia, and Australia fixed frame, respectively. Orange moment tensors are
gCMTs events < 50 km. Mw & 7.5 earthquakes are expected with significant 30 yr probabilities
on, e.g., the western NAF, southern SAF, and Alpine fault.
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8.1. ANATOMY OF A STRIKE-SLIP FAULT ZONE

Figure 8.4: Tectonic
context for strike-slip
and transform fault
systems (modified
from Sylvester, 1988).
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fault (SAF) system along the western seaboard of the US (Fig. 8.3b) with the last major
event in the North 1906 Mw = 7.9 San Francisco, and in the center and South 1857 Fort
Tejon Mw = 7.9, with over ∼500 and 400 km rupture length, respectively. Given expecta-
tions about earthquake recurrence times (§3.3.2.1; Scharer et al., 2010), this timing makes
the southern San Andreas (sSAF) likely late in cycle. Hazard models include a fault readi-
ness following Reid’s (1911) cycle concept with the sSAF being &1.5 times more likely to
rupture than the long-term likelihood, and if the Big One is defined as a Mw = 7.5 event
in southern California, it is estimated o have a 36% chance of happening in the next 30 yr
(Field et al., 2015). We had already noted the high hazard due to the Alpine fault (Fig. 8.3c;
§3.3.2.2), meaning that all fault systems of Fig. 8.3 are expected to rupture in the near
future.

8.1 Anatomy of a strike-slip fault zone

The motion of a strike slip fault can be either sinistral (left-lateral) or dextral (right lateral),
as defined from an observer positioned on one side of the fault considering the motion of
the opposite site. If it is to the right, the fault is dextral, and vice versa.

Strike-slip tectonics are often composed of segments arranged in en-echelon arrays, that
is sets of parallel faults at an oblique angle to the main fault zone, or stepovers (Fig. 8.2).
We can distinguish between along-strike, map view, and down-dip stepovers (Aydin and
Nur, 1985). In map view, we can define a right or left stepping stepover, depending on the
segment arrangement (Fig. 8.2). We can also define a separation and an overlap between
segments. The overlap/separation ratio between segments is usually ∼ 3 (Aydin and Nur,
1982, 1985).

In the region of interaction between segments, such as stepovers, both contractional
or extensional structures can result, depending on the sense of offset and the transform
fault relative motion type. Contractional structures can be thrust or fold systems, forming
push-ups and ridges (Fig. 3.19b). Extensional domains are made of normal or oblique
faults, forming pull-apart basins. In cross section, those structures show as positive (com-
pression) or negative (extension) flower structures (Fig. 8.2).

As a simple rule, extension forms when the fault motion agrees with the sense of step-
ping, and contraction when the stepping is opposite to motion. Two other relevant terms
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Figure 8.5: Rotational strike-slip tec-
tonics features; from Hernandez and
Speranza (2014).

used to described strike slip tectonics are transpression and transtension: those are used
when the strike-slip shear zones have an additional component of shortening (transpres-
sion) or extension (transtension) (Sanderson and Marchini, 1984; Fossen and Tikoff , 1998).
This is often the case to at least a minor degree and facilitates paleoseismological analysis
(§3.3.2.2).

In a transpressional context, we can also observe strain partitioning, i.e. instead of hav-
ing oblique motion, the deformation is partitioned into pure strike slip, often in the inner
side of the fault zone, and pure compression. Strike-slip tectonics also induces large block
rotation along vertical axes. Rotation can occur in different modes, both as discrete blocks
or as a continuum and can occur along the side of the fault, by simple drag, or inside the
fault zone (Fig. 8.5).

The development and growth of a strike-slip fault is related to the formation and sub-
sequent linkage of secondary segments. Those structures were recognized by Riedel (1929)
using analog models, conducted to understand how strike-slip deformation propagates
from a basement fault into the overburden. The first set of structures forming on the sur-
face are a set of shear structures with the same sense of slip, synthetic motion, and at an
angle of∼ half that expected from optimal alignment, β̃/2 = arctan(µ)/2 of eq. (3.36). For
typical friction coefficients, µ ∼ 0.6 (§3.2.2), β̃/2 ∼ 15◦, from the basement faults.

Those structures are named Riedel structures or R-shears (Fig. 8.6). Subsequently, one

DRAFT 385



8.2. TECTONIC CONTEXT OF STRIKE-SLIP SYSTEMS

D = 2.10 cm

D = 2.80 cm

D = 3.50 cm

D = 1.95 cm

D = 2.72 cm

D = 3.60 cm

100 mm 10 mm

tnemirepxe yalc teWtnemirepxe dnas yrD

R shear P shear
PDZ
(principal 
deformation zone)

R shear P shear
PDZ
(principal 
deformation zone)

β/2

β/2

R’ shear

Figure 8.6: Development of Riedel shears on the surface of a laboratory model responding to a
basal velocity discontinuity: upper left with dry sand (Naylor and Supesteijn, 1986) and upper right
with clay (Tchalenko, 1970), from Dooley and Schreurs (2012). Lower panel: schematic pattern of of
P , R and R′ shear systems formed above the principal deformation zone.

observes the formation of P structures or P -shears, which are also synthetic structures,
and formed at ∼ −10◦ from the basement fault. In addition to the R and P shears, we
can also have antithetic shear, i.e. structure with the opposite sense of shear motion, R′

structures, formed at∼ 90◦−β̃/2 from the main shear zone. The final evolution of the fault
zone, with increasing displacement, is a through-going strike-slip fault zone structure,
parallel to the main basement fault. The formation of R′ shears is preferentially observed
in cohesive material, like clay (Dooley and Schreurs, 2012), and the effects of dilation can be
incorporated in theoretical predictions of failure angles (Kaus, 2010). The observation of
the rupture zone of the 2023 Kahramanmaraş event shows the formation of a spectacular
set of R shears in the soil, in agreement with the overall sinistral motion (Fig. 3.19a).

8.2 Tectonic context of strike-slip systems

Strike-slip fault zones may form in different tectonic contexts (Fig. 8.4), e.g. connecting
oceanic and continental plates such as along the SAF (Fig. 8.3b) which resulted from the
evolution of the western margin of the North American plate due to Farallon plate sub-
duction (Atwater, 1970). Transform and transcurrent faults can be also generated in a con-
tinental collision context, such as the Altyn-Tagh in northern Tibet (Fig. 8.7), or the North
Anatolian fault in Turkey (Fig. 8.3a) where Anatolia escapes laterally from a high GPE
plateau, and transform faults can form on the sides of indenting blocks. Transform faults
can be also generated in subduction settings by means of lateral tears of retreating slabs,
such as on the sides of the Lesser Antilles subduction zone, or they can form in the forearc
due to strain partitioning in oblique subduction settings. In the following paragraphs, we
will discuss some of the characteristics of strike-slip tectonic systems.
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Figure 8.7: Main
active faults of the
Tibetan part of the
India–Asia collision
zone. The fault pattern
and slip rate are from
Klinger et al. (2005)
and Tapponnier et al.
(2001). Right and
left-lateral strike-slip
faults cross-cut the
eastern side of the
Tibetan plateau down
to China and Burma.

Figure 8.8: Response of a left- (a-c) and right-lateral (e-f) transform fault on the East Pacific Rise to
a clockwise reorientation of relative plate motions. B and e indicate the idealized compressional
and extensional features, seen at the Clipperton (c) and Siqueros (f) faults (Fig. 7.24b) in nature
(from Wolfson-Schwehr and Boettcher, 2019).

8.3 Oceanic transforms

While the early view of oceanic transforms was that oceanic transforms are geometri-
cally simple (Fig. 7.24a-d), better bathymetric data indicates that there is, in fact, a lot of
small scale complexity, akin to the smaller-scale structure continental transforms (Fig. 8.8).
However, oceanic transforms systems are relatively simple in terms of their lithological
makeup, because oceanic seafloor is continuously being formed, and there are fewer ef-
fects due to geological inheritance than on continental plates. Spreading rates and the
supply of melt control spreading center morphology (§7.2). Oceanic transform fault mor-
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phology is affected by plate reorientation forcing (Fig. 8.8), and the larger the seafloor
age-offset across the transform fault (§7.24), the wider and deeper the valleys formed (Ren
et al., 2022).

Oceanic transform faults at spreading centers, or ridge transform faults (RTF), are gener-
ally considered relatively “weak” compared to other plate boundaries. One line of argu-
ment is based on their low seismic efficiency or coupling, χ of eq. (2.46), i.e. the relatively
small amounts of deformation that is accommodated seismically (Brune, 1968; Bird and
Kagan, 2004). Boettcher and Jordan (2004) suggest that the balance of thermally available
rupture area on a RTF, AT , and the actual seismically activated area, AE , scales as

χ =
AE
AT

=
Ṁ
v

CTL
3
2 v−

1
2

∝ fAT
AT

= f ∼ 0.15± 0.05,

with slip rate v, moment rate Ṁ , and length L, where AT arises from half-space cool-
ing with a reference temperature, Tr, dependent constant CT , and the χ value is for a
Tr = 600◦C, which delineates the brittle-ductile transition in oceanic lithosphere (Chen
and Molnar, 1983; McKenzie et al., 2005). An updated analysis considering fault segmen-
tation and revised catalogs finds slightly higher χ ∼ 0.2 (Wolfson-Schwehr and Boettcher,
2019).

Besides the depth extent and amplitude of moment release, Behn et al. (2002) modeled
the stress field around RTF system and also found that relatively low, long-term χ ∼ 0.05
coupling produced the most consistent focal mechanism orientations. This compares to
larger χ & 0.7 for convergent plate boundaries and continental transforms (Bird and Ka-
gan, 2004; Frohlich and Wetzel, 2007). More indirect evidence for the weakness of trans-
form faults arises from the absence of correlation of tractions due to resistance of motions
with observed plate speeds (§5.5.1), and the apparent consistence of the spreading-aligned
APM reference frame (§5.6.2). The weakness of transform fault makes them sites of possi-
ble subduction initiation (Uyeda and Ben-Avraham, 1972; Mueller and Phillips, 1991; Dymkova
and Gerya, 2013).

Given their lithological simplicity, and the well understood behavior of the oceanic
thermal boundary layer (§4.2.3.2), oceanic transform faults can be used to explore gen-
eral shear zone mechanics. Figure 8.9 shows the thermal and mechanical structure of
a kinematically driven oceanic transform fault model for purely temperature-dependent
viscosity, a thin viscous shear zone, and if plastic yielding (§3.11.2.1) is included. The
thick lithosphere inferred from temperature-dependent viscosity alone (Fig. 8.9a) predicts
that 600◦C would be reached at large depths, which is inconsistent with the shallow seis-
micity observed at transform faults. Shear zone localized deformation reduces the overall
lithospheric thickness at the center of the transform fault (Fig. 8.9b), but only the introduc-
tion of plasticity leads to elevated isotherms consistent with observed seismicity (Fig. 8.9c;
Behn et al., 2007).

This indicates that the sort of visco-plastic behavior discussed in §4.4.4.1 captures
overall transform structure, but does not explain why much of the shallow deforma-
tion is aseismic. This may be related to segmentation (Boettcher and Jordan, 2004), and/or
widespread serpentinization of the fault (Moore et al., 1997; Cox et al., 2021). Serpentinite is
a mineral formed in the presence of fluids and often invoked for reducing the strength of
shear zones, including in subduction zones.

8.3.1 Dynamic origin of transform faults

The dynamics of transform fault formation and the mechanical origin of different ridge-
transform systems have been subject of study for a while, but some questions remain.
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Figure 8.9: Transform fault thermal structure in map view at 20 km depth (left) and depth-
profiles of strain-rate, ε̇II, and temperature (middle and right) from numerical models with, a),
temperature-dependent rheology, b) when a thin weak zone is included (“fault”), and, c), allow-
ing for a depth-dependent plastic yield stress (§4.4.4.1; from Behn et al., 2007).

Figure 8.10: Photos
from wax cooling
experiments under
prescribed extension
(A-C), with (D) being
the interpretation of
model C, from Olden-
burg and Brune (1972).
The photos are of a
thin, solid wax layer
underlain by a molten
layer.
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Analog experiments on cooling wax showed that transform faults orthogonal to ridges
can be formed for certain materials (Fig. 8.10), but only for wax types where the transform
faults can be weakened sufficiently below the undeformed wax strength (Oldenburg and
Brune, 1975). Otherwise, zigzag patterns form, and at high spreading rates, overlapping
spreading centers and rotating microplates arise. On Earth, the latter are all found at the
East Pacific Rise (Fig. 7.24a,b); this is consistent with high spreading rates being required
for their formation but provides little opportunity for additional analysis of the transition.

The wax experiments show that weakening rheologies are required, and that trans-
forms can arise as emergent features from uniform kinematic extension. While conti-
nental plates show corresponding geometrical and mechanical features which indicate a
connection between rifting, the formation of a new ocean, and spreading center geome-
try (Wilson, 1965a; Lister et al., 1986), RTF do thus not require external geometrical control
from continental margins.

Elastic, thin plate models under prescribed extension can be used to further explore
the role of weakening (Fig. 8.11). For reduction of elastic moduli as a function of dam-
age (§4.4.4.4) under shear and tension, a remarkable range of ridge-transform geometries
arises (Hieronymus, 2004). The formulation of Fig. 8.11 uses two state variables control-
ling a reduction of moduli according to a mixture of first and second invariant of stress,
eq. (2.32), and viscous dissipation, eq. (3.87), affecting damage evolution. This approach
was built on similar considerations for the formation of en echelon structures in continen-
tal transforms (Du and Aydin, 1995), fracture propagation models of oceanic ridge seg-
ments (Pollard and Aydin, 1984), and elastic-damage rheologies (Ashby and Sammis, 1990;
Lyakhovsky et al., 1997). Shear weakening of the material (Fig. 3.47) can lead to localized
transform faults (Fig. 8.11a and b), and a range of other transient configurations, such
as overlapping spreading centers (Fig. 8.11c) and, later, microplates can form if tensional
weakening applies to the shear modulus (Fig. 8.11d).

The models of Hieronymus (2004) show that while viscous flow and melt generation are
undoubtedly involved in actual spreading center-transform fault interactions (Fig. 8.8),
they are not required to explain the range of morphologies, or can be described by effec-
tive weakening. Moreover, while it is plausible to suggest that local minimum deformation-
energy configurations explain ridge-transform geometries (Lachenbruch and Thompson, 1972),
dynamic models contradict such suggestions (Oldenburg and Brune, 1975; Hieronymus,
2004).

As we anticipated in the discussion of strain-localization for the expression of con-
vection on Earth (§4.4.4.4), the degree of weakening during deformation, and the rates of
recovery, are important controls for ridge-transform behavior (Choi et al., 2008; Allken et al.,
2012; Gerya, 2013). This is illustrated in the models of Fig. 8.12 where thermal and rheolog-
ical controls are explored in terms of their expression as transform fault and other tectonic
features, bearing impressive resemblance to natural settings (Püthe and Gerya, 2014).

8.4 Continental transforms

8.4.1 Strike-slip in collisional settings

Orogeny and collision is often accompanied by large scale strike-slip and transform faults.
In the case of oblique compression or transpression, strike-slip structures form usually in
the inner side of the belt, flanked by thrusts, partitioning the strain between compression
and strike slip (Norris and Toy, 2014). This is the case for the Alpine fault in New Zealand
(Fig. 8.3c), the Romeral fault in the Central Cordillera of Colombia, the Central Transverse
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a) b)

c) d)

Figure 8.11: a) Initial
and, b) later stage evo-
lution of an elastic plate
with damage under
extension during trans-
form fault formation.
“Spreading centers”
form as tensile features
from seeds and shear
damage gets localized
between the tips for
stress (not work or
strain) dependent fail-
ure. Reduced shear
damage can lead to
overlapping spreading
centers (c), and later
microplate formation (d)
(from Hieronymus, 2004).

Range along the San Andreas fault north of Los Angeles (Fig. 8.3b), the Lebanese restrain-
ing bend of the Dead Sea Fault (Fig. 8.3a), or the Boconò Fault on the Merida Andes
(Fig. 8.13).

The Merida Andes represent a clear example of a transpressional belt, with strike-slip
faults in the inner portion, flanked on both sides by thrusts (Fig. 8.13). The mountain range
is a ∼350 km long × 100 km wide dextral transpressional belt, formed since Late Miocene
by re-activation of a pre-existing extensional basin (Colletta et al., 1997). The Merida Andes
is a branch of the Eastern Cordillera system, generated by the convergence between South
America and Nazca plate, even if it is trending differently, NE-SW, due to the orientation
of the pre-existing extensional structures. Strike-slip deformation is highly partitioned to
the Boconò fault, a 500 km dextral strike-slip system, since 15± 2 Ma with slip rates of∼5
to 10 mm/yr (Audemard and Audemard, 2002; Pousse-Beltran et al., 2017).

In collisional systems, large scale strike-slip fault or transform faults form to accom-
modate lateral motion of crustal material escaping from collisional belt and high orogenic
plateau, towards flanking subduction zone. This strike slip systems usually form at high
angle with the convergence direction and then turn around the orogen towards the active
subduction. The best example of those structures are along the Tethyan belt, the Northern
and East Anatolian fault in Anatolia and the system of strike slip faults in Tibet. Other
minor examples, not directly associated with subduction, are on both sides of the Andean
plateau.

8.4.2 Tibetan collision

Tibet is a region of extreme crustal thickening formed during the collision of the India and
Eurasian plates (§10.9.3). A number of strike slip faults are present in the northern and
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Figure 8.12: Oceanic transform fault morphologies for four regimes (bottom) and parameter space
where those regimes arise in the numerical models as a function of spreading rate vrs. a “Nusselt
number” and damage healing parameter, respectively (top) (from Püthe and Gerya, 2014). Here,
the Nusselt number is meant to mimic the efficiency of hydrothermal circulation to cool the crust,
together with the spreading-rate, it is a compound control on the thermal structure of the oceanic
plate.

Figure 8.13: Main
active faults of the
Merida Andes. The
fault pattern is from
Audemard and Au-
demard (2002). Slip
rate along the fault
and large scale
plate motion is from
(Pousse-Beltran et al.,
2017). Strain partition-
ing here is expressed
by the formation of
two flanking thrusts
and strike-slip faults
localized in the middle
of the belt.
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Figure 8.14: Geodetically determined crustal velocities with respect to Eurasia along a profile
moving northward from India across the Himalaya (Fig. 2.1, ±100 km distance from profile), ex-
pressed as along and across track components, with smoothed velocity field profiles as solid lines.
Velocities are compared to actual (black line) and smoothed topography (gray background).

eastern side of the Tibetan plateau, as well shown by GNSS data (Fig. 2.1). The Altyn Tagh
or the Kunlun are large structures, comparable in length to San Andreas fault (Fig. 8.7).
The Altyn Tagh is ∼2000 km long, with some hundreds of kilometers of displacement.
The kinematics of the fault changes from compressional to strike slip moving westward
with a slip rate of ∼1 cm/yr similar to what is measured from GNSS.

There are two end member models proposed to explain the formation of the strike slip
tectonic feature in eastern Tibet. The first considers the rigid lateral extrusion of litho-
spheric blocks away from the collision zone. The driving action in this model is the hor-
izontal convergence forcing lateral escape. This model has been supported by the well-
known plane strain (no vertical thickening allowed) model of indentation with paraffin
(Tapponnier et al., 1982).

The second model is based on the idea that lithosphere behaves like thin viscous sheet
(§4.1.6). In this model indentation of India inside Eurasia produce crustal thickening and
consequent increasing potential energy that may potentially lead to lower crustal crustal
flow and eastward lateral spreading (Royden, 2008). This second model is supported by
the GNSS data which show that eastward component increases with elevation (Fig. 8.14).
This implies that most of the eastward motion appears mainly as a continuum from a
geodetic point of view (Fig. 2.15), which may be related to lower crustal flow driven by
potential energy from high plateau respect to the low plain (Royden, 2008).

In this model, the lower crust beneath the plateau is weak enough to be decoupled
from the upper crust and from the mantle, and was evacuated from beneath the cen-
tral part of the plateau and accumulated at depth beneath the plateau margins (Royden
et al., 1997). Arguments in favor of this channel flow type lower crustal deformation de-
rive from the uplift history of the eastern plateau which was uplifted without shortening
(Royden, 2008). In this second model a fundamental ingredient is represented by the flank-
ing retreating subduction (Fig. 8.15). This general process has been explored by analogue
(Faccenna et al., 1996, 2006; Fournier et al., 2004) and numerical (Magni et al., 2014; Capitanio,
2016) models. The geological history and growth of the plateau is strictly related to the
tectonic history of Indochina, illustrating that the collision was actually accompanied by
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Figure 8.15: Evolution of the Asian margin during the India collision. Rollback of the Indonesia
and Pacific slabs occurred during the collision, making space for the eastward and southward
motion of crustal material away from the collisional zone (from Royden, 2008).

Figure 8.16: Main
active faults of the
Anatolian plate. The
trace of the most
recent earthquake rup-
ture is marked in red.
Crustal velocities are
from McClusky et al.
(2000) (cf. Fig. 8.3a).

slab rollback along the Indonesia and Pacific margin, leading to Neogene extension in the
Indo-Burma region (Fig. 8.15).

8.4.3 Anatolian system

The Anatolian fault system, including a northern and southern strand, represents another
example of lateral motion of crustal blocks from the Arabia Eurasia collision zone of the
Bitlis Caucasus (Fig. 8.16). The North Anatolian fault extends for more than 1500 km, re-
activating over much of his length an older geological suture. It shows a total geological
offset of the order of 50 to 80 km, with lower value towards the west. It has been active
from the Late Miocene probably propagating westward (Barka, 1992; Şengör et al., 2005).
GNSS constraints indicate a slip rate of ≈25 mm/yr (Fig. 8.3a).

Several models have been proposed to explain the formation of the strike slip fault
zone and the westward motion of the Anatolia. As for Tibet, its motion has been consid-
ered as a result of rigid extrusion away from the collisional zone (McKenzie, 1972). Other
models consider Anatolia’s motion as result of the suction exerted by the Hellenic trench
retreat, and in particular in connection with the most recent late Miocene episode of trench
retreat oceanic (Royden and Papanikolaou, 2011). The role of slab pull beneath the Aegean
may be linked to the increase of potential energy accompanied by the large-scale uplift of
the Anatolia plateau (Martinod et al., 2000). One possible link is a model which considers
the formation and propagation of strike slip tectonics and Anatolia extrusion as a result of
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Figure 8.17: Evolutionary sce-
nario for the Anatolia-Aegean
system, prior (Lower Miocene),
during (Late Miocene-Pliocene),
and after the propagation of the
NAF. Grey long arrows near
plate boundary indicate the dis-
placement. Shaded area repre-
sents the uplifted region of the
Anatolia plateau. Dashed line
indicates the broken slab (from
Faccenna et al., 2006).

lateral slab break-off propagation and uplift (Fig. 8.17; Faccenna et al., 2006; Schildgen et al.,
2014).

The linkage between slab break-off beneath a collision zone and extrusion as illus-
trated for India-Asia and Arabia-Anatolia suggests a common mechanism, which has
been explored using analogue and numerical models (e.g. Faccenna et al., 2006; Capitanio,
2016). Those models show that extrusion emerges naturally after slab break off if conti-
nental subduction is flanked by an oceanic one. Under the action of external push, as for
example mantle drag, slab break off produces indentation of the continental block, and
as a consequence extrusion toward the flanking retreating subduction (Fig. 8.18). This
behavior arises because a torque is generated in the upper plate from the advancing col-
liding region and the retreating subduction one.
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Figure 8.18: Impact
of slab breakoff on
the formation and
propagation of strike
slip motion similar to
the NAF. Figures show
surface velocities and
second invariant of
strain-rate from a
numerical computa-
tion. Left and right
column show the time
evolution of models
without and with slab
breakoff, respectively
(from Capitanio, 2016)

Figure 8.19: Oblique con-
vergence can produce
strain partitioning, with the
formation of a strike-slip
fault running parallel to
the trench and positioned
in the hot, weak back-arc
region of the upper plate.
The forearc sliver moves
independently from the
surrounding plates.

volcanic arc forearc sliver

strike slip
fault zone 

forearc motion convergence direction
subduction motion

8.4.4 Strike-slip systems in an active subduction setting

The majority of convergence along subduction margins is oblique affecting the deforma-
tion of the upper plate (Fig. 8.19; e.g. Philippon and Corti, 2016). Two possible scenar-
ios have been proposed to accommodate such oblique convergence. The first is to have
oblique thrusting along the subduction interface, with a combination of strike and dip-slip
components, accommodating the oblique convergence. Examples of this setting include
the Ryukyu trench.

The other possible scenario is partitioning of deformation between trench-normal con-
traction within the subduction interface and trench-parallel shear strain in the upper plate.
In this context, large strike-slip faults form in the upper plate, usually running parallel
to the trench, and localized along the hot and weak crust surrounding the volcanic arc.
Those faults separate the forearc sliver from the backarc region and the rest of the upper
plate. Strike-slip fault zones thus accommodate part of the oblique component of sub-
duction. Strain and deformation is then considered partitioned. Single fault systems can
illustrate the transition, e.g., along the Queen Charlotte Fault, the northern cousing of the
San Andreas system, which transitions from pure strike-slip in the north to partitioned
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Figure 8.20: Map of active
faults of Sumatra. The Aus-
tralian plate velocity with
respect to Sunda is from
the geodetic model of Bock
et al. (2003). Fault patterns
are modified from Sieh and
Natawidjaja (2000), and slip
rates are from McCaffrey
(2009).

deformation in the South closer to the Juan de Fuca subduction.
The likelihood of having strain partitioning close to a subduction trench is influenced

by several parameters such as frictional coupling along the subduction interface, the de-
gree of obliquity of convergence, and the presence of zones of weakness within the upper
plate. In particular, the degree of obliquity of convergence and the presence of upper
plate weakness appear as the influential parameters favoring strain partitioning, and the
geometry of shear zones (Braun and Beaumont, 1995).

Two examples are shown here to illustrate the strain partitioning: the Great Suma-
tra fault zone and the Liquiñe-Ofqui Fault in southern Chile. The Great Sumatra fault
is ∼1900 km long, with estimates of offset ranging from 20 to a maximum of 100 km
(Fig. 8.20; McCaffrey, 2009). The fault is highly segmented, forming pull-apart basins, and
most of the segment are in of the order of 100 km length. This fault segmentation pro-
vide a limit to the earthquake magnitude of Mw . 7.5. Sumatran fault slip rates increase
northward from ∼6 mm/yr near the Sunda Strait to ∼25 mm/yr near the Andaman Sea,
indicating stretching of the forearc (McCaffrey, 2009). The slip rates along the Sumatra
fault are then only a portion of the expected strike slip component. The fault is close to
but does not perfectly follow the volcanic arc (Fig. 8.20).

The Liquiñe-Ofqui Fault in southern Chile is a strike slip fault zone, located in the
southern Andes at 38–48◦S latitudes. It bounds a forearc sliver, the Chiloé block, that
moves independently of the Nazca subduction trench and is internally deformed by NW-
SE sinistral strike-slip faults (Fig. 8.21). The Liquiñe-Ofqui Fault is a N-S trending, right-
lateral strike-slip fault system, localized along the volcanic arc from∼47◦S to∼38◦S, active
since the Late Cretaceous (Siravo et al., 2020).

Another type of strike-slip and transform fault is the one forming in the subduct-
ing plate during the tearing of a retreating slab. Those structures are sometimes called
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Figure 8.21: Map of active faults of Southern
Chile. Fault pattern modified from Siravo et al.
(2020).
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Subduction-Transform Edge Propagator (STEP) faults (Govers and Wortel, 2005). STEPs are
found in the north and south ends of the Lesser Antilles trench, the north end of the South
Sandwich trench, the south end of the Vrancea trench, and both ends of the Calabria arc
(Fig. 8.4), for example.

8.5 Continental transforms and earthquake dynamics

There are a number of outstanding issues for transform fault dynamics, in particular when
we seek to link the long-term deformation and evolution of a margin to the short-term
behavior of the faults needed to better constrain seismic hazard. We close this section by
commenting briefly on a few.

8.5.1 Strain-localization underneath faults

It is sometimes argued that continental transforms cross cut the lithosphere in the form
of a narrow, and highly localized shear zone. While the evidence for a narrow shear
zone is good for the crust (Norris and Toy, 2014), how this shear zone transitions into the
mantle remains debated. The oceanic transform example of Fig. 8.9 indicates a relatively
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broad, ∼30 km wide zone based on the inclusion of Byerlee type plastic yielding, with
similar estimates from continental transform models Allison and Dunham (2021), of course
depending on the rheologies used in the models. For the San Andreas, a∼50 km transition
in deep crustal structure has been associated with a mantle shear zone (Ford et al., 2014),
but this transition may be as much driven by material contrasts as by the rheology of a
homogeneous mantle localizing deformation.

From a modeling perspective, it is clear that the rheology of both the crust and mantle
and their interplay matter. Roy and Royden (2000a,b) showed, for example, that a narrow
shear zone is a preferred mode of deformation for the shallow elastic and viscous deeper
crust, for brittle-ductile systems with a high viscosity lower crust. However, a lower vis-
cosity viscous layer, perhaps more consistent with inferred viscosities from post-seismic
modeling and piezometer constraints (Behr and Platt, 2011; Freed et al., 2012) leads to the
development of a set of parallel brittle faults with more distributed deformation below
the brittle regime.

We have few constraints on deep deformation underneath surface faults in presently
active plate boundaries. Seismic anisotropy, e.g., as seen from SKS splitting and inter-
preted to be of asthenospheric origin is sometimes observed to change abruptly across
major fault systems (Özalaybey and Savage, 1995; Jiang et al., 2018). This would be consis-
tent with a narrow mantle shear zone. However, this observation of strong mantle aniso-
tropy gradients does not seem general, and major sections of the San Andreas or North
Anatolian fault do not show any obvious signature in SKS splitting (Fig. 8.22; Biryol et al.,
2010). Smooth variations across these transform fault systems can be instead associated
with an asthenospheric origin and a relatively broad, ∼100 km scale transition between
different plate and mantle flow deformation regimes (Becker et al., 2006b; Miller and Becker,
2012; Faccenna et al., 2014b).

This does not rule out localized shear zone effects in the lithosphere. Further analysis
of crustal and lithospheric-scale seismic anisotropy, alongside geological constraints and
mechanical, modeling should provide additional clues on the deeper working of fault
systems and with it, how fault loading is accommodated. One of the complexities to be
overcome is that the geological history enters into the present-day fault loading, by means
of formation of mechanical anisotropy and due to lithological fabrics (Tommasi et al., 2009;
Bonnin et al., 2012; Schulte-Pelkum et al., 2021).

8.5.2 Fault system evolution and time-dependent hazard

Probabilistic seismic hazard assessment is primarily based on building the most complete
catalogs and then spatially smoothing prior seismicity, assuming that the past is a guide
to the future. The next step of complexity involves taking into account the proximity
to mapped active faults, and then estimating the total likely rupture length from which
maximum earthquake magnitudes can be derived for tapered Gutenberg-Richter type fre-
quency estimates (§3.3.1.2).

If one seeks time-dependent hazard estimates for transform fault systems, one can
consider slip budgets based on how much deformation energy through plate motions has
accumulated since the last event, and how much of that deformation is expected to be
accommodated seismically, e.g. as per some coupling factor, eq. (2.46). Observations of
the seismic cycle were discussed earlier for the San Andreas and Alpine fault (Fig. 8.3b-
c; §3.3.2.1). Sections of the Alpine fault hold the record for longest documented rupture
history, and most regular event time series, even though their are indications for temporal
shifts in activity (Fig. 3.26).

Absence of seismic slip along a section of a fault system where there should have
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Figure 8.22: a) San Andreas, b), North Anatolian, and, c), Alpine fault fault systems as in Fig. 8.3,
but showing SKS splitting (Fig. 5.18) colored by delay times.
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been deformation leads to the concept of a seismic gap where future ruptures may be more
likely than in other segments which have already caught up to long-term plate motions.
In regions where dense geodetic deformation is available, one can also consider loading
rates on individual faults with shear zones such as the San Andreas, using methods as
discussed in §3.3.3 and §3.7. This should improve regional rupture forecasts (Parsons et al.,
2013; Field et al., 2015), and ETAS type seismicity models (§3.3.1.2) can be used to model
background seismicity (Field et al., 2017b).

Beyond slip budgets and geodetic loading rates, we expect the stress change surround-
ing earthquake ruptures to lead to clock advance or delay, e.g., by means of Coulomb stress
bright spots or shadows (§3.3.3.4). The aforementioned westward progression of earth-
quakes along the North Anatolian fault is a classic application of this approach (Roth,
1988), where Stein et al.’s (1997) computation did show heightened stresses in the region
of the subsequent 1999 Izmit Mw7.6 earthquake. Moreover, the 2023 Kahramanmaraş
events did occur in segments where Nalbant et al. (2002) identified stress hotspots on the
Eastern Anatolia fault.

However, often the knowledge of event histories is incomplete for the fault segments
in question, and the stress changes from static triggering computations can be small com-
pared to the uncertainties inherent in estimating recurrence intervals. This can limit the
utility of Coulomb type stress change computations for hazard assessment (Hardebeck,
2004), and global surveys show only marginally better than random (∼ 60%) triggering
effects for global M ≥ 7 events (Parsons, 2002). However, time-dependent, 30 yr hazard
estimates for a Mw = 7 NAF rupture in the Sea of Marmara accounting for stress interac-
tions including the 1999 Izmit event have been evaluated at ≈ 40% compared to ≈ 20%
from stationary estimates (Parsons, 2004).

One important issue for both seismic hazard assessment and understanding the over-
all rheology of the lithosphere that is controlling fault system evolution is how stationary
seismicity patterns are. Presently, there is more seismicity on the San Jacinto strand than
on the main branch of the southern San Andreas fault (Figs. 8.3b and 8.23), for exam-
ple. This may be because the San Jacinto is geologically younger and structurally more
complex, compared to the main branch of the San Andreas which has accumulated more
slip (§3.2.3.4). However, the extent of seismicity along a fault may also be dependent on
the details of the seismic cycle including the slip distribution of prior large earthquakes,
which can shut off shallow seismicity for deeper than locking depth ruptures (Jiang and
Lapusta, 2016). This provides another explanation for the relative paucity of small events
on the late-stage southern SAF.

Seismic hazard estimates are currently exploring incorporation of results from earth-
quake simulators (Shaw et al., 2018, 2022). These numerical models account for Coulomb-
stress type elastic interactions between constant geometry fault segments, and produce
a range of rupture scenarios with interesting statistics. Those allow assessing the degree
to which recurrence patterns change and cluster, and what types of earthquake size dis-
tributions could be expected. However, these models are strongly controlled by input
geometry and assumptions on frictional parameters, which affect the event scalings, and
have highly simplified loading assumptions (Richards-Dinger and Dieterich, 2012; Ward,
2012). Validation and improvements in rheology are opportunities for future work.

If we consider fault system evolution, repeated ruptures may lead to smoothing of
structures. However, isolated faults will also incrementally rotate (§3.3.3.4), eventually
being mechanically less favorably oriented for failure (§3.2.2). On large scales, this has
happened in the Big Bend region of the SAF which shows transpressional deformation.
Even though minimization principles need not apply in simple ways (§8.3.1), mechanical
efficiency considerations may guide our understanding of how local fault systems operate
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Figure 8.23: Southern San Andreas
fault structure: heavy red polygon
is the rough, major plate boundary
from (Bird, 2003, as in Fig. 8.3b), thin
red lines are quaternary faults as in
Fig. 8.1. Focal mechanisms are all
M > 3 events from Cheng et al.
(2023). The San Jacinto (SJF) and
southern San Andreas (sSAF) strands
of the SAF system take up compara-
ble amounts of fault slip-rates accord-
ing to geodesy (e.g., Elsinore: 14%,
SJF: 35%, sSAF: 46%, eastern Trans-
verse Ranges: 5% of 37 mm/yr to-
tal for the north Salton Sea profile of
Platt and Becker, 2010). However, they
show very different seismicity pat-
terns. Seismicity includes aftershock
clusters, such as due to Mw = 7.3
Landers 1992 (epicenter shown as red
star).
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(Cooke and Dair, 2011). What is clear is that the effective plastic or frictional strength along
fault bounding crustal blocks will control how strain-rates are partitioned over large offset
deformation (Bird and Kong, 1994; Fay and Humphreys, 2008; Popov et al., 2012). In particular,
the SAF may eventually get straightened out, e.g., by means of shifting deformation on the
Eastern California Shear Zone (Fig. 8.3b; Liu et al., 2010), and this is one example where
we would expect shifts in fault slip rates (Bennett et al., 2004).

One question when considering seismic hazard is if the time-interval is long enough to
see long-term, tectonic shifts of strain accumulation. Besides such tectonic shifts in fault
activity, there may also be shorter time-period patterns of seismicity with alternating loci
of major earthquakes, clustering, and mode switches (Lyakhovsky et al., 2001; Dolan et al.,
2007; Shaw et al., 2018). The mechanical interactions and robustness of those patterns,
including possible supercycles discussed for megathrust earthquakes (§9.9.2) remain to be
fully understood.

8.5.3 Off-fault deformation

Directly feeding into the issue of converting transform fault system constraints, e.g., from
geodesy, to seismic hazard estimates is the issue of fault loading. Understanding stressing
rates requires estimating fault-loading rates, e.g., in the sense of the elastic or viscoelastic
models of §3.3.3.1 and §3.7.3 (Fig. 3.57). As we had seen, e.g. from Fig. 3.29, it is often
not straightforward to associate crustal velocity gradients with specific fault structures.
Turned around, it is unclear how much deformation happens off mapped faults, either
by elastic loading of unrecognized discontinuities in the crust, or by distributed, plastic
deformation.

One aspect of this pertains to which of the geological structures in a shear zone actually
take up deformation and how. While single, planar fault planes are useful approximations
for understanding many aspects of fault deformation, there is geometrical complexity
across many scales in continental transforms. These features range from systems such as
the San Andreas operating on several, aligned major faults such as in southern California
(Fig. 8.3b), to individual faults consisting of smaller-scale structure with step-overs and en
echelon features (Fig. 8.2), as for the San Jacinto fault within the southern SAF (Fig. 8.23),
to km-scale structure around individual segments, and complexity on even smaller scales
(§3.2.3.4).

The size-frequency distribution of fault-associated structures may be self-similar, i.e.
expressed as a possibly fractal powerlaw, over several orders of magnitude (Okubo and
Aki, 1987; Hirata, 1989). Fault roughness introduces bulk dissipation (Fang and Dunham,
2013), and affects effective stress drops, seismic source complexity, and radiation spectra
(Dunham et al., 2011; Shi and Day, 2013; Gabriel et al., 2013). However, such powerlaw dis-
tributions of fault roughness are not static. Any kink in the fault system will lead to stress
concentrations and thus increase the likelihood of locally exceeding off-fault plastic yield
stresses. Moreover, roughness distributions evolve with fault maturity toward smoother
features and possibly larger ruptures (Wesnousky, 1988; Brodsky et al., 2011; Goebel et al.,
2017).

Optical satellite imaging of surface deformation after earthquakes can overcome chal-
lenges of traditional geodetic methods, e.g., InSAR decoherence close to the fault, and
provides new insights on actual ruptures. In particular, it can be shown that structural
complexity from mapped fault traces is indeed mirrored in small-scale slip heterogeneity
(Milliner et al., 2016). Moreover, there are also indications for diffuse deformation at the sur-
face within a few km of the fault from coseismic displacement fields (Antoine et al., 2021;
Li et al., 2023).
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Such distributed, plastic type deformation may be directly associated with the debated
shallow slip deficit (Antoine et al., 2023). The latter refers to the observation that some fault
slip inversions show a decrease of slip toward the surface, with extreme cases showing
large, shallow (∼5 km depth) slip with no surface rupture (Fialko et al., 2005b). This is
opposite to what would be expected from homogeneous elastic models with a free sur-
face (§3.3.3.4). These off-fault, plastic effects can be fractionally important particularly for
small to moderate size events (Antoine et al., 2023).

Another way of measuring off-fault deformation in plate boundaries arises from con-
sidering geodetic velocity fields for seismic hazard applications. One can convert hori-
zontal strain-rates into moment rates, eq. (2.49), and then consider to which degree those
are accommodated on mapped faults (Fig. 8.3). Parsons et al. (2013) analyzed a range of
geodetic models for southern California and found that ∼30% of the moment release rate
is off-fault, with peaks in regions of geometrical or lithological heterogeneity such as the
Garlock fault-Great Basin interface, the San Jacinto fault region, and the Eastern Califor-
nia Shear zone. Some of this deformation may be actual irreversible strain accumulation
of the crust. The resulting uncertainties in terms of moment rates are large, and predom-
inantly due to different rheological modeling assumptions rather than data uncertainties
(Maurer et al., 2018).

While an active research area particularly in the hazards context (Pollitz et al., 2022), a
comprehensive, dynamic theory that captures how plastic, off-fault deformation and lo-
calization on fault surfaces can be parameterized for a range of applications, from rupture
dynamics to the plate boundary evolution timescales, remains to be established.
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Chapter 9

Recycling the lithosphere:
Subduction

9.1 Introduction

Subduction zones represent convergent plate boundaries which extend over 55,000 km
on Earth’s surface. Along those plate boundaries, lithospheric plates are consumed, i.e.
the cold thermal boundary layer dives back into the mantle (§4.3.3). The plates which
have the longest subduction zones attached to them tend to move faster than those with
smaller trench length (Fig. 1.13). This realization represents a first order indication that
subduction is the main driver of plate motion (§5.5), and with it nearly all tectonic defor-
mation.

Orogeny, arc volcanism, and with it the formation of continental crust, as well as the
largest earthquakes and most tsunamis, are all related to subduction. A large portion of
the human population lives along the coast, close to or on top of subduction zones, and
therefore is exposed to natural hazards and increased risk due to primary or indirect ef-
fects of subduction. Subduction zones also function as part of a planetary-scale recycling
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Figure 9.1: Wadati-
Benioff zone geometry
(top, with abbreviated
labels and names of
main trenches) and
profiles of relative best
fit envelopes (bottom)
divided into Western
(blue) and Eastern
(red) Pacific subduc-
tion zones, from the
Slab2 model that seeks
to identify the top
of the slab (Fig. 1.13;
Hayes, 2018). Dashed
lines indicate 410 km
and 660 km depths,
and zero distance
along profile is close
to the coastline.
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system, bringing CO2, water and silicates back into the mantle, with important conse-
quences for long-term climate and planetary habitability.

Holmes in 1919 was probably the first to suggest that deep seafloor trenches represent
zones of downwelling into the mantle where crustal rocks transform into dense eclogite
(Holmes, 1931). The confirmation came from the submarine-based exploration by Ven-
ing Meinesz (1932) who discovered the strongly negative gravity anomalies that are found
parallel to trenches (Fig. 1.6) and formed the basis for flexural isostasy theory. Wadati
first pointed out the existence of intermediate-depth earthquakes in confined regions in a
series of papers culminating in Wadati (1931). He mapped what we now identify as the
top of the subducting slab in Japan as a tilted “weak zone”, associated with a volcanic arc
(Wadati, 1935). Benioff (1949) realized that Tonga-Kermadec earthquake hypocenters get
deeper moving away from the trench along a ∼45◦ plane which was cross cutting the up-
per mantle down to∼ 650 km. Those seismological observations were later placed within
the context of plate tectonic theory and associated with the counterpart of seafloor spread-
ing, destruction of oceanic lithosphere in a subduction zone (Isacks and Molnar, 1969).

The distribution of subduction zone seismicity is now referred to as Wadati-Benioff
zones. Those zones of deep seismicity commonly but not exclusively dip towards the
upper plate (Fig. 9.1). The dip is shallow in the top ∼125 km, on average 32◦ ± 11◦,
and then steepens to 58◦ ± 14◦ (Lallemand et al., 2005). However, every subduction zone
has a different, and often irregular, shape and is variable along strike (Fig. 9.1), forming
undulations, arcs, and cusps.

Empirical analysis of subduction zone geometry compared to a range of kinematic and
structural parameters indicates that slab dip correlates with the upper plate velocity. This
can be understood from the interaction of a Stokes sphere type sinker and larger-scale
plate motions overriding the sinking anomalies (Fig. 5.2). Shallow slab dips occurs where
the upper plate moves toward the trench and/or the upper plate is continental (Lallemand
et al., 2005). Notable outliers are the long and shallow (30◦ dipping) Japan slab (profile

406 DRAFT



9.1. INTRODUCTION

100° 120° 140° 160° 180° −160°

−40°

−20°

0°

20°

40°

5500

6000

750 500 250 250 500 750 1000 1250

x [km]

r 
[k

m
]

z
 [

k
m

]

410

660

1000

5500

6000

750
500

250
25050075010001250

x [km]

r 
[k

m
]

z
 [

k
m

]

410

660

1000

5500

6000

750
500

250
25050075010001250

x [km]

r 
[k

m
]

z
 [

k
m

]

410

660

1000

5500

6000

1000

1000
2000 x [km]

r 
[k

m
]

z
 [

k
m

]

410

660

1000

−2 −1 0 1 2

δv [%]

100 200 300 400 500 600

zs [km]

−2 −1 0 1 2

δv [%]

100 200 300 400 500 600

zs [km]

Figure 9.2: Subduction zones along the Western Pacific and Indonesia. We show P -wave tomogra-
phy anomalies (Fukao and Obayashi, 2013, cf. Fig. 1.25), seismicity (orange dots on profiles; Engdahl
et al., 1998), interpolated slab contours (Hayes, 2018), plate velocities (orange vectors, cf. Fig. 1.13;
Argus et al., 2011), and volcanoes (cyan inverted triangles; Siebert and Simkin, 2002).

kur-2 of Fig. 9.1) and shallow, flat slabs such as the portion observed in Peru (sam-2). This
indicates the contribution of anomalous buoyancy or viscosity effects. Other kinematic
parameters show non-significant correlation with slab dip, but overriding plate thickness
appears to be another important controlling factor, as would be expected for an effectively
plastically bending slab (Holt et al., 2015b).

Seismic tomography provides an additional constraint for slab geometry, and illumi-
nates continuous, but distorted, structure in aseismic slab regions (Fig. 9.2). Inspection of
Wadati-Benioff zones in the upper mantle shows that the absence of seismicity at interme-
diate depth, e.g., for the Nazca slab beneath South America (Fig. 9.2), does not necessarily
correspond to a slab gap or break. The fast seismic velocity anomaly there appears con-
tinuous, but for some reason aseismic (cf. Fig. 9.34).

Seismic tomography also provides details on the deeper, globally aseismic part of slabs
below∼700 km depth (Fig. 1.25). In the early 90ies, seismological imaging clearly showed
that some slabs do indeed penetrate below the 660 km discontinuity (Creager and Jordan,
1986; van der Hilst et al., 1991; Phipps-Morgan and Shearer, 1993). Others do not, and instead
transiently flatten above or around 700-1000 km depth. Put differently, the absence of
seismicity below 660 km does not imply that there is no subduction into the lower mantle,
and convection is generally taken to be of whole mantle character (Grand et al., 1997; van
der Hilst et al., 1997), even though the dynamics of slab penetration remain debated. One
of the first applications of mantle circulation modeling was, in fact, to show that whole
mantle trajectories provide a better explanation of slab dips from seismicity than confining
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Figure 9.3: Subduction zones along the Cordillera, for caption, see Fig. 9.2.

flow to the upper mantle (Hager and O’Connell, 1978).
In terms of the complexities, e.g., the Western Pacific subduction zones do not or only

slightly penetrate into the lower mantle at present while on the Eastern Pacific at least the
Central American slabs appear to penetrate straight down into the lower mantle (Fig. 9.3).
Tomography also shows that the lower mantle portion of the slab is generally two to three
times thicker than the upper mantle. This may occur by means of folding during their
descend into the more viscous lower mantle where slab sinking velocities are reduced
(§9.11). Depth-variable tomographic resolution as well as a depth, temperature, pressure
and composition-dependent scaling between temperature and seismic velocity anomalies
may also contribute to inconsistent imaging of the slab anomaly (Fig. 3.54 and §9.4).

Some high velocity anomalies such as the Indian and Farallon slab and Central Amer-
ica, are partly or totally detached from their subducting trenches at the surface, but can
be unambiguously traced into the lower mantle to depths of ∼1700 km. A number of fast
velocity anomalies, such as Java, North Kuriles and Nazca North of 25◦, can be also distin-
guished in correspondence to the upper mantle slabs at depths between 800 and 1100 km.
The rest of the slabs are in the transition zone (van der Hilst et al., 1997; Fukao et al., 2001).
We will return to the reasons why some slabs penetrate into the lower mantle while others
do not below (§9.11), but can already identify phase transitions (§4.4.2) and the viscosity
increase in the lower mantle (§5.4) as important players to be considered.
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9.2 Anatomy of a subduction zone
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Figure 9.4: Schematic
representation of a
subduction zone (mod-
ified from Stern, 2002).
Blue symbols indi-
cate fluid release from
the subducted crust
during progressive
metamorphism with
main mineral transitions
noted. ETS indicates
episodic slip and tremor
(from Wada and Wang,
2009).

Subduction zones typically contain three distinct geological sub-systems. From the ex-
terior to the interior we can distinguish between the forearc-trench system (including the
outer rise), the volcanic arc, and the backarc (Fig. 9.4). How those systems are expressed
differs regionally and depends on the deformation state of the backarc and on the nature
of the subducting and overriding plate.

Considering the type of the subducting and overriding plate, Earth displays all pos-
sible configurations. The most common situation is subduction of oceanic lithosphere
below oceanic or continental lithosphere. Subduction of continental or transitional litho-
sphere is also observed beneath continents. An uncommon case is represented by the
subduction of continental lithosphere beneath an oceanic plate. This is generally called
obduction and used, for example, to describe the overthrusting of the Semail ophiolite, a
slice of the Tethyan ocean, in Oman over the Arabian continental margin, in the Upper
Cretaceous.

9.3 Trench-forearc and sedimentary systems

The trench-forearc system extends from the trench to the magmatic arc and is generally
150 ± 50 km wide. The trench is often flanked, on the subducting plate, by an outer rise.
The topography of the trench-outer rise system is a dynamic feature strongly affected by

forearc basin orogenic wedge

underplate sediments

�������������������
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sedimentary
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subduction channell
eroded upper plate material
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subsidence
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Figure 9.5: Cartoons showing idealized structures of accretionary and erosional types of margins
(modified from Clift and Vannucchi, 2004).
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Figure 9.6: Cross section based on seismic lines along the Colombian margin, representative of
compressional accretionary forearc margins (redrawn from Mantilla-Pimiento et al., 2009).

the bending of the lithosphere at the trench, which has elastic and viscous contributions.
Outer rises are more pronounced along some subduction zones such as South America
(e.g. Uyeda and Kanamori, 1979). They usually deform under extension and are modu-
lated by the intraplate coupling along the subduction zone (Fig. 2.16). Landward, at the
megathrust, deformation occurs mainly by compressional earthquakes in regions of high
seismic coupling, eq. (2.46) (e.g., South America) but the outer rise stress regime may also
change over time following the seismic cycle at the seismogenic interface (Christensen and
Ruff , 1983; Hardebeck and Okada, 2018). The geometry of the forearc system depends on
the nature of the upper plate. The forearc basement is generally cold and stable (Stern,
2002). The composition and the thickness of the forearc basement differs from the na-
ture of the upper plate, i.e. continental or oceanic. For oceanic systems, it is thinner than
the continental one and it includes a suite of ophiolites and serpentines because oceanic
crust is made by a relatively homogeneous process, decompression melting at broadly
constant asthenospheric temperature (§7.2.3). In the case of the continental plate, it gen-
erally consists of previously accreted magmatic arcs, and arc accretion one general way
of generating continental crust. The forearc evolution is primarily controlled by the bal-
ance between incoming material, sediments and upper crustal rocks, deformed under
compression and accreted at the trench, and those scraped from the forearc and dragged
down into the subduction zone.

Those two processes are referred to as tectonic accretion and tectonic erosion, respectively
(Fig. 9.5). About half of the subducting margins are erosive, i.e. material is subducted be-
neath the forearc along a subduction channel, and the other half are constructive or accre-
tive, i.e. accreted material is transferred to the upper plate, building up an accretionary
wedge (§9.21; von Huene and Scholl, 1991; Lallemand, 1995; Clift and Vannucchi, 2004). Over
geological time, a forearc within an accretionary margin increases its width and volume.
This can occur by frontal accretion, i.e. scraping material off from the subducting plate
at the trench, or by underplating. In this case, crustal slices are detached from the sub-
ducting plate and accreted to the upper one at greater depth behind the forearc wedge.
The overall structure of the accreted material forms a wedge, tapering asymmetrically to-
ward the subducting plate (Fig. 9.5). Slowly converging margins with thick sedimentary
sections often produce accretionary complexes (Clift and Vannucchi, 2004).

Erosive margins are found mainly along fast convergence trenches with reduced sedi-
ment thickness. An erosive margin is defined as a margin where the forearc is decreasing
in size and the trench is migrating inward, toward the upper plate (Clift and Vannucchi,
2004). This occurs when material is removed from the upper plate and, as a consequence,
generates overall forearc subsidence. The removal of upper plate material is commonly
attributed to an increase in plate coupling, with possible feedbacks between coupling,
plate speeds, and sediment accumulation (Lamb and Davis, 2003; Behr and Becker, 2018).
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Figure 9.7: Simplified
illustration of the interior
deformation and overall
geometry of an accre-
tionary wedge, with angles
α and β for the surface
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respectively.

Margins can switch from erosive to accretionary, as for example in the South Chile
trench, and in this case the subduction interfaces may migrate upward (erosion) or down-
ward (accretion). Tectonic erosion may, in fact, also occur within an accretionary wedge,
and any single trench may reveal multiple episodes of erosion and accretion (§10.5.1). The
reason for having erosional episodes could be related to variable roughness of the sub-
ducting plate, e.g., due to seamount subduction, or variable sediment flux at the trench.

Forearc basins form between the volcanic arc and the trench and are important features
of subduction systems (Fig. 9.4), providing insights into the interactions between subduct-
ing and overriding forearc crust. They form both in accretionary and erosional margins,
and under different strain fields, both compressional with fold and thrust or extensional
(Noda, 2016). Most of the forearc basins are formed in accretionary compressional systems
(Java, Manila, Alaska, Colombia, Ecuador, S. Chile, Ryukyu, Aleutian, Barbados, Antilles).
An example of a forearc basin along the Northern Colombia margin is shown in Fig. 9.6.
There are also examples of forearc basins formed on accretionary/compressional or neu-
tral tectonic stress fields as for Sumatra, Cascadia and Aleutian or even under extensional
(N. and C. Cascadia). Along erosional margins, most of the basins formed under an ex-
tensional regime, with shallow, gravitationally-related normal faults, as in north-eastern
Japan (Peru, Chile, Japan, Mariana, E. Aleutia, Tonga-Kermadec).

As mentioned, the sediment flux at the trench represents one of the main controlling
factors of the style of forearc basins. Increasing sedimentary flux at the trench will pro-
duce growth of the wedge and, in the subduction channel, formation of an outer arc high
(Noda, 2016). The resulting forearc basin will be characterized by landward-tilting strata.
The landward migration of the location of maximum sedimentary basin thickness, i.e.
depocenters, show a constant width/thickness ratio, indicating self-similar growth of the
basin as the outer wedge builds up (Fig. 9.7).

The accretionary, compressional type forearc basins represent a departure from the
evolution of the wedge as the slope of the wedge (α as per Fig. 9.7) is getting locally
negative. Following critical wedge theory (§10.5.1), this may be generated by an increase
of the dip of the subduction zone (Fuller et al., 2006), spatial variations in fluid pressure
on the subduction thrust (Kastner et al., 2014), or variations in wedge strength (Zhao et al.,
1986). However, the presence of a sharp unconformity may also indicate that such basins
form due to a rapid change in the overall equilibrium of the wedge (Fig. 9.8). Forearc
basins formed in an extensional setting have been related to episodic subduction erosion,
for example due to subduction of a topographic relief (e.g. von Huene and Lallemand, 1990).

Overall, the forearc structure is sensitive to tectonic and surface processes, adjusting
its shape and style of deformation to subtle forcing by subduction dynamics or sediment
flux. Its evolution may then reveal important features of the subduction zone interface
(Fig. 9.9). The transport of sediments matters also at the margin scale. Mass eroded from
the forearc and backarc is sedimented in foredeep basins and accreted at the wedge toe,
or eroded and channeled into the subduction zone, possibly forming duplexes, i.e. over-
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Figure 9.8: Line drawing
based on active source
imaging of the forearc
off Japan, showing the
erosional unconformity
dividing the older ac-
cretionary wedge from
Neogene basin deposition
produced by a marked
change in the wedge dy-
namic related to erosion
(redrawn from von Huene
and Lallemand, 1990).

0 10 20 km

2

4

6

8

10

12

14

16

18

de
pt

h 
[k

m
]

unconformity

unconformity
Cretaceous or
Paleogene slump

debris

subducted 
trench �ll and
slump debris

top of oceanic 
sediment

Figure 9.9: Schematic rep-
resentation of subduction
zone margins, emphasizing
the linkage between shal-
low processes such as sedi-
ment erosion and transport
(1), sedimentation (2,4), and
margin style with accretion
at shallow (4) or deeper
level (5), or erosion (6).

0

50

100

erosion (1)

wedge top 
basin (2)

accretionary
 wedge (4)

foreland 
basin (2)

erosion in subduction 
channell (6) underplating (5)

mantle 
�ow

megathrust
sse & tremor

exhumation

incoming
 sediments (3)

erosion (1)

de
pt

h 
[k

m
]

lapping thrusts, in correspondence to the forearc Moho and inducing exhumation/uplift.
This makes up one erosion-sedimentation-subduction-exhumation feedback loop, modu-
lated by the constructive or destructive behavior of the margin, by external climate forc-
ing, and by deep mantle dynamics (Fig. 9.10 and §10.9.1).

The accretionary margin forms a wedge composed of a volume of rocks internally de-
formed by a fan of thrusts verging primarily toward the subducting plate and merging on
a basal décollement (Fig. 9.7). While their internal structure might be complex in terms of
how individual faults accommodate the deformation, the bulk accretionary wedge geom-
etry can often be captured by a simple description, the critical taper (Fig. 9.7). The wedge
shape results from the equilibrium between the shear along the basal décollement, its
internal strength and fluid pressure, and the overburden (§10.5.1).

9.4 Magmatism and metamorphism at subduction zones

Subduction represents an efficient recycling mechanism, bringing rocks from the surface
to depths where they will be metamorphosed and then partly exhumed, melted, mixed
into the mantle, and then erupted back onto the surface. The arrival of sediments and
crustal material, such as basalt (MORB), dykes, gabbro, and more depleted mantle in the
lithosphere (§7.3.1) create the conditions for metamorphism and magmatism. Those two
processes are intimately connected and depend on the thermal state of the subduction
zone, which in turn is determined by the age of the oceanic lithosphere and the conver-
gence velocity, as well as its water content.

Heatflow observations across subduction zones provide some insights into the likely
thermal structure of the lithosphere below (§4.2). Forearc heat flow is ∼ 40 mW/m2, de-
creasing further inland, and then sharply increasing to an average of ∼ 80 mW/m2 from
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ite transition produces partial
serpentinization of the mantle
wedge adjacent to the slab,
and volatiles infiltrating the con-
vecting mantle produce partial
melting. The effect of the
olivine to spinel phase change
at 410 km, with Clapeyron slope
(eq. 1.41) of 4 K/MPa, and
spinel-bridgmanite at 660 km
with −1.3 K/MPa, are indicated
(§4.4.2 and Fig. 9.12).

the volcanic arc to the backarc (Fig. 9.11). Those values are roughly twice the heatflow of
cratons (Fig. 4.19). This sharp increase may be explained by the presence of a cold “nose”
of mantle wedge (≤ 700◦C) beneath the forearc (Figs. 9.11 and 9.12; Honda, 1985; Peacock
and Wang, 1999; Kelemen et al., 2003). The overriding plate regions below the low heatflow
observations in the forearc close to the trench are likely decoupled from the slab by a shear
zone, such that only the deeper regions of slab-mantle contact lead to return flow in the
mantle wedge (Furukawa, 1993; Wada and Wang, 2009; Arcay, 2017). Temperatures in the
sub-arc mantle above the downward terminus of this decoupling zone are of the order of
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Figure 9.12: a) Subduction zone temperature distribution, T (x, z), from a 2-D kinematic sub-
duction model for a 100 Ma old plate subducting at 5 cm/yr. Computation solves for T with
free wedge flow and temperature-dependent viscosity (King et al., 2020), and adds the adiabat of
Fig. 1.11 as a function of depth, z, for background Ta(z). b) Corresponding shear wave velocity
anomaly relative to the depth average using p, T conditions and HeFESTo (Stixrude and Lithgow-
Bertelloni, 2011, 2022) pyrolite estimates. Note the effect of phase transitions (410 and 660 km
shown by dashed lines) and the apparent lack of penetration below 660 km in vS even though
the thermal anomaly is continuous (cf. Ricard et al., 2005). c) Corresponding density anomaly.
Note the effects of the positive and negative Clapeyron slope (eq. 1.41) olivine→ wadsleyite and
ringwoodite → bridgmanite transitions at ∼ 410 km and ∼ 660 km, respectively, but also the
seismically less distinctive wadsleyite to ringwoodite transition at ∼ 520 km (Fig. 1.12). d) Slab-
proximal, horizontally averaged (dotted lines in c) density anomaly, 〈∆ρ〉S . Red line shows the
simplified thermal anomaly, 〈∆ρT 〉S , based on a whole domain-averaged thermal expansivity,
〈α〉, mean density, 〈ρ〉, and average 〈∆T 〉s, with ∆T = T − Ta. Blue line shows the compositional
component, 〈∆ρC〉S = 〈∆ρ〉S − 〈∆ρT 〉S .
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Figure 9.13: a) Receiver function based seismic velocity contrast and, b) electric resistivity along
a cross-sections for the Cascadia margin underneath the Mt. Ranier volcano (red triangle). a)
includes interpretation of velocity contrasts in terms of composition, and b) shows inferred
geotherms from thermal modeling. Red dots are seismicity ±20 km from the profile. Notice low
resistivity pathway presumably indicative of fluid release and melt generation (from McGary et al.,
2014).

1000-1200◦C. The high heat flux in the backarc is associated with a thin mantle lithosphere
(probably thinner than in Fig. 9.11) where vigorous mantle convection may have eroded
the lithosphere thermally and mechanically (Hyndman et al., 2005).

Observations from different subduction zones indicate that the transition from the
decoupled overriding plate to the actively convecting (slab-mantle contact) is found at
depths of 70-80 km (Wada and Wang, 2009), perhaps controlled by talc stability (Peacock
and Wang, 2021). This depth is just above the slab regions of ≈120 km depth on top of
which volcanic arcs are typically found (Figs. 9.1 and 9.2; England et al., 2004).

Geophysical studies in the Cascade arc and elsewhere show the presence of very low
shear-wave velocity in the subducting crust, inverting the sense of the velocity jumps
expected for the Moho. This observation has been interpreted as due to a hydrated and
serpentinized forearc mantle (Bostock et al., 2002, Figs. 9.13 and 9.16). An important contri-
bution to magma generation is related fluid release by the subducting slab sediments and
crust during the basalt-blueschist-eclogite transformation and the breakdown of antig-
orite. Those fluids promote serpentinization within the cold slab, and produce melting in
the hot, convecting region above where most of the melt is sourced (Figs. 9.11 and 9.13;
Tatsumi et al., 1983; Morris et al., 1990; Plank and Langmuir, 1993).

9.4.1 Thermal parameter and shear heating

Many aspects controlling the depth-dependence of the thermal regime surrounding a slab
scale with the thermal parameter, Φ, typically defined as the product of the convergence
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Figure 9.14: Balance between in-
terface shear heating and incom-
ing plate structure (half-space
cooling inferred heat flux) con-
trolled thermal gradients at the
subducting plate interface, Υ ,
eq. (9.5). Heatflow q is inferred
from plate age a from eq. (4.111).
Labels for Υ � 1 and Υ � 1
are labeled as interface and plate
controlled, respectively.
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rate, v, and the age of the subducting plate, a,

Φ = va. (9.1)

Φ represents a length-scaled Peclet number, eq. (4.34), since a is related to plate thickness,
d, as d ∝

√
a for a thermal boundary layer, eq. (4.93), such that

Φ ∼ lcPe ∼ lc
lcv

κ
=
d2v

κ
=
av

κ
,

using lc = d as the characteristic length.
The Φ parameter determines the subduction zone thermal state to first order (Fig. 9.15)

and controls the propensity of the slab to drag down cold isotherms within the interior,
such that isotherm depths scale with Φ. The geothermal gradient along the plate interface
shear zone and wedge temperatures can also be related to Φ (Molnar and England, 1990b;
England and Wilkins, 2004), including the depth of the low velocity crustal layer (Wada and
Wang, 2009).

In the absence of shear heating, the thermal gradient on the plate interface scales as

∆p =
Tf
zf
∝ q

k

√
κ

vzf sin δ
∝ 1√

Φzf sin δ
(9.2)

where q is the heat flow due to the incoming plate, k the thermal conductivity, δ slab
dip, and zf and Tf the depth and temperature at the subduction interface, respectively
(England and May, 2021), and the simplification in eq. (9.2) arises from assuming q ∝ 1/

√
a

as from half-space cooling, eq. (4.95). This means that it is not simply plate age, but the
product of plate age and convergence velocity that controls if an interface is “cold” or
“warm”.

The contribution from shear (or dissipative) heating, eq. (3.87), along the interface

H = τ ε̇ =
τv

w
, (9.3)

derives from viscous and brittle deformation (ε̇) related to the subduction fault, the deeper
shear zone, and material circulating within the wedge. H is a function of velocity, v, and
width, w, of the effective shear zone, and of shear stress, τ , along the thrust interface, or
µρgzt when expressed as a function of friction, µ, since the overburden σn ≈ p ∼ ρgzt.
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Figure 9.15: Contours for T = 800◦C
for steady-state, cornerflow type sub-
duction wedge computations (Fig. 9.12)
with different plate ages, a, and conver-
gence velocities, v, as indicated. Solid
and dotted lines are for iso-viscous and
temperature-dependent viscosity compu-
tations, respectively. Contours are pro-
jected into an down (δ) - across slab (φ) co-
ordinate system (i.e. along the diagonal of
Fig. 9.12). Decoupling zd, 410, and 660 km
depths indicated by dashed lines. Back-
ground shading is temperature for the iso-
viscous, a = 180 Myr, v = 13 cm/yr
model. Flow is prescribed at constant ve-
locity vδ (vφ = 0) for φ < 0, and free to
respond in the mantle wedge at φ > 0.
Note how a affects the width and cold
isotherm penetration depth, and velocity
affects penetration depth via the thermal
parameter Φ (cf. England and Wilkins, 2004).
Temperature-dependent viscosity leads to
a hotter mantle wedge/thinner overriding
lithosphere for young slabs, and more heat
transport from the wedge side in general,
leading to narrower thermal anomalies in
φ direction. Also note the effect of phase
transitions and the adiabat (Fig. 1.11).

The average stress at the plate interface is uncertain and can span from a few MPa to
∼ 100 MPa (§9.8.1; Molnar and England, 1990b). The thermal gradient associated with
shear heating scales as (England and May, 2021)

∆H =
Tf
zf
∝ τ

k

√
κvzf
sin δ

, (9.4)

which leads to the ratio of shear heating and incoming plate controlled thermal gradients,
in terms of the heat flow balance

Υ =
∆H

∆p
=
vτ

q
, (9.5)

which is visualized in Fig. 9.14. According to this balance, if the shear interface can sustain
stresses at the∼ 10 MPa level, viscous dissipation can rival incoming plate thermal control
of interface gradients, particularly for old and fast plates.

9.4.1.1 Volatile fluxes

Transport of Volatiles such as water and carbon dioxide represents an important ingre-
dient of the subduction process. Fresh MORB crust contains small amounts of water
and starts out already depleted in incompatible elements, such as K and U, due to pre-
vious melting episodes (§6.6). However, the top of the oceanic crust may also be al-
tered by hydrothermal circulation at the ridge, forming hydrous minerals such as chlo-
rite, epidote/zoisite, amphibole (hornblende, actinolite, and tremolite), chloritoid, and
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Figure 9.16: Balance of water (H2O) and carbon (C) recycled into subduction zone. The values
reported here represent averages, individual values vary between subduction zones. H2O values
are from Hacker (2008), C values are from Kelemen and Manning (2015). Most of the C and H2O
stored in sediment crust and mantle does not descend down deeper than 4 GPa.

talc (§7.2.2). The mantle lithosphere is peridotitic in composition and is composed of a
depleted residual (harzburgite) due to MORB extraction and a less depleted lower part
(lherzolite, §7.3.1). It is also relatively dry but may be locally hydrated during bending at
the trench by infiltration of seawater along deep normal faults and fracture (e.g. Ranero
and Sallarès, 2004; Key et al., 2012), forming hydrous minerals such as serpentine, talc, and
amphibole. Thin sedimentary layers also contain fluids that may be released during sub-
duction.

It is difficult to estimate the budget of volatiles transported into, and released by, a
subduction zone. The main contributions derive from water and carbon dioxide, but
quantitative estimates suffer from large uncertainties, and fluxes are likely variable along
different subduction zones (Fig. 9.17). About 24 × 108 Tg/Myr of hydrous phase is sup-
posed to subduct (Hacker, 2008), partitioned between mantle (6 × 108 Tg/Myr), igneous
rocks and sedimentary rock (each of them ∼ 9 × 108 Tg/Myr), and almost half of those
minerals will release H2O at depths shallower than 150 km (Hacker, 2008; van Keken et al.,
2011); the rest will subduct to deeper levels in the mantle.

Carbon flux in subduction zones is highly variable as well, depending on different
regions. The amount of carbon dioxide entering into subduction zones is most likely
larger than the output from arc volcanoes, though the latter appears significant (Kelemen
and Manning, 2015). Such fluxes are examples of the potential links between the surface
conditions on our planet and tectonic activity (§6.7 and §11.4). The types of sediments
subducted as a function of a plate’s trajectory may feed back into the climatic settings
generating the sediments.

Material dragged down into subduction zones at increasing pressure and temperature
undergoes transfer of heat and mass including of fluids, producing dehydration and solid-
state phase transformations, i.e. mineralogical and textural re-organization. Progressive
reactions, such as from blueschist to eclogite, produce release of fluid, leading to exten-
sive hydration of the mantle wedge, influencing its rheology and style of deformation and
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Figure 9.17: Slab surface temperature for an isoviscous (a) and temperature-dependent viscosity
(b), steady-state, cornerflow type computation, as in Fig. 9.12 for different plate ages, a, and con-
vergence speed, v. The decoupling depth, zd, below which flow is coupled to the slab is 50 km, and
profiles for z < zd are entirely controlled by the kinematics. Note how younger plates have larger
v dependence, and how the hot notch in the back-arc for temperature-dependent computations
leads to larger temperature gradients for z > zd (Fig. 9.15). Solid and dashed black lines are (very)
wet peridotite solidi (w%: weight percent H2O, 0.3w% is saturated) from the parameterization of
Katz et al. (2003) (cf. Fig. 7.32). See Fig. 9.20 for the effects of time-dependence.

triggering melting. Seismological studies find evidence of a low-velocity layer (LVL) at
the top of the subducting slab at shallow and intermediate depth, between 45-75 km at
“warm” subduction zones (Rondenay et al., 2008), but extending down to at least 150 km
(Abers, 2005). This is commonly interpreted to be the basaltic or gabbro layers oceanic
crust that has not transformed to eclogite (Fukao et al., 1983). Geological evidence also
shows that the subduction interface is composed of mylonitic structures with a hetero-
geneous assemblage of rocks, a hydrated mélange of sediment, oceanic crust, and mantle
rocks that are broadly consistent with low seismic velocity anomalies at/near the top of
subducting slabs.

9.4.1.2 Petrological constraints

The different mineral assemblages formed predominantly during progressive metamor-
phism are usually defined as metamorphic facies. This concept was first introduced by
Eskola (1915) and is based on the assumption that the mineral assemblages formed un-
der identical condition of pressure, P , and temperature, T , such that each facies can be
distinguished by diagnostic minerals (Fig. 9.19).

For example, we can distinguish between lawsonite and epidote blueschist (index
mineral: glaucophane + lawsonite + jadeitic pyroxene + aragonite + Mg-Fe Carpho-
lite + epidote), eclogite (index mineral: omphacite + garnet), amphibolite (index mineral:
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a) b)

Figure 9.18: Eclogite - Blueschist facies sample from Syros (Cyclades, Greece), showing a) the
growth of glaucophane around omphacite crystal and b) omphacite (green), glaucophane (blue),
garnet, and rutile (red).
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Figure 9.19: a) Petrological grid showing selected metamorphic facies: BS: blueschist, AEE:
Amphibole-epidote eclogites, ALE: Amphibole-lawsonite eclogite, LE: lawsonite eclogite, AER:
Amphibole eclogite, Am: Amphibolite, EA: Epidote amphibolite, UHPM: ultrahigh- pressure
metamorphism. E-HPG: medium temperature eclogite-high pressure granulite metamorphism.
GS: green schist, G: granulite, UHTM: the ultrahigh-temperature metamorphic part of granulite
facies, facies metamorphism KY: Kyanite, Sill: sillimanite (redrawn from Peacock, 1996; Brown,
2010). b) P -T path at select localities and their retrogressive paths for UHP and HP selected eclog-
ite suites. Abbreviations are: TS: Tianshan (China; Tsujimori et al., 2006), DSS: Dabie Shan and Sulu
(China; Franz et al., 2001; Zheng et al., 2003), M: Monviso, Z: Zambia, WA: Western Alps, C: Cig-
nana, S: Sulawesi, NC: New Caledonia eclogite, E: Erzgebirge, P: Parigi, K: Kokchetav (redrawn
from Bebout, 2007).

plagioclase ± hornblende ± quartz ± garnet ± clinopyroxene), greenschist (index min-
eral: actinolite + chlorite + epidote + albite ± quartz ± hornblende ± garnet ± chlori-
toid), granulite (index mineral: ortho + clinopyroxene ± plagioclase), and combinations
of them (Figs. 9.18 and 9.19).

The association of metamorphic facies to tectonics was first proposed by Miyashiro
(1961) who introduced the concept of paired metamorphic belts for Japan, where facies
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with metamorphic signatures indicating different pressures are juxtaposed across the Me-
dian Tectonic Line. The contrast of the different facies, later discovered on other metamor-
phic terranes, has been interpreted as a result of tectono-thermal processes during sub-
duction (Fig. 9.15). High-pressure, low-temperature (HP/LT) units, such as blueschist or
eclogite, are found next to the trench as subduction of cold oceanic lithosphere produces a
depression of the thermal gradient, whereas in backarcs we expect to have hot geothermal
gradients and formation of HT − LP to MP metamorphism, such as amphibolite and
granulite. Later, it was realized that metamorphism occurred during different tectono-
metamorphic episodes, and that their juxtaposition results from tectonic re-organization.
However, the association of metamorphism with a tectonic process represented a fun-
damental step for plate tectonic theory as metamorphic rocks record information on the
temporal evolution of a subduction zone.

Blueschist-eclogite facies (LT-HP) are characteristic of modern subduction zones (§11.1).
For example, Eocene glaucophane bearing schists have been found in the of Marianas
forearc, indicating a geothermal gradient of 9-11◦C/km. Lawsonite blueschists record
colder subduction, i.e. large Φ of eq. (9.1), than the blueschist-eclogite series. During
the blueschist-eclogite transition, hydrous minerals of basaltic crust, such as lawsonite,
sodic amphibole and chlorite break down, forming garnet + omphacite. This transition
is roughly isothermal at 500◦C and P > 2 GPa (Fig. 9.18), and may release a large vol-
ume of fluids, hydrating the overlying ultramafic mantle wedge, forming minerals such
as serpentine, talc, and chlorite. At larger depths and temperatures in the mantle wedge,
we expect hydrous phases like amphibole, chlorite, and phlogopite. More recently, it has
been found that eclogitic rocks may have formed under conditions exceeding the stability
field of quartz (2.7 GPa at moderate T ), recognized by the presence of diamond or coesite.
Those rocks record pressures > 5 GPa, up to ∼10 GPa, at temperatures of 600◦- 1000◦C
and are defined as ultra-high pressure metamorphic facies (UHPM). Those rocks have
now been found in several localities, such as Tsa Morari in the Himalayas, Eastern Papua
New Guinea, and Dora Maira in the Western Alps. At higher temperature gradients, rocks
form granulite facies metamorphism (Fig. 9.19b).

Therefore, based on the different gradients, it is possible to distinguish between HP-
LT, characteristic of subduction zones with thermal gradients of ∼4. . . 10◦C/km (150-
300◦C/ GPa), HT-LP/MP are more commonly found in backarcs (> 20◦C/km, or >
750◦C/GPa). Medium temperature, eclogite-high pressure granulite metamorphism, E-
HPGM, characterized by facies series that reach peak P, T in the high-pressure granulite
facies, formed along 10-20◦C/km (350-750◦C/GPa) gradients, are more typical of warmer
subduction zones, low Φ, and subduction-to-collision orogeny (Fig. 9.19c). The distri-
bution of those rocks and of the reconstructed metamorphic facies change throughout
Earth’s history, with appearance of blueschist and HP-LT units in the Phanerozoic (§11.1).

Using thermo-barometry of mineral assemblages, inclusions, and mineral zonation
along with appropriate radiometric dating, it is also possible to reconstruct the time-
dependent pressure (P ) – temperature (T ) – time (t) path of rocks (Fig. 9.19). Those are
particularly important, as they show the mineralogical assemblages stable at peak tem-
perature and pressure and their exhumation trajectories, which are often described in
a clockwise pattern, with an isothermal decompression. This indicates a rapid process
which ensured the preservation of blueschist assemblages. Fig. 9.19 shows examples of
P -T -t paths for HP and UHP units from several orogens worldwide, and HP and UHP
units for the Alpine-Himalayan orogen. On the latter, the P -T peak metamorphism is dis-
tributed between 5-10◦C/km geotherms (Fig. 9.19c), slightly cooler than the average P -T
global peak metamorphism which is closer to ∼ 10-20◦C/km (Penniston-Dorland et al.,
2015).
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Figure 9.20: Slab top
temperatures with depth
(or pressure) for a time-
evolving subduction model
with three steps indicated
in different colors as noted.
Dots in background are
from the compilation of
Agard et al. (2018) show-
ing pT conditions where
symbol size increases with
the inferred age of the
subduction zone. Orange
is Cooper et al.’s (2012)
range of slab top estimates
based on the H2O/Ce ther-
mometer, and they gray
region is the forbidden zone
of dT/ dz < 5◦/km which
is not represented in the
exhumed rock record (from
Holt and Condit, 2021).
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Numerical models of subduction provide estimates of the thermal structure as a func-
tion of the main controlling parameters, convergence velocity, subducting plate age, and
decoupling depth for kinematic approaches, with minor contributions due to slab dip,
mantle rheology and the nature of the overriding plate ( Figs. 9.15 and 9.17; Honda, 1985;
Peacock, 1996; Syracuse et al., 2010). As noted, Φ represents the main control on the tempe-
rature field being based on the balance between advection and diffusion, eq. (9.1). Static
models as in Fig. 9.15 are helpful to understand likely overall conditions of temperature
and density for slabs, the resulting plate driving forces (cf. exercise 7), and how slabs
might be imaged seismologically (Fig. 9.12).

However, the application of the detailed model predictions to natural cases, while
widespread, is not straightforward, and models are incompletely validated, in partic-
ular when going beyond basic scalings as expressed by the thermal parameter, Φ. For
example, the correlation between subduction velocity and P/T peak ratio in the Mediter-
ranean shows a broad, but not well-defined, trend (Jolivet et al., 2003). The lack of a clear
trend may be due to the fact that most of the metamorphic units are continental, so that
composition, buoyancy and rheology of continental crust may lead to complications (Jo-
livet et al., 2003). More recent compilations show that observed P -T peak trends appear
shifted towards larger temperature gradients compared to the models (Penniston-Dorland
et al., 2015), meaning nature may be hotter than what standard numerical models predict.
However, other, possibly important, factors such as the time-dependent geometry of the
subduction system, the effects of fluids at shallow levels, radiogenic heating, 3-D varia-
tions of wedge temperatures along strike, as well additional heat sources due to latent
heat or shear heating may significantly affect thermal models such as those of Fig. 9.17,
and result in extra sources of heat and/or misinterpretation of observables such as heat-
flow. Let us consider some of these complications.

Latent heat depends on the entropy difference between solid and liquid state, ∆S, such
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that the temperature change, ∆T , compared to the initial temperature, Ti, before melt
extraction of degree F is given by

∆Tm = −Ti
(

1− cP
cP + F∆S

)
,

with heat capacity cp ∼ 1200 J/kg/K,∆S = 300 J/kg/K, Ti = 1600◦K, andF = 0.05 . . . 0.5,
the temperature drop for the residuum is −∆Tm ≈ 20 . . . 180◦C. The low end, −20◦C, is
a typical value for the thermal effect of magmatism for cooling the melt source regions
in the wedge, and focusing of the extracted melt underneath the arc leads to temperature
increases of ∼ 200◦C due to the recovered latent heat upon crystallization (Jones et al.,
2018). Another possible heat source arises from viscous dissipation leading to shear heat-
ing along the thrust interface, eq. (9.3) (Fig. 9.14; Kohn et al., 2018). The effects of melt
transport and shear heating remain to be further explored alongside the petrological con-
straints.

What can also be an important factor is the long-recognized observation that subduc-
tion is not a steady-state phenomenon. The temporal evolution of a subduction zone can
show a wide range of thermal gradients in the mantle wedge (Kincaid and Griffiths, 2004;
Hall, 2012; Holt and Condit, 2021), and Fig. 9.20 shows example slab top temperatures in
comparison to Agard et al.’s (2018) compilation of pT conditions. There is some good over-
lap in terms of the general range of conditions, and and indication that the evolution of
the slab (here from ∼ 6 to ∼ 30 Ma) captures the trend seen in petrological constraints,
meaning there may be no discrepancy, just complexity.

The way metamorphic rocks rise back to the surface is also still a subject of debate.
Several P -T trajectories suggest cooling during exhumation, while others predict heat-
ing pulses. For oceanic derived metamorphic rocks, the subduction channel is probably
the most appropriate model (Fig. 9.21; Cloos, 1982, 1986). Metamorphic rocks embed-
ded in a serpentine or clay rich low viscosity matrix circulate down and back to the sur-
face basically attaining the same trajectories under a circulation path commonly defined
as counter-flow within the subduction zone itself (Cloos, 1982; Jolivet et al., 2003; Agard
et al., 2009). In particular, widening of the subduction channel by hydration of the man-
tle wedge promotes exhumation (Gerya et al., 2002). For continental derived rocks (U)HP
units, several models have been proposed to explain their exhumation and we will discuss
those in chapter §10.
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Figure 9.22: a) Arc
lavas (regions as
indicated) compared
to typical mid ocean
ridge basalts (N-
MORB) in terms of
their Ba and Th to Na
ratios. b) Correlation
between the inferred
Ba and Th flux due
to sediment input at
the trench compared
to the Ba and Th
ratios of the arc lavas.
(modified from Plank
and Langmuir, 1993).

a) b)

9.5 Arc volcanism

Besides megathrust earthquakes and tsunamis, arc volcanism represents the most spec-
tacular expression of subduction zone activity. Erupted rock composition is variable and
depends on the history of magma generation and its ascent path thorough the crust. As
noted, the volcanic arc position corresponds to the surface projection where the upper
portion of the Wadati-Benioff zone reaches ∼ 70 . . . 170 km depth (Figs. 9.1 and 9.2), with
an average of ≈ 120 km (England et al., 2004). Within this general range, the specific depth
inferred from the arc correlates with slab dip (Syracuse and Abers, 2006) and plate conver-
gence (England et al., 2004; England and Katz, 2010).

At a depth of 100 km, the temperature is expected to be around 1100-1200◦C, ap-
proaching the wet peridotite solidus (Figs. 7.32 and 9.17). The relative constancy in the
depth of arc volcanism location has been interpreted as being due to a pressure-dependent
process, linked for example to dehydration during phase transitions on top of the slab (e.g.
Davies and Stevenson, 1992), producing release of fluids, a lowering of the melting tempera-
ture on the mantle wedge and, in turn, magma production (Tatsumi et al., 1983). However,
the dependency on plate convergence also indicates that the melting depth is at least par-
tially controlled by the temperature of the slab. An alternative view, motivated by the
convergence rate and dip dependence of the apparent melting depth is that it is the heat
brought upward during melt transport which controls the arc location in relation to the
anhydrous solidus (England and Katz, 2010).

The role of water in melting at arcs is attested to by the high (up to 6 wt% H2O) volatile
content of arc lavas and their fluid-mobile elements enrichment, e.g., boron (Green and
Ringwood, 1967; Poli and Schmidt, 2002; Elliott, 2003). This is in contrast to much smaller
water contents of the source regions, where the upper mantle storage capacity is limited
to ∼ 0.3 wt% H2O with higher storage capacity (∼ 0.5 . . . 1 w%) in the transition zone
(Ohtani, 2005; Hirschmann, 2006).

Geochemical data and modeling predominantly indicate that the origin of arc volcan-
ism is related to volatile-induced hydration melting in the mantle wedge. One transport
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Figure 9.23: a) Potassium-silica diagram for arc volcanism. Andes samples are from the Plio-
Pleistocene Central Volcanic Zone. Abbreviations, M: MORB, B: backarc basin basalt, CC: bulk
continental crust, G: global subducting sediments (Plank and Langmuir, 1998), A: mean composition
of the Andes, UC: upper continental crust composition. Green is typical composition of oceanic
suite (MORB, backarc basalt and mean Mariana and Izu-Bonin suite lavas) and brown typical
composition of continental suite (redrawn from Stern, 2002). b) Relative frequency of rock types in
the Andes vs. SW Pacific Island arcs. Data from Andean and SW Pacific analyses in Ewart (1982).

pathway is by means of the subducting sediments, as attested to by abundant signatures
of elements such as 10Be and Th in arc lavas (Plank and Langmuir, 1993; Johnson and Plank,
1999). Locally, there may also be melting of oceanic crust and to a minor extent decom-
pression melting (Grove et al., 2002; Jagoutz et al., 2011). The correlation between subducted
sediments of large ion lithophile (LIL, incompatible) elements and volcanic output also sug-
gests a role of subducted sedimentary sequence in arc magmatism (Fig. 9.22). Melting of
oceanic crust produces adakites and it requires high temperature so it is likely limited
to young slabs. Adakites were first recognized in the Aleutians (Kay, 1978), but are now
recorded in southern Chile, Ecuador, Panama, the Cascades, Kamchatka, SW Japan, the
Philippines, and New Guinea, for example.

There are three possible mechanisms that produce the ascent of fluid inside the mantle
wedge: porous flow, channelized flow, and diapiric ascent (Stern, 2002). Porous flow is
probably slow, while channelized flow is certainly faster and related to hydrofracturing
while serpentine buoyancy may promote diapirism. The dependency between Na and Ca
and crustal thickness indicate that the smaller column of mantle material beneath thick
crust will lead to smaller extents of melting in the mantle, and hence higher Na and lower
Ca in the parental magmas (Plank and Langmuir, 1998). This also implies a nearly adiabatic
ascent that could be possibly achieved by the rise of interconnected small diapirs (Stern,
2002).

Arc volcanism shows different geochemical signatures and eruption histories as a
function of the magmatic source (Fig. 9.23), upper plate nature, and state of strain. The
eruption rate does not scale with subduction velocity but the partitioning between intru-
sive and effusive eruptions may. The state of stress on the upper plate plays an important
role for the likelihood for magma to rise into the upper level, and on the differentiation
and consequent style of eruption. For example, continental upper plate compression fa-
vors relatively differentiated, silica rich magma (andesite). Silica rich magma leads to
more explosive eruptions than for the effusive, basaltic eruptive style of hotspots such as
Hawaii (Fig. 9.23). The Andesitic style of eruption also leads to large stacks of intrusive
masses.

Another source of volcanism close to subduction zones, but away from the volcanic
arc, and with Na-alkaline signatures, has been documented in several places including
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Figure 9.24: Scenarios for
triggering of decompres-
sion melting produced by
slab return flow, and the
resulting development of
off-arc axis volcanism. a)
Slab-mantle interaction
during the initial descend
of the slab. b) Later stage
subduction with the slab
ponded on the 660 km (or
deeper) viscosity increase
and phase change (redrawn
from Faccenna et al., 2010).
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the Mediterranean (e.g., Massif Central), eastern Asia (e.g., Tengchong province), and the
Pacific (e.g., North Fiji). This volcanism is usually associated with a low seismic velocity
anomaly in the upper mantle, lines up with the deep tip of the slab in the transition zone,
and it is located ∼ 600 . . . 1000 km away from the trench (Fig. 9.24). The origin of this
volcanism has been related to pulses of subduction that may lead to a large, upper mantle
scale, return flow and decompression melting (Fig. 9.24; Faccenna et al., 2010). In a late
stage, when the slab is stagnant/ponded in the transition zone, other mechanisms such
as slab dewatering may also trigger melting (Zhao et al., 2009; Kuritani et al., 2011).

9.6 Backarc systems

Backarc systems extend from the arc for hundreds of kilometers toward the upper plate
(Fig. 9.4). This region is generally considered as a relatively weak part of the lithosphere.
It often suffers repeated episodes of tectonic pulses which can consist of compressional,
strike slip, or extensional deformation, depending on the relative motion between the up-
per plate and the trench (§9.7). Backarc areas are warmer than other continental regions.
Global surveys on non-tectonically perturbed continental backarc regions indicate heat
flow values ranging from 70. . . 85 mW/m2 (Fig. 4.19) and low seismic velocities in the up-
permost mantle (Pn < 7.9 km/s) or low seismic tomography velocity anomalies (Currie
and Hyndman, 2006). Metamorphic gradients also indicate low to medium P/medium T
type metamorphic facies.

Some models suggest that the mantle lithosphere in backarcs is thinned mechanically
and thermally by the subduction return flow and small-scale convection (Hyndman et al.,
2005; Sobolev and Babeyko, 2006; Currie et al., 2008). Such interactions between subducting
oceanic lithosphere and overriding plates are one major mechanism of imparting a “mem-
ory” of deformation on the continental plates (§4.4.4.4); rifting, e.g. as driven by plumes,
is another (§7.1).

Being weaker/thinner than the surrounding, the backarc is then often reactivated in
terms of localizing deformation under different subsequent tectonic regimes. Those re-
gions are related to what are sometimes called mobile belts (Hyndman et al., 2005). Mobile
belts are continental regions with a long history of deformation and re-activation under
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Figure 9.25: Tectonic
context and kinematics
in south-east Asia. Blue
and red arrows show the
absolute rate and direction
of trench migration (Heuret
and Lallemand, 2005) in the
spreading-aligned refer-
ence frame of Becker et al.
(2015) (relative plate veloci-
ties from Argus et al., 2011,
white vectors). Seafloor
ages are from Müller et al.
(2008a). Trench migration
rate is estimated by sub-
tracting the rate of geodetic
deformation from the
motion of the upper plate,
assuming erosion and
accretion are negligible (see
Heuret and Lallemand, 2005,
for detailed references).

different tectonic regimes and are in contrast, e.g., with the stability of cratons. Notable
examples are the Tethyan belt, from the Mediterranean to the Himalaya-Tibet, and the
Cordillera of North America, spanning from Canada-Western U.S. to the Andes (Fig. 1.22).

The life of backarc basins is ephemeral. The spreading phase of each backarc basin
on the western Pacific or in the Scotia Sea, for example, lasts only for few 10s Myr and
different pulses of opening are separated by tectonic quiescence. The Japan Sea extended
from ∼ 25 to ∼ 15 Ma, the South Fiji basin from ∼ 35 to ∼ 26 Ma, and the Shikoku-Parece
Vela basin from ∼ 40 to ∼ 15 Ma. This transience is not only limited to the Pacific basin,
but also found in other regions around the world such as the South Scotia Sea, where the
West Scotia basin opened from ∼ 30 to ∼ 20 Ma or in the Mediterranean (§9.10.3).

In several regions, we observe one or more pulses of oceanic spreading occurring after
a time lag of 5 to 20 Ma. For example, the Lau basin (6-0 Ma) opened 20 Myr after the
South Fiji basin spreading phase, the East Scotia Sea (∼10. . . 5 Ma) opened 10 Myr after the
end of the West Scotia (∼30. . . 20 Ma) spreading phase, and the Mariana Basin (∼8. . . 0 Ma)
after the Shikoku-Parece Vela basin (∼40. . . 15 Ma; Fig. 9.25).

This unsteady deformation behavior of the overriding plate may be due in part to the
trench motion component of subduction, which is itself variable in time, and depends
on the unsteady dynamics of subduction, e.g., including the way slabs bend at the trench
before descending into the mantle. Figure 9.25 shows the age and timing of backarc exten-
sion over the western Pacific. The main phase of backarc extension occurred roughly at
the same time, the end of the Oligocene (Jolivet et al., 2003). Given the importance of slab
dynamics and kinematics in the trench region for tectonics, we proceed to discuss those
in some detail.
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Figure 9.26: Subduction zone
plate kinematics. Trench mo-
tion and plate kinematics for
a) Andean (compressional oro-
geny) and b) Marianas (exten-
sional, back-arc opening) style
kinematic framework in an abso-
lute reference frame (cf. Fig. 5.2).
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9.7 Slab kinematics

The kinematics of subduction zones are straightforward, but it is useful to highlight some
basic principles and definitions. The total convergence velocity, vc, between the two plates
is the sum of the subducting plate, vsp, and upper plate, vup, velocity,

vc = vsp + vup,

in an absolute reference frame (Fig. 9.26). Convergence velocity, vc, is only equal to the
subduction velocity, vsub, if the trench is stationary, i.e. its velocity, vt, is zero. If not, then
the trench velocity has to be added to the subducting plate velocity, such that

vsub = vsp + vt.

vt is here taken positive if vt is retreating toward the subducting plate and negative if vt
is advancing toward the upper plate. vsub is thus larger than vc if the trench is retreating
(vt > 0) and smaller than than vc if the trench is advancing (vt < 0).

However, it is difficult to directly measure the trench velocity (marine, acoustic GNSS
can be used but trenches are deep features and filled by mobile sediments). It is possible
to infer vt if we know the rate of deformation of the backarc, vba, and vup. If the backarc is
under compression, we subtract vba from vup to obtain vt, whereas if it is under extension
we can do the opposite

vt = vup + vba,

such that
vsub = vsp + vup + vba,

where vup and vba can be both positive and negative. This simple balance ignores the
contribution of accretion or erosion at trench for now.
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Figure 9.27: Trench
migration from
MORVEL56 plate
velocities in the
spreading-aligned
reference frame (gray
vectors, Fig. 1.19) and
estimates of relative
trench motions from
Heuret and Lallemand
(2005) (colored vec-
tors), where negative
values indicate trench
advance.

Figure 9.27 shows one estimate of present-day trench motions, estimated by subtract-
ing the rate of deformation from geodesy, leading to vba estimates for the backarc region
from vup. Through vup, trench migration velocity is sensitive to the choice of the ab-
solute reference frame (§5.6.2; Funiciello et al., 2008). The patterns that emerge robustly
show advancing trenches mainly in the western Pacific and in Java Sumatra and retreat-
ing trenches in the eastern Pacific (Fig. 9.27). This is somewhat different from what we
might expect from the asymmetry of the age of the subducting lithosphere (Fig. 1.16). On
the Western side, in fact, we have the oldest oceanic lithosphere whereas on the eastern
one we have younger Nazca plate subduction. We will discuss this dichotomy in §9.10
in more detail exploring the evolution of trench migration on both sides of the Pacific
through the Cenozoic.

The motion of the trench is thus a crucial parameter for the subduction system. Over
geological time scales, trench migration changes, responding to subduction dynamics.
Several regional and global parameters may influence it (Billen, 2008; Becker and Faccenna,
2009). In general terms, we expect that the retrograde motion of the trench increases
with increasing slab pull force (Fig. 5.12). The arrival at the trench of younger oceanic
lithosphere or buoyant crustal material, such as a crustal plateau, is therefore expected
to slow down the retrograde trench motion (Royden and Husson, 2006). Slab pull will
also be modulated by bending at the trench (§9.8.1; Di Giuseppe et al., 2008; Ribe, 2010;
Garel et al., 2014). However, the impinging of the slab on the bottom of the transition
zone, at∼ 660 km, where we expect an increase of viscosity, and/or a negative Clapeyron
slope (Fig. 9.12), may also produce slab folding and, as a consequence, a change in trench
migration (§9.11.1; Zhong and Gurnis, 1995; Stegman et al., 2010).

Figure 9.28 illustrates two modes of behavior for a simple subduction model where the
slab is free to evolve dynamically, and the overriding plate is left free to move horizon-
tally for one case, and fixed for another. Different slab morphologies and trench behavior
results (Enns et al., 2005). The transition of the slab into the higher viscosity lower mantle
also leads to different scale convective cells, with increased horizontal compression in the
lithosphere after penetration (§10.9.1).

In a three-dimensional setting, the retrograde motion of the trench can be controlled
by slab width, so that a larger slab may have more difficulty to roll back (Funiciello et al.,
2004; Stegman et al., 2006). The presence of adjacent subduction or strong continental keels
may also reshape the mantle circulation pattern interfering with lateral slab migration
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Figure 9.28: a) Sim-
plified subduction
models with free (left)
and fixed (right) over-
riding plate. Upper
panel shows model
setup: a) initial ge-
ometry and viscosity;
zoom in shown below
indicated by dashed
lines. b) 1-D viscos-
ity with subducting
(black) and upper
plate (red) cases.
Panels c-d) show
horizontal normal
stress and velocities,
slab (T ′ = 0.5 contour)
and compositional
crust (composition
c = 0.5) outlines, and
dynamic topography
on top (§4.1.4.2; from
Faccenna et al., 2017).
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(§9.10.2.1). Moreover, non-linear mantle rheology changes the viscous dissipation balance
between vertical slab descend and rollback induced flow (Holt and Becker, 2016; Billen and
Arredondo, 2018). Trench rollback is thus tectonically important but difficult to forward
model; we proceed to discuss some of the dynamics next.

9.8 Slab dynamics from force balance considerations

While subduction is readily explored in analog or numerical models such as the simple
example of Fig. 9.28 and more sophisticated, 3-D setups, it is useful to consider simple
force equilibrium, which has been discussed in a number of fundamental contributions
(Fig. 5.12, §5.5). The main plate driving force, and hence the main force driving sub-
duction, is related to the negative buoyancy of the subducted oceanic lithosphere and
is commonly called slab pull, exerted on the attached incoming lithosphere (§5.5). This
force, Fsp, scales with plate thermal thickness, hl, excess density of the slab with respect
to the mantle, ∆ρ, gravitational acceleration, g, and slab length, Ll (cf. exercise 7):

Fsp ∝ ∆ρghlLl
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Figure 9.29: Illustration of the geometry for dis-
sipation vrs. change in potential energy balance
analysis accounting for slab bending and a brittle
fault with τf frictional stress and a deeper, vis-
cous shear zone with τsz (from Behr and Becker,
2018, where it was redrawn from Conrad and
Hager (1999a)).

where hl = 2.33
√
κa is a typical choice for half-space cooling determined thickness for a

plate of age a and thermal diffusivity κ, eq. (4.93) for f = 90%.
In terms of equivalent power (energy per time), and assuming thermal density anoma-

lies, ∆ρ = αρ0∆T/2 (where ∆T is the difference between surface and asthenosphere,
eq. 4.108), slab pull can be also expressed as the rate of potential energy released by the
slab

Φb ∝ ρ0gα∆TvpLlhl (9.6)

where vp is the subducting plate velocity (assumed to be equal to plate velocity, so trench
velocity is zero), and α is the thermal expansivity.

The slab pull force is usually considered to be effective only for the upper mantle
portion of the slab, with Ll ∼ 700 km. This assumes that the slab acts as a stress guide
to transmit the pull from the subducting lithosphere upward to the attached incoming
plate. In this view, the lower mantle portion of the slab is too deep and supported by local
mantle tractions to be considered directly connected to the incoming plate. However, in
general deep slab anomalies can still produce an active force on plate motions exciting
large-scale mantle flow able to drag plates (§5.5).

The buoyancy induced pull within the slab is not constant with depth. As slabs are
colder than the surrounding mantle, phase change boundary deflections can significantly
affect local slab buoyancy relative to the surrounding asthenosphere (Fig. 9.12c and d).
The associated effects of the 410 and 660 km can produce an enhanced pull at mid-upper
mantle depth and a reduction at the bottom of the lower mantle (§4.4.2; Christensen and
Yuen, 1984; Arredondo and Billen, 2017).

9.8.1 Viscous force balance

Focusing on how the change in gravitational energy due to slab pull is converted into
plate motions, we can consider how viscous dissipation, Φvd, balances eq. (9.6) based on
plate boundary interface, slab bending, and mantle contributions

Φb = Φvd = Φfvd + Φsvd + Φmvd (9.7)

for a fixed geometry of the slab-plate interface (Fig. 9.29; Conrad and Hager, 1999a). This ex-
pands on the boundary layer analysis of §4.3.3.1 which also used a form of Φb = Φmvd with

DRAFT 431



9.8. SLAB DYNAMICS FROM FORCE BALANCE CONSIDERATIONS

focus on slabs. One can derive a similar analysis allowing for variable and dynamically
consistent slab shapes (Ribe, 2010; Gerardi et al., 2019), but we will follow a simplified, fixed
geometry treatment here. Let us consider the different contributions of Φvd in eq. (9.7) in
turn:

Plate interface Shallow subduction zone margins along the megathrust are usually con-
sidered weak, possibly because of fluid overpressure (§3.3.7). The (dynamic) coeffi-
cient of friction, µd, which characterizes the typical sliding stress, may also be low,
0.1 . . . 0.4 as determined from laboratory measurements (Ikari et al., 2009; Saffer and
Wallace, 2015). The shear stress, τf , close to the shallow, brittle subduction fault may
range from ∼ 10 to 100 MPa (e.g. Molnar and England, 1990b; Peacock, 1993) but is
likely much lower close to the fault, of the same order as earthquake stress drops,
∼ 1 MPa (Hardebeck and Okada, 2018; Brodsky et al., 2020). Megathrust earthquake
stress drop are variable between ∼ 0.2 . . . 20 MPa but indicate no magnitude depen-
dence, and mean values of ∆τ ≈ 0.6 MPa (Ye et al., 2016), consistent with low τf
(§3.3.1.1).

Following the Coulomb criterion, eq. (10.3), the shear stress at the subduction fault
relates to the normal load via

τf = µd(1− λ)ρcghf

where hf is the overburden, λ the pore pressure factor, eq. (10.4), and ρc crustal
density. For µd = 0.3, ρc = 2400 kg/m3, hf = 3 km, τf ≈ (1 − λ)70 MPa. Since λ
varies widely, up to≈ 0.95 (Fig. 10.23), very low effective friction, µd(1−λ), settings
are possible.

The total interface stress may thus be dominated by the viscous fault zone below the
brittle part (Fig. 9.29), where we can write

τsz = 2ηsz ε̇ = ηsz
vp
wsz

(9.8)

where wsz is shear zone width, ηsz shear viscosity, ε̇ is the shear strain rate. The total
viscous dissipation along the convergent margin, assuming that the deep shear zone
dominates, can be approximated as

Φfvd ∝ τ lvp = (τf lf + τszlsz)vp ≈ τszlszvP .

Plate bending The second contribution isolates the viscous dissipation due to bending
of the subducting plate at the trench. The rheology of the lithosphere at the trench
is often treated as elastic (§3.1.2). Other studies have shown that one can fit the
topographic profile at trenches using a viscous rheology (Zhong and Gurnis, 1994a).
In this case, the viscous dissipation due to bending can be written as (Conrad and
Hager, 1999a; Buffett and Rowley, 2006)

Φsvd ∝ v2
pηl

(
hl
R

)3

where ηb is the lithospheric viscosity, and v2
P appears since viscous stress ∝ ηvP .

The dependency on the cube of the radius poses challenges in practical applications
and makes Φsvd sensitive to slab morphology changes (Becker et al., 1999a; Ribe, 2010;
Gerardi et al., 2019).
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Figure 9.30: Plate velocity from
viscous dissipation balance,
eq. (9.10), for constant slab
pull B = 5.769 · 1013 Pam
(e.g. ∆T = 1350◦C, α =
2 · 10−5 K−1, ρ = 3300 kg/m3,
Ll = 660 km, hl = 100 km,
g = 9.81 m/s2), ηm = 1021 Pas,
and {Cs, Cf , Cζ , Cl} =
{1/
√
π, 1.2, 13.5, 2.5} (Con-

rad and Hager, 1999a). a)
Effect of the normalized litho-
spheric viscosity, η′l = ηl/ηm,
for F = 0.05 · 1013 Pam (e.g.
τsz = 10 MPa and lf = 50 km)
for two bending radii, r = R/hl.
Note how highly curved (r = 1)
slabs are expected to be slowed
down significantly even for only
moderately strong (η′l ∼ 10)
slabs (Ribe, 2010).
b) Effect of the normalized shear
zone viscosity, η′sz = ηsz/ηm
at η′l = 350 and r = 4 for
different shear zone aspect
ratios, ζf = lf/wsz , eq. (9.11).
Shear zone stress, τsz , is shown
for the ζf = 50 case assuming
wsz = 10 km.

Mantle flow The third viscous dissipation contribution is represented by the mantle shear-
ing in the asthenosphere outside the slab, which represents the resistance offered by
the mantle to the subducting lithosphere,

Φmvd ∝ 3v2
pηm (9.9)

where ηm is mantle viscosity (Conrad and Hager, 1999a).

Scaling arguments for convective efficiency (§4.3.3) are based on balancing the driv-
ing energy rates due to changes in potential energy (cold material moving down
and vice versa) with viscous dissipation in the mantle. As noted, how convection
cells accommodate this shearing, with depth and as a function of aspect ratio, influ-
ences properties such as the Nusselt number, eq. (4.152). Moreover, plate tectonic
rates will depend on the partitioning of viscous dissipation within the mantle itself
which depends on the temperature and stress-dependent viscosity, meaning that the
proportionality of eq. (9.9) is a useful, but possibly strong, simplification (Conrad and
Hager, 1999a; Gerardi et al., 2019).

Nonetheless, for a given convection cell/slab geometry, one can solve eq. (9.7) with
the contributions to Φvd as above, and for τf = 0 (Conrad and Hager, 1999a)

vp =
CsB − CfF

ηm
(
Cζ + Clη

′
lr
−3
) , (9.10)
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where

B = ρgα∆TLlhl F = τszlf Cζ = 3(ζ + Cm) η′l =
ηl
ηm

r =
R

hl
.

Here, ζ is the aspect ratio of mantle circulation (cell width/height), and Cs,f,m,l fitting
constants. Eq. (9.10) allows for the viscous dissipation to be partitioned into a shear zone
(CfF ), a mantle circulation cell (Cζηm), and a bending slab (Clη′lηmr

−3). Conrad and Hager
chose Cs = 1/

√
π, for which they found Cl ≈ 2.5, Cm ≈ 2.5, and Cf ≈ 1.2 from their fixed

geometry, 2-D numerical computations. Eq. (9.10) represents a steady-state, spatially av-
eraged version of the Stokes equation and converts the PDE into an energy rate balance
which allows simple exploration of parameter sensitivity and parameterized thermal evo-
lution studies (§11.3; Conrad and Hager, 1999b; Korenaga, 2003; Gerardi et al., 2019).

Figure 9.30a shows the dependence of plate velocity according to eq. (9.10) for mod-
erate shear zone stress, τsz = 10 MPa and lf = 50 km. It is clear that particularly tightly
curved-slabs (small r) will be significantly affected by slab bending for moderately strong
slabs. The r−3 term of eq. (9.10) is related to the stiffness, S, of Ribe (2010), who shows how
S � 1 and S � 1 bracket the Stokes-like sinker, (Cs/Cζ) (B/ηm), akin to eq. (4.31), and
the bending dominated terms, Cs/Vlηlr−3, of the subduction velocity regime (assuming
Cf = 0). Over the last decades, there have been a large number of modeling studies to
explore the range of slab behavior focusing on slab bending (cf. Fig. 9.55).

However, a number of observations including inferences on elastic thickness from ad-
mittance analysis close to trenches (Billen and Gurnis, 2005; Arredondo and Billen, 2012), the
tomographically imaged tendency of slabs to fold (Čı́žková et al., 2002; Loiselet et al., 2010),
dynamic models including comprehensive rock rheology descriptions (Naliboff et al., 2013;
Garel et al., 2014), post-seismic inferences on oceanic plate viscosity (Freed et al., 2017), and
the overriding plate thickness correlation with bending radius (Holt et al., 2015b) all point
to significant role of plastic weakening of the lithosphere in the bending regions (Fig. 9.31).

The effective slabs viscosity, η′l is an important property of mantle convection. As we had
seen, the high viscosities expected from purely temperature-dependent viscosity may be
reduced by plastic yielding (Fig. 9.31; §4.4.4.1), and geoid modeling also indicates only
moderate slab strengths (Moresi and Gurnis, 1996; Mao and Zhong, 2021), with a number
of constraints implying η′l ∼ 200 . . . 500 (e.g. Billen, 2008; Becker and Faccenna, 2009). Such
η′ ∼ 200 values limit the importance of slab bending as seen in Fig. 9.30a for all but the
most tightly curved slabs (Wu et al., 2008). Examining the other terms we can rewrite
eq. (9.10) using the viscous shear zone relationship, eq. (9.8), the shear zone aspect ratio
ζf = lf/wsz , and normalized shear zone viscosity η′sz = ηsz/ηm as

vp =
B

ηm

Cs(
Cζ + Clη

′
lr
−3 + Cfη′szζf

) (9.11)

which makes the connection to the ∆ρ/ηm scaling of the Stokes sinker and the role of the
partitioning into three viscous dissipation terms (sum in the denominator) more apparent.

While the brittle shear zone with low τf will limit the importance of the shallow plate
interface, the

Cfη
′
szζf

contribution from the deeper shear zone may matter (Fig. 9.30b; cf. Gerardi and Ribe, 2018,
who analyze plate velocities as a function of Γ = η′szζf more extensively). This effect
might be of relevance when the different rheological characteristics of sediments and
basalts are considered (Fig. 10.12), leading to possible sediment lubrication of plate tec-
tonics (Behr and Becker, 2018). In contrast, the slow down effects of relatively strong η′sz
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Figure 9.31: Dynami-
cally evolving subduc-
tion model exploring
the role of plastically
limited rheology for a
mantle which allows for
diffusion and dislocation
creep viscosity (§3.8.6).
Domain is larger than
shown, but plots focus
on the upper mantle
and uppermost lower
mantle (cf.Fig. 9.28).
Left and right columns
show total viscosity and
which creep mechanism
dominates deformation,
respectively. a) Allowing
for Peierls creep (low
temperature plasticity,
eq. 3.122), at high back-
ground plastic yielding
of σy = 10 GPa. b)-e)
Without Peierls creep but
using a depth-constant
yield stress with the σy
values as indicated. The
computation also applies
a maximum viscosity
cutoff of 1025 Pas. From
Garel et al. (2014).
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Figure 9.32: Example of a time-evolving computation of a visco-plastic slab sinking into a vis-
cously stratified mantle and inducing toroidal flow (modified from Becker et al., 2009a), cf. Figs. 4.54
and 9.55.

in Fig. 9.30b might be limited by high stresses, where the resulting shear heating might
serve as a feedback to reduce the effective weak zone viscosity ηsz (Fig. 9.14).

Eqs. (9.10) and (9.11) do not consider the migration of the trench and the lateral motion
of the slab inside the mantle, as for example during slab rollback (Fig. 9.32). This induces
a supplementary flow in the mantle necessary to equilibrate pressure between sub- and
supra-slab region, from overpressure to underpressure regions, respectively. Such lateral
motion of a slab is possible only if the mantle can flow away around slab edges, inducing
a toroidal component of motion (Garfunkel et al., 1986; Funiciello et al., 2003).

As noted, poloidal and toroidal fields are simply decompositions of the velocity field
(§C.6.2.1), and the strength of toroidal flow depends on the degree of lateral viscosity vari-
ations (Fig. 4.54; §4.4.3.1). Three dimensional flow has other important effects, including
when slabs interact with each other, such as in the Japan-Ryukyu-Marianas setting. In this
case, asthenospheric pressure variations affect trench rollback, slab dip (Holt et al., 2018;
Holt and Royden, 2020), and hence slab bending. This reminds us that detailed regional
settings need to be complemented with more dynamically complete models, ideally on
global scales (§5.5).

9.9 Subduction zone seismicity

9.9.1 Bulk slab deformation from moment release rates and style

Seismicity in subduction zones provides important constraints on shallow thrust inter-
face dynamics as well as deep slab deformation and dynamics, including the geometrical
definition of subducting slab themselves (Isacks et al., 1968). Subduction seismicity can be
divided into intraplate, i.e. within the plate, and inter-plate, along the plate interface. We
first illustrate some characteristics of intraplate seismicity, which is here taken to include
the subducting plate itself which shows seismicity down to ∼ 700 km depth (Fig. 9.1).

Starting from the top, several subduction zones show two well separated strands of
earthquakes between ∼ 70 and 300 km, commonly defined as double Wadati-Benioff
zones (Hasegawa et al., 1978). The separation between the two strands of earthquakes
ranges between ∼ 8 km to ∼ 30 km. Strand separation is larger for old slabs (Brudzinski
et al., 2007), and the thermal parameter controls the penetration depth (Florez and Prieto,
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Figure 9.33: Depth-dependence of the normalized moment release (a), number of events (b, both
log-scale), and the mean vertical strain (c) for centroid depths > 50 km (orange lines; Ekström et al.,
2012) from binning. Depths of 410 and 520 km are marked by dashed lines, and blue line is the
thermally corrected slab density anomaly allowing phase transitions, 〈∆ρC〉 from Fig. 9.12d. Note
general transition from extension (〈εrr〉 > 0) close to the surface to compression (〈εrr〉 < 0) at depth
(Isacks and Molnar, 1971; Vassiliou and Hager, 1988) with an intermediate depth seismicity lull, but
also potential effect of the 410 km phase transition. The deepest event centroid is at 699.3 km.

Figure 9.34: Kostrov summation of gCMT solutions (cf. Fig. 9.33) with depth in a slab-aligned
coordinate system for different subduction zone segments. Blue and red moment tensors are for
in-slab compression and extension, respectively (cf. Fig. B.2 for more details on interpretation; from
Bailey et al., 2012).

2019). Proposed mechanisms for the top strand of this intermediate-depth earthquakes
are related to dehydration embrittlement, i.e. dehydration of mineral phases such as chlorite,
or more probably antigorite, during subduction where high b values are consistent with
fluids (§3.3.1.2; Florez and Prieto, 2019). The top and bottom of the slab are also where we
expect the largest deformation under bending at the trench, due to extension and com-
pression, respectively.

Considering the general co-seismic strain release with depth (Fig. 9.33), slab seismicity
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is not uniformly distributed, but there is a lull in terms of numbers or moment release at
∼ 350 km, before another increase in seismicity below ∼ 550 km. When considering
the sense of vertical deformation, 〈εrr〉, global seismicity shows a clear transition from
extension above∼ 300 km to compression below (Fig. 9.33c). Overall, this behavior can be
understood as being due to the negative buoyancy of the slab exerting a downward pull,
and then encountering resistance at the major phase transition region at ∼ 660 km (Isacks
and Molnar, 1969, 1971). This resistance to vertical motions does not imply that the slab is
not moving into the lower mantle, but it may do so at reduced rate because of an increase
in viscosity (Vassiliou and Hager, 1988; Alisic et al., 2010; Alpert et al., 2010). Comparison
of the more subtle variations of 〈εrr〉 with the effect of phase changes indicates that the
additional pull at 410 km and 520 km (Fig. 9.12) might also be reflected in excursions to
more extensional deformation (Fig. 9.33c).

When broken down by regions, it is apparent that the global patterns hide some re-
gional complexity (Fig. 9.34), as expected given their range of thermo-mechanical profiles
(Billen, 2020). Tonga and Japan are outliers in that most of the seismicity in those slabs is
under in-plate compression throughout. Mantle flow modeling can capture many of these
patterns including the bulk CLVD component (§B.5) indicating uniaxial compression type
deformation of the deep slab (Bailey et al., 2012).

Analysis of the rates of moment release also reveals that slabs behave in a fluid like
way with strain-rates comparable to those expected for a convecting mantle. While indi-
vidual earthquakes indicate shear on a localized surface, the bulk release of seismic energy
indicates low flexural rigidity above 200 km (Bevis, 1988). The presence of oblique P -axis
on the Tonga subduction zone also suggests that slabs can effectively flow, strongly de-
form internally, and respond to larger-scale mantle flow at rates of ε̇ ∼ 10−15 /s (Giardini
and Woodhouse, 1984; Holt, 1995).

9.9.2 The megathrust interface

About 90% of the global seismic moment release derives from the subduction fault along
the slab interface (Fig. 3.23), and it is at the subduction margin where plate convergence
rates lead to 100. . . 1000 yr timescale earthquake cycles, eq. (3.58). These are part of what
we referred to as frictional/plastic deformation (§3.3.2), and play an as of yet incompletely
understood role in terms of affecting long-term tectonics through topography and sedi-
ment loading. Even the notion of what exactly constitutes an earthquake at a plate bound-
ary zone continues to be revised while a range of fault slip phenomena continue to be
identified.

Much of the total seismic moment in the last century was released by five catastrophic
subduction zone events: Kamchatka (1952; Mw = 9.1), Chile (Valdivia 1960; Mw = 9.5),
Alaska (Prince William Sound 1964; Mw = 9.2), Sumatra (Sumatra-Andaman Island 2004;
Mw = 9.0), and Japan (Tōhoku-oki, 2011; Mw = 9.1). Those are also the five largest earth-
quakes on record, with the latter two showing large jumps in cumulative seismic moment
release of Fig. 3.23, corresponding to 12% and 16% of the catalog’s moment release since
1976. This illustrates the clustered nature of seismicity where the apparent increase in
global moment release rates is mainly due to the few Mw ≈ 9 earthquakes which can be
treated as stochastic events on these scales. That said, “great” earthquake (usually defined
asMw ≥ 8) activity has been anomalously high for the decade from 2004 to 2014, and syn-
chronization of seismic activity fluctuations has been suggested (Sammis and Smith, 2013;
Lay, 2015).

Great earthquakes on the subduction thrust are often called mega-earthquakes or
megathrust events (Fig. 9.35). The distribution of earthquakes and the maximum mag-
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Figure 9.35: Global map showing the spatial relationship between trench sediment thickness Tsed
and giant (Mw ≥ 8.5) megathrust earthquakes (ISC-GEM catalog; Storchak et al., 2013). The color
bar shows trench sediment thickness as defined by Heuret et al. (2012) (modified from Brizzi et al.,
2020).

nitude of the earthquakes are highly variable along subduction faults. One issue is that of
seismic coupling, eq. (2.46), here defined as the ratio between the seismically accommo-
dated slip rate and the subduction velocity (§9.10).

The frequency and intensity of earthquakes along the plate interface has been the sub-
ject of several studies, seeking to define the parameters controlling the seismic behavior of
the subduction fault. Overall, no clear correlation exists between earthquake magnitude
and velocity, but events with Mw ≥ 8.5 appear to occur in the vicinity of slab edges, with
a continental upper plate and a neutral overriding plate strain field (Heuret et al., 2011,
2012). Sediment layer thickness may also play a role (Scholl et al., 2015; Seno, 2017). Thick
sediment cover has been suggested to lead to relatively homogeneous stress (Ruff , 1989),
though the mechanics of how exactly so, and the interactions with seafloor roughness,
remain debated (Fig. 9.35).

The correlation between the frequency of earthquakes, e.g. earthquakes per year for
500 km of trench length, with plate velocity is clear along the Tonga-Kermadec and south-
west Pacific (Ide and Aochi, 2013) which do not experience great earthquakes. However,
this relationship is less clear in subduction zones such as Cascadia, Chile, Nankai, or
Alaska where we have low background seismicity but already experienced mega-earth-
quakes (Ide and Aochi, 2013). This kind of analysis has to consider the long (& 200 yr)
recurrence time of great earthquakes with respect to our limited and incomplete instru-
mental and geological record, within the context of the evolution of fault systems (§8.5.2).

Seismicity along the subduction fault extends from ∼10. . . 50 km depth, at a distance
from the trench from 40 to & 150 km, depending on the dip of the interface (Heuret et al.,
2011; Bilek and Lay, 2018). The landward extent of the seismogenic zone roughly corre-
sponds to the overlying coastline and may extend down to larger depths than the over-
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Figure 9.36: Geodetically
determined velocities (a,
b, d) and displacements
(c, small orange vectors
and background in b-d
for verticals) for northern
Japan (cf. Fig. 3.55), plate
motions wrt. Eurasia from
MORVEL56 shown with
large vectors (Argus et al.,
2011). a) Long-term, inter-
seismic loading velocities
until 2008 (Loveless and
Meade, 2010). b) GSI GPS
velocity based estimate
of interseismic velocities
in the years prior to the
M9 which deviate strongly
from the long-term locking
shown in a) (cf. Mavrom-
matis et al., 2014). c)
Co-seismic displacements
due to the Mw = 9.1 2011
Tōhoku-oki earthquake
with 5 m slip contours from
the inversion of Hashima
et al. (2016). d) Eight year
GPS timeseries based post-
seismic response from a
three exponential decay fit
(cf. Freed et al., 2017).
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riding plate Moho, i.e. within the forearc mantle. The subduction velocity represents a
first-order controlling parameter (Fig. 9.17), such that fast subduction zones and old/cold
slabs are typically associated with large seismic plate interfaces, eq. (9.1). These findings
indicate a thermal control on megathrust size, i.e. the larger the area within the cold re-
gions before the brittle-ductile transition at larger depth (§3.11.2.1), the larger the possible
earthquake.

Earthquake magnitude is mainly determined by the area of the fault that is available
for seismic slip, eq. (3.49). Shallow subduction earthquakes are the largest earthquakes
because the relatively shallow dip allows largeW before reaching high temperatures, and
relatively simple boundary structure also permits long faults withL . 1000 km (Fig. 3.21).
A first order explanation of the depth ranges in which slip occurs seismically is given by
the temperature-dependence of the a − b rate-state frictional stability criterion, eq. (3.68),
which implies an intermediate megathrust depth range (∼ 5 . . . 40 km) where slip can be
unstable (§3.3.5 and §3.3.6.2).

9.9.2.1 Megathrust deformation cycles

The crustal deformation associated with the transient loading of the megathrust can be
illustrated by the 2011 Tōhoku-oki Mw9.1 2011 event which represents one of the best
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Figure 9.37: Schematic rep-
resentation of geodetic ve-
locities from inter-seismic
loading, to co-seismic de-
formation, to post-seismic
relaxation. After the earth-
quake, the horizontal post-
seismic velocity field is sim-
ilar, though at slower rates,
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instrumented mega earthquakes (§3.7.4). The event produced a total slip of up to 60 m
during which Northern Honshu moved East by ≈ 5 m coseismically (Simons et al., 2011;
Uchida and Bürgmann, 2021). The rupture propagated northward producing a final rupture
500 km long and up to a depth of 50 km, breaking five segments which were considered
independent and had never experienced an earthquake larger than Mw 8.3 in the instru-
mental record.

Figure 9.36 illustrates the time-dependence of geodetically imaged crustal deforma-
tion for northern Japan in three time intervals (cf. §3.3.3.4). Before the 2011 earthquake,
during the long inter-seismic time interval, most of the onshore regions moved landward
(Fig. 9.36a) indicating that large parts of the megathrust were locked (Nishimura et al.,
2004; Loveless and Meade, 2010), with an overall subsidence in the coastal regions (Hashima
and Sato, 2017; Luo and Wang, 2022). The years before the M9 saw a change in this in-
terseismic locking state and, relative to long term interseismic, seaward motion of large
parts of northern Japan (Fig. 9.36b). This deformation transient was possibly caused by a
decadal scale, slow slip event close to the eventual megathrust rupture (Ozawa et al., 2012;
Mavrommatis et al., 2014) and also led to a change in the stress state prior to the M9 (Becker
et al., 2018). During the few minutes of the co-seismic slip, all of the land and seafloor A-
GPS stations moved oceanward, with subsidence of the coastline and uplift of the regions
close to the trench (Fig. 9.36c).

The currently ongoing, post-seismic response was characterized by early, fault-like
slip close to the rupture (afterslip over∼ 1 yr) and now continued, distributed visco-elastic
relaxation in the mantle (∼ 20 . . . 50 yrs; Fig. 3.58). Currently, horizontal velocities onshore
continue the seaward motion as for the co-seismic displacements, while post-seismic ver-
ticals are roughly opposite to the co-seismic pattern (Fig. 9.36d). The Tōhoku-oki event’s
size means that the visco-elastic response senses the upper ∼ 500 km of the mantle which
allows evaluating the applicability of laboratory derived creep laws in terms of their tem-
perature and depth dependence (Sun et al., 2014; Freed et al., 2017). However, transient
(e.g. Burgers type, eq. 3.108) or powerlaw rheologies likely apply such that post-seismic
viscosity values are only a fraction (∼ 1/10) of the long-term (e.g. GIA, mantle convection)
values (Agata et al., 2019; Muto et al., 2019).

The geodetic monitoring of older earthquakes, such as Chile 1960 and Alaska 1964, il-
lustrates the megathrust cycle more fully. In those cases, the coastal zone is again moving
landward, as for the interseismic, but 200-400 km landward the crust is moving ocean-
ward (Fig. 9.37). This suggests that the transition from post-seismic to interseismic is
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Figure 9.38: Seismic, aseis-
mic and tremor distribution
on subduction zone fault
system (modified from
Lay et al., 2012; Bassett and
Watts, 2015; Bürgmann,
2018). In a rate-state
frictional framework, sta-
bility would refer to the
a − b criterion, eq. (3.68)
(Fig. 3.37).
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marked by a progressive reversal of plate motion from a short-term wholesale ocean-
ward motion to landward. This visco-elastic relaxation of the mantle and the re-locking
of the fault reversal time depends on the earthquake size and can take a couple of decades
(Sun et al., 2018). While layering of viscosity localizes relaxation and such inferences are
complicated (§3.7.4), we expect that the duration of post-seismic transients at least scales
with the effective viscosity through the Maxwell time, eq. (3.100), e.g. η ≈ 5 · 1019 Pas for
trl = 50 yr and G = 30 GPa. The relaxation time-magnitude relationship may thus be ex-
plained by larger events sensing deeper, and hence “seeing” an effectively larger viscosity
which likely increases beyond an asthenospheric low between ∼100 . . . 250 km.

9.9.2.2 The spectrum of fault slip

As discussed (§3.3.2), the seismogenic zone extends on average from a few kilometers
down to 50 km depth or so, corresponding to a maximum temperature of 300-400◦C, and
the maximum depth increases with the lithosphere age and subduction velocity (Gorba-
tov and Kostoglodov, 1997; Heuret et al., 2011). The behavior of the seismogenic fault zone
is heterogeneous, with patches of higher strength or friction, generally called asperities,
though this term is somewhat vague in that it can refer to both slip patches and barriers
to slip.

The geological significance of asperities or rupture barriers is not entirely clear, but
they may correspond to regions of high seafloor roughness. Regions outside the rupture
patches can be defined as those being conditionally stable (Fig. 9.38). Those can be either
seismic or aseismic, depending on the boundary conditions and the details of the frictional
behavior. For example, if driven by a large earthquake, the conditionally stable regions
may be activated, propagating the rupture with a velocity weakening mechanism, such
as in the example of Fig. 3.39. For very large earthquakes, two or more rupture segments
may join together. At larger depths or higher temperatures (> 300 . . . 400◦C), slip occurs
mainly by aseismic creep and rocks deform in a ductile fashion, forming mylonites and
ductile shear zones.

Geodetic and seismological studies, however, detect fault creep events in these re-
gions as well. Those are aseismic, transient events of accelerated slip, also known as slow
slip events (SSE) or creep or silent/slow earthquakes, and they can last from minutes to
decades (Peng and Gomberg, 2010; Bürgmann, 2018). Below or within the SSE zone, one
often also finds episodic tremor and slip (ETS) phenomena, including low- (LFE: M . 3
and . 1 s) or very low (VLFE: M ∼ 3 . . . 4, 1 . . . 200 s) frequency seismic events and
non-volcanic tremors. Tremors are long (up to ∼hours) emissions of low-frequency seismic
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Figure 9.39: Schematic
representation of the
subduction margin
forearc. The vertical
surface uplift signal is
related to coseismic,
interseismic, and
long-term geological
drivers (inspired by
Bassett and Watts,
2015).

energy composed of swarms of low-frequency earthquakes.
SSEs and tremor are also found in the shallow conditionally stable region above the

mainly seismic part. Moreover, different terminology and definitions are currently in use
for such slow slip phenomena, which indicates both that the field is rapidly evolving, and,
perhaps, that some of the classification depends on the scales on which observations are
made. The underlying behavior may be the same, and fault “chatter” may be more com-
mon than not. Certainly, slow slip and tremor are not limited to subduction zone faults
(Shelly, 2015; Rousset et al., 2019), and arise in other slip processes including landslides
(Peng and Gomberg, 2010).

Typically, differences in the scaling between duration of event and moment are used
to identify slow slip events (Ide et al., 2007; Gomberg et al., 2016), though there may be
commonality with fast slip events, and scalings remain debated (Frank and Brodsky, 2019;
Michel et al., 2019). The deficit in seismic moment release over several subduction zones
also suggests that slow slip events may represent a widespread process playing a role in
accommodating relative plate motions. The origin of the spectrum of slip behavior around
faults is a matter of debate, with rate-state friction plus fluid transport or a mix of brittle
and ductile patches being candidates (Behr and Bürgmann, 2021).

9.9.2.3 Megathrust evolution and tectonics

Inspection of global subduction zones indicates that large earthquakes appear to prefer-
entially occur where the overriding plate is overlain by forearc basins and by low gravity
anomalies (Song and Simons, 2003; Wells et al., 2003; Bassett and Watts, 2015). The am-
plitude of the variations in gravity and topography are larger than temporal variations
expected over the seismic cycle. This suggest that these signatures persist over periods
much longer than seismic cycle times, and might correspond to large asperities, i.e. larger
friction patches at the plate interface (Fig. 9.39). In this sense, a forearc erosional basin
could be interpreted as related to an increase in coupling on the basal thrust, favoring

DRAFT 443



9.10. SUBDUCTION SYSTEM EVOLUTION

erosion. This is consistent with the finding that the locked domain of megathrusts is often
overlain by large forearc basins on deep sea terraces seaward of the shelf (Sugiyama, 1994;
Song and Simons, 2003; Wells et al., 2003). Basin stratigraphy can thus inform the temporal
stability of the megathrust locking pattern.

Similar to the basins, the forearc high emerges as a positive surface uplift feature dur-
ing the seismic cycle (Hashima and Sato, 2017; Luo and Wang, 2022). The positive residual
gravity that corresponds to the forearc high may be interpreted in relation to the lower end
of the seismogenic zone; this could be related to the underthrusting and uplift of deep ma-
terial eroded from the upper plate (Bassett and Watts, 2015). In this case, we expect that
the interseismic cycle should recover the visco-elastic co-seismic and post-seismic signal.
One simple view of how permanent fore-arc deformation might develop is to consider
that a fraction of interseismic strain might actually be nonrecoverable during coseismic
release due to viscous or plastic deformation (e.g. Marshall and Anderson, 1995; von Huene
and Klaeschen, 1999; van Dinther et al., 2013).

For example, permanent inter-seismic deformation over the creeping part of the megath-
rust may be related to crustal thickening. In the case of subduction erosion, this may be
due to deep underplating and duplexing at depth (Minelli and Faccenna, 2010; Bassett and
Watts, 2015; Angiboust and Glodny, 2020). In this model, material will be transferred from
a collapsing, unstable upper plate to the subduction channel and descend to where creep
would favor deep underplating. Such material circulation would sustain a long-term,
steady behavior of the surface uplift along the trench-forearc system.

9.10 Subduction system evolution

The Pacific subduction system, the cause of the ring of fire of volcanic and earthquake
hazard, represents a good place to further consider slab dynamics and the evolution of
the associated plate boundaries. The Western Pacific is dominated by extensional backarc
basins. This contrasts with the Eastern Pacific where backarc deformation is character-
ized by compressional, Cordillera type, systems. The difference between the two sides
inspired fundamental work such as Uyeda and Kanamori (1979), who discuss the differ-
ences between the Marianas and Chilean type end members.

The Mariana type is characterized by backarc extension, no outer arc fore-bulge, small
magnitude earthquakes, low plate coupling, and a steep slab, whereas the Chilean type is
the opposite. The cause of the difference between the two sides of the Pacific could be due
to the differing ages of the subducting plates (e.g. Molnar and Atwater, 1978): The older the
plate, the larger its negative buoyancy and, consequently, the faster the trench retreat.

In the following, we will discuss the evolution of the Pacific system, reconstructing the
kinematics to better constrain the dynamics of subduction (Fig. 1.23). The deformation of
the backarc depends mostly on trench motions, and geological reconstructions suggest
that the trench motion changes rapidly, as noted. We will discuss some of parameters
affecting trench motions first in terms of the overall kinematics of the Pacific plate system,
and then look in more detail at the evolution of the Izu-Bonin-Marianas system.

9.10.1 The motion of the Pacific and backarc extension

The Pacific plate is the largest and one of the fastest plates (Fig. A.6). It is bound in the
East by the East Pacific Rise and in the West by a segmented subduction system. Three
large-scale tectonic events affect the evolution of the Pacific plate and its subducting mar-
gin during the Cenozoic. At ∼ 70 Ma, the Pacific plate was likely fully surrounded by
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Figure 9.40: Reconstruc-
tion of the Pacific plate
tectonic setting, with
seafloor age and plate
velocities (green arrows
and background shad-
ing, both from Müller
et al., 2008b, cf. Fig. 1.23).
Colored vectors show
plate velocity at cen-
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torque integration, and
resulting slab pull force
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(orange, cf. Fig. 9.41).
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active plate bound-
aries along the Pacific
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(modified from Faccenna
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ridges (Fig. 9.40), even though it is important to realize that much of the seafloor has been
subsumed, meaning that reconstructions like in Fig. 9.40 are uncertain (§1.4.3).

The Kula and Farallon plates, now disappeared, are inferred to have been subducting
beneath Asia and North America, respectively (Müller et al., 2008b). At that time, the
Pacific plate was moving to the NNW at ∼ 7 cm/yr. The first event is represented by the
subduction of the Kula-Pacific ridge. According to plate reconstructions (Seton et al., 2012),
the ridge system reached the trenches at∼ 60 Ma (other models propose that this occurred
10-20 Ma earlier). In the reconstruction of Fig. 9.40, the ridge was also running almost
parallel to the trenches. Therefore, we should expect to have a complete re-organization in
the system due to a sudden loss of slab pull once the subducting plate is fully consumed.

At ∼ 55 . . . 50 Ma, a second large tectonic event occurred. A new subduction system
started with the onset of subduction of the very young Pacific ocean floor beneath Eurasia,
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the formation of a completely new intra-oceanic subduction, the proto-Izu-Bonin-Mariana
(IBM) trench, perhaps along a former transform boundary (e.g. Stern and Bloomer, 1992).
Soon after, at ∼ 46 Ma, the proto-Tonga-Kermadec trench and the Vitiaz trench also initi-
ated (Gaina et al., 2007). At same time, between 50 and 42 Ma, the Pacific plate appears to
have turned from NNW toward a WNW direction (e.g. Sharp and Clague, 2006; Whittaker
et al., 2007).

The details of this transition come down in part to a question about changes in plate
vrs. changes in hotspot motions (§6.4), and this is another example of the uncertainties
in plate reconstructions, even for the Cenozoic. Regardless, after ∼ 42 Ma, the direction
of the Pacific plate remained around WNW (Fig. 9.40). The third large reorganization
occurred more smoothly, sometime at∼ 30 Ma, when an overall episode of trench rollback
of the Pacific subduction system induced a period of backarc spreading from the Japan
Sea, South China Sea, Shikoku and Parece-Vela Basins, Okhotsk Sea, South Fiji basin, and
Commander Basin (Fig. 9.25; Sdrolias and Müller, 2006).

The analysis of those three major kinematics episodes around the Pacific may be used
to learn more about the change in the dynamics of the system. Several possible mech-
anisms have been proposed to explain the change in Pacific plate motion at ∼ 50 Ma,
such as the India-Eurasia collision, the avalanche of slab material into the lower mantle,
or the change of the Pacific-Australian margin from transform to subduction. Another
possible explanation relates to the onset of the new subduction system occurred around
that time. The onset of the proto-IBM subduction and, afterward, of the proto-Solomon-
Tonga-Kermadec subduction zones should have produced an additional slab pull force,
driving the plate toward the West and to the South.

Mantle convection is in the laminar, infinite Prandtl number regime (§4.1.1); this means
that any readjustments of forces will immediately result in a change of plate motion, i.e. in-
ertia plays no role. Torque or force balance considerations for plate motions can consider
basal drag due to mantle flow or forces along plate boundaries (§5.5). If we compute the
driving torques, eq. (5.1), based on the pull around the Pacific plate, integrating the con-
tribution over the entire system, we can see that the action of those new subduction zones
could have caused the counter-clockwise rotation of the Pacific plate by ∼ 40◦(Fig. 9.41),
and the opening of the backarc basin around the Oligocene may also be related to slab
pull. Figure 9.40 also shows that since the seafloor age along the newly formed trenches
progressively increased, an increase of the slab pull forces resulted. This may be also the
ultimate cause of the third tectonic event, i.e. the opening of backarc basins. An increase
in slab pull force, in fact, is expected to favor the retrograde motion of the slab and trench
(Molnar and Atwater, 1978). Intraoceanic subduction initiation and additional complexities
for this plate motion scenario were explored more extensively by Hu et al. (2022).

9.10.2 Izu-Bonin Mariana and slab-slab interactions

The Kuril-Japan-Izu Bonin-Mariana (IBM) trenches represent a spectacular, almost 5,000 km
long subduction system (Fig. 9.42). Oceanic lithosphere subducts westward beneath Eura-
sia and south of the triple junction at∼ 34◦N to the Philippine Plate. The slab forms a cusp
beneath Japan (Fig. 9.2), where slab is shallowing to 30◦, and then steepens progressively
to the south, where it is almost overturned beneath the Marianas (Fig. 9.42C). The Kuril-
Japan-Izu-Bonin slabs are mostly confined to the upper mantle. Beneath Izu-Bonin, the
slab descends at 50◦-60◦dipping and then folds and flattens on top of∼ 660 km. The Japan
slab is exceptional in that it dips straight westward at 30◦ down to 660 km (Fig. 9.1). The
Philippine plate is also subducting beneath Eurasia at the Ryukyu trench, which is retreat-
ing eastward (Fig. 9.27). The Izu-Bonin-Mariana trench is presently advancing toward the
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West at ∼ 4 cm/yr, whereas the Japan trench is near-stationary (Fig. 9.42).
The origin and the evolution of this system tells an intriguing tectonic history that still

holds a number of enigmatic aspects. When the Izu-Bonin-Mariana subducting system
initiated, ∼ 55 Ma, the trench time was oriented roughly E-W. Soon after, it started re-
treating, moving northward while rotating clockwise, producing spreading of the West
Philippine backarc basin from ∼ 54 to ∼ 30 Ma (Fig. 9.37). From ∼ 30 Ma to ∼ 15 Ma,
backarc spreading jumped westward to Shikoku and the Parece Vela basin (Fig. 9.43), with
a progressive change in spreading direction during the asymmetric ∼ 1000 km retreat of
the Izu-Bonin trench. The third episode of backarc extension, which continues today, oc-
curred behind the Marianas trench from∼ 6-7 Ma. The Ryukyu-IBM trench progressively
migrated northeastward so that there is now a double subduction setting at the latitude
of the Ryukyu trench (Fig. 9.42B), with the subduction of the Pacific plate in the rear and
of the Philippine plate in the front and to the West. The Philippine subduction was also
probably interrupted by an episode of slab break off at ∼ 10 Ma (Lallemand et al., 2001).
Soon after, the kinematics of the IBM system switch, inverting its motion from westward
retreat to eastward advance (Fig. 9.44).

Several models have been proposed to explain this switch, from a deep arrangement
of the subduction system to the entrance at the trench of old and stiff oceanic lithosphere.
Another possible solution is related to the combined action of two slabs dipping in the
same direction (Carlson and Melia, 1984; Čı́žková and Bina, 2015; Faccenna et al., 2017). Fig-
ure 9.45 shows the result of a simple numerical model illustrating the difference in evolu-
tion between an isolated slab (left) and a slab perturbed by the onset of a second subduc-
tion zone. In the case the isolated slab, subduction progresses by trench retreat, driven by
the slab buoyancy. The presence of a newly formed slab in the front, instead, will exert
a strong influence on the behavior of the mature rear slab (IBM). The progressive sub-
duction of the frontward Ryukyu slab causes an increase of the slab pull, accelerating the
subduction of the upper plate (Philippine Plate), and causing a switch from retreating to
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Figure 9.42: Left: Kinematic setting of the Western Pacific, with trench motions, vT (shown as
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advancing because the upper place will be progressively consumed at trench. The switch
from retreating to advancing will likely have two consequences. First, the Izu-Bonin slab
will steepen. Second, assuming that the subduction velocity remains constant, the ad-
vancing motion of the trench of the Izu-Bonin slab will likely induce an acceleration of
the Pacific subducting plate. Such an acceleration at ∼ 5 Ma has been indeed proposed.

9.10.2.1 Double slab systems

The case of the Ryukyu-Izu-Bonin double subduction system clearly shows that slabs can-
not be treated in isolation, but subduction systems evolve in response to the global and
regional background mantle flow dynamics (§5; Hager and O’Connell, 1979). For exam-
ple, double subduction systems, where two slabs interact dynamically (Mishin et al., 2008;
Čı́žková and Bina, 2015), can speed up the rear subducting plates if slabs are in series and
pulling together in the same sense (§9.45).

Such interactions were explored dynamically allowing for 3-D flow and asthenospheric
pressure interactions between slabs for the case of the Indian plate motion which attained
speeds of ∼ 15 cm/yr in the Late Cretaceous, likely at least partly due to the action of a
double, northward-dipping subduction system (§10.9.3; Jagoutz et al., 2015). Other forms
of slab-slab interaction exist, depending on the subduction polarity: slabs facing each
other while outward and inward dipping, or changing polarity along strike (Holt et al.,
2017; Király et al., 2017). Slab kinematics are influenced by the variation in asthenospheric
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b) c) Ryukyu trench inserted
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21

Figure 9.45: Geodynamic models exploring double subduction for the IBM-Ryukyu system. Vis-
cosity fields shown in background for the starting model (a) continuing as single slab (b), and after
introduction of a second slab (c). The top panels for b) and c) (i.e. t = 5.4 Myr) show the time at
which the additional subduction zone is inserted for the double slab model. Subsequent panels
show the contrasting evolution of the slab morphology for the single and double slab models (cf.
Holt et al., 2017). Orange and black arrows indicate trench motions and mantle flow, respectively.
Models ignore phase transitions but have a higher viscosity lower mantle (from Faccenna et al.,
2018).

pressure gradients and flow related to the interactions between the two slab system. Such
pressure variations are important to consider for the excitation of net rotation and under-
standing slab dips (Gérault et al., 2012; Holt and Royden, 2020), and may locally affect the
long-term stress state on the megathrust interface.

9.10.3 Slab rollback in the Mediterranean

The Mediterranean represents another key site for understanding the subduction process,
in this case for a setting where most of the original (Tethyan) oceanic seafloor has been
consumed at present (Fig. 9.46). This isolates Mediterranean slabs from most far-field
plate and mantle flow motion contributions. Squeezed between two slowly approaching
continental plates, the land-locked Mediterranean ocean started to be subsumed during
the Tertiary. The analysis of subduction evolution of those small slabs, such as the Cal-
abrian and the Hellenic one, reveals how a subduction zone develops away from external
contributions and under gravitational force alone.

The Mediterranean represents an early stage of continental collision; it is composed of
a puzzle of oceanic, continental, and transitional lithosphere locked inside a broad con-
vergent setting. The rate of African plate motion towards Eurasia has been slow, moving
northward at an average rate of ∼ 1 cm/yr during the Tertiary (Dewey et al., 1989). The
resulting deformation is distributed over a wide region and subduction zones create tight
arcs surrounding deep extensional basins. The Gibraltar, Calabrian, Carpathians and the
Hellenic arc are bounding the Alboran, Tyrrhenian, Pannonian and Aegean basin, respec-
tively (Fig. 9.46). The incomplete collision also produces a number of micro plates such as
Adria, Aegean, and Anatolia, that are moving more or less independently of the overall
plate motion. Geodesy reveals that Nubia is currently moving north-westward with re-
spect to Eurasia, at an average rate of ≈ 0.6 cm/yr, increasing eastward (Argus et al., 2011;
Serpelloni et al., 2014).

Geodetic data also reveals a spectacular micro plate setting, composed of the Arabia-
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Figure 9.46: a) Tectonic setting of the Mediterranean and b) geodetically determined velocities in
a European plate fixed reference frame (from Faccenna et al., 2014b).

Anatolia-Aegean system. In some sense, this system is a mirror image of the SE ward
motion within SE Asia, on the other side of the Indian collision (§10.9.3; Hatzfeld and Mol-
nar, 2010). In the Mediterranean, the system shows an overall counterclockwise rotation
around a pole of rotation roughly positioned in the Nile delta: Arabia is moving north-
ward at rate of 2-3 cm/yr, Anatolia is moving westward at ∼ 3 cm/yr, and the Aegean
moves southwestward toward the Hellenic trench at even faster rate, close to 4 cm/yr.
This motion contrasts with the slow Nubia/Eurasia convergence. Adria is moving north-
eastward with respect to Eurasia, almost perpendicularly with respect to Africa’s relative
motion.

The motion of the micro plates is accompanied by crustal seismicity that is spread over
the whole Mediterranean, increasing in magnitude and intensity eastward. Intermediate
and deep seismicity is active beneath Calabria (< 500 km) and the Hellenic (< 180 km)
arc, and intermediate seismicity has been recorded also beneath the Northern Apennines
(< 100 km), the Cyprus arc (< 150 km), Eastern Carpathians (< 220 km, and few isolated
events at ∼ 600 km), and Betic-Rif (< 160 km). Beneath Calabria, the Ionian Sea is sub-
ducting steeply toward the NW and the slab appears to lie flat at the 660 km discontinuity.
In contrast, the Hellenic slab is shallower, dipping northward of ∼ 40◦, and a deeper por-
tion has been found in the uppermost lower mantle (e.g. Faccenna et al., 2003; Faccenna and
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Figure 9.47: Tectonic reconstruction of the Mediterranean, from 30 Ma to the future (from Royden
and Faccenna, 2018).

Becker, 2010).
The narrow and fragmented slabs that we see today are the remnants of once long and

continuous subduction. During most of the Oligocene, a northward subduction system
was running beneath the Mediterranean from Spain to Greece and Turkey, interrupted
only beneath the Alps-Carpathian, where the slab was dipping to the south. At ∼ 30 Ma,
the tectonics of the Mediterranean changed (Fig. 9.47). Before∼ 30 Ma, the Africa-Eurasia
convergence produced mostly compressional regimes and orogenic belts of the Betic-Rif-
Inner Apennines-Calabria-Alps-Carpathians-Dinarides and Hellenides. Subducted conti-
nental to transitional crust was thickened and buried in a subduction channel undergoing
HP/LT metamorphism (Jolivet et al., 2003). After ∼ 30 Ma, the tectonic regime changed,
trenches started to retreat backward causing extension in the backarc. The previously
thickened orogen extended and collapsed, exhuming HP/LT units. The retreat of the two
main trenches, the Central and the Eastern Mediterranean, progressed towards each other,
consuming both oceanic and transitional continental crust, and forming arcs (Fig. 9.47).
The progressively more curved trench appears to be accompanied by slab break off along
at least one side of the arc, i.e. along the north African margin and Anatolia, due to the
arrival of thick continental crust.

The retrograde motion of subduction zones in the Mediterranean was first proposed
by Malinverno and Ryan (1986), following the introduction of the more general concept of
trench migration by Dewey (1980). Migration of subduction zones generates subduction-
related orogens ahead of the trench and backarc basins toward the back (Malinverno and
Ryan, 1986). The main driving forces in such a system is the negative buoyancy in the man-
tle, i.e. slab pull. This can be demonstrated by the combined topography and gravimet-
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Figure 9.48: Model and
tectonic interpretation
of the evolution of the
Central Mediterranean
slab. a) Analog (tank
laboratory) model evolu-
tion for a dense silicone
slab in a two layer glu-
cose syrup setup, with
lower 30 times more
viscous than the upper.
b) Schematic tectonic
evolution. c) Restoration
of the inferred slab.
d) Tomographic cross
section (Piromallo and
Morelli, 2003), from
(Faccenna et al., 2001).

ric analysis of trenches and foredeep basins. In the Mediterranean subduction-orogeny
system, the foredeep basins are particularly deep and produced by lithospheric flexure
under the action of sub-lithospheric load (Royden, 1993). In this setting, trench migration
rates are modulated by the buoyancy of the subducted lithosphere, e.g. the ratio of oce-
anic to continental lithosphere (Royden, 1993; Royden and Husson, 2006). Narrow ocean
lithosphere slivers may eventually produce narrow arcuate slab shapes.

The Central Mediterranean and Hellenic system represent good sites to investigate
the details of how subduction zones migrate. In particular, the backward migration of the
Central Mediterranean slab is punctuated by two distinct events of extension (Fig. 9.48), in
a fashion similar to the one discussed for the Western Pacific in §9.10.1. The first episode
produced the opening of the Liguro-Provençal basin (from ∼ 30 to ∼ 16 Ma), while the
second led to the opening of the Tyrrhenian basin (from∼ 12 Ma to the present). An pause
of few million years thus separated the two extensional episodes.

To better understand the dynamics, we can attempt to restore the slab, using con-
straints from tomography and the timing and amount of backarc extension (Fig. 9.48).
Selecting a profile parallel to the extensional direction, it is possible to restore the slab
from the tomographic section. We can remove the amount of subduction related to the
two phases opening of backarc extension that correspond to the phases of trench retreat.
This exercise indicates that the end of the first extensional episode occurred when the slab
arrived approximately at 660 km (Fig. 9.48). Using modeling, we can further explore if the
slowing down of subduction is due to the interaction between slab and the more viscous
layer of the mantle (§9.7). The mechanical interaction between the slab tip and the upper-
lower mantle viscosity increase may produce only a relatively slight decrease of trench
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Figure 9.49: Illustration of the possible 3-D evolution of the Central Mediterranean slab, associ-
ated with the progressive opening of slab windows and slab break-off during continental subduc-
tion (from Faccenna et al., 2014a).

retreat due to the increasing resistance of the slab due to folding (Fig. 9.48).
A more pronounced slow-down is found to be related to the re-organization of the

mantle flow system during subduction. In the initial stage of subduction, during its ret-
rograde motion into the upper mantle, the overpressure created in the mantle beneath
the slab is dissipated mostly by moving material beneath the slab, in a poloidal fashion.
However, when the slab reaches the 660 km discontinuity, this impedes the upper mantle
convection cell (cf. Fig. 9.32). The overpressure beneath the slab can then be only dissi-
pated by moving material laterally, out of the plane, in a toroidal fashion (§4.4.3.1; Funi-
ciello et al., 2004). The third dimension and the possibility for the mantle to flow through
slab gaps are a fundamental ingredient in the subduction history of the Mediterranean
and elsewhere.

The tectonic history of the consumption and subsequent break off of the oceanic litho-
sphere north of the African plate, as well as the timing of the opening of the resulting
slab windows appear to match the new phase of backarc extension. This suggests that
the possibility for the mantle to flow laterally inside the subduction window provides the
necessary conditions to a new phase of trench rollback. The geochemistry of volcanic ma-
terial inside the Tyrrhenian sea indeed confirms a contamination of mantle material from
beneath the subducting plate inside the backarc (Fig. 9.49; Faccenna et al., 2005).

The overall pattern of mantle convection inside the Mediterranean, as reconstructed
using geophysical and modeling arguments, shows the presence of upper mantle convec-
tion cells caused by subduction of the Central Mediterranean and Hellenic slab (Fig. 9.50).
The mantle return flow due to the retreating subduction is consistent with a curved seis-
mic anisotropy pattern in the backarc (Faccenna et al., 2014b), and Anatolia and Aegea
escaping away from beneath the collisional zone. A second order, smaller toroidal con-
vection cell is induced by the retreating slab (cf. Piromallo et al., 2006; Zandt and Humphreys,
2008).
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AnatoliaAdria
Arabia

Figure 9.50: Schematic mantle circulation model for the Mediterranean (from Faccenna and Becker,
2010). Red arrows indicate return flow with a possible slab-related, active component (Fig. 9.24),
as well as influx of hot plume material from Afar in the case of Arabia (Faccenna et al., 2013b).

In a sense, the Mediterranean thus allows investigating subduction dynamics on up-
per mantle scales in a “tank”, isolated from external contributions. The rate of subduction
can be understood by the combined action of slab pull forces and pressure variations
around the subducting slab in a stratified viscosity mantle (Fig. 9.50).

9.11 Slab transport through the transition zone

How can we use the insigths on regional slab dynamics to refine our global view of man-
tle convection (§5)? Trenches around the Pacific or in the Tethys show a long history of
subduction, sometimes going back to the Jurassic (Fig. 9.51). Such a configuration is con-
sistent with the overall distribution of fast velocity anomalies throughout the mantle as
seen in global seismic tomography (Fig. 1.25). This association, and the finding of consis-
tently imaged tomographic anomalies which are broadly continuous through 660 km in
many places (§9.1) helped establish the now generally held view that the mantle is in the
whole mantle convection state. Global plate motions and their attached slabs organize
mantle convection on scales that are longer wavelength than expected based on simple
thermal convection (Buffett et al., 1994; Zhong et al., 2000; Mallard et al., 2016). We thus ex-
pect the Cenozoic subduction configuration (Fig. 9.51) to have profound global effects in
terms of the imprint of slabs on the core mantle boundary, e.g. in terms of the distribution
of compositional anomalies in the deep mantle (Zhang et al., 2010), CMB heat flow pattern,
and possibly magnetic field generation (Olson, 2016).

Considering tomographic slices through subduction zones (Figs. 9.2 and 9.3) and the
discussion above, we realize that the vertical transport of slabs through the transition
zone is not straightforward, however. Slabs in the northern portion of the Western Pacific
appear mostly confined to the upper mantle, slightly penetrating or just flat lying over the
660 km discontinuity. Below the Eastern Pacific and below the Tethyan subduction zone,
from the Aegean to Java-Sumatra, slabs penetrate directly or discontinuously in the lower
mantle. A situation where slabs appear to flatten at or below 660 km depth is referred to as
slab ponding or slab stagnation. This does not mean that there is no vertical motion since
tomography can only provide us with a snapshot of convection. Slabs may eventually
sink into the lower mantle, but there might be a delay, and sinking rates will be reduced
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Figure 9.51: Distribu-
tion of subducting plate
boundaries over geolog-
ical time, modified from
Steinberger and Torsvik
(2010). Top and bottom
maps are split between
the time periods between
300 Ma and 150 Ma, and
150 Ma and present-day,
respectively, plotted in
2 Myr intervals. Plate
reconstructions are from
Torsvik et al. (2008) in an
absolute reference frame
that was corrected for
true polar wander by
Steinberger and Torsvik
(2008). 0 50 100 150 200 250 300

age of subduction [Ma]

in the lower mantle. Vertical mass transport by means of subduction is an important
control of mixing of mantle reservoirs (§6.6; van Keken and Ballentine, 1999; Xie and Tackley,
2004). One aspect of this is that slabs may serve to transport water into the transition zone
(Ohtani et al., 2004; Nakagawa and Nakakuki, 2019) which likely plays a major role in global
geochemical cycles (Bercovici and Karato, 2003), and contrasts with the relatively dry, and
high viscosity lower mantle (§5.4.1).

Speaking of which, given the Stokes velocity, eq. (4.29), we expect sinking rates for
slab anomalies of length scale l to scale as ∝ ∆ρl2/η where the density anomalies, ∆ρ, are
due to temperature and phase changes (Fig. 9.12). Geoid anomalies indicate a viscosity, η,
increase of η′ = ηlm/ηum ∼ 50 from upper to lower mantle, respectively (§5.4). Ignoring
the effect of density anomaly variations for now, let us consider conservation of mass for a
slab column of widths l{um,lm} sinking at velocities v{um,lm} above and below the 660 km,
respectively. This requires lumvum = llmvlm. We can thus estimate a slab slowdown factor

s =
vum

vlm
∝
(
ηlm

ηum

) 1
3

, (9.12)

which works out as s ≈ 3.7 for η′ = 50. Such a slowdown also explains the thickening of
slab anomalies as imaged by seismic tomography (§9.1).

Ricard et al. (1993) showed that much of the long-wavelength structure as imaged in
seismic tomography could be explained if slab sinker anomalies (slablets) akin to those in
Fig. 5.2 are introduced at past subduction zone locations and then tracked while falling
into the mantle. Lithgow-Bertelloni and Richards (1998) showed that such models are also
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Figure 9.52: Depth averaged correlation (` ≤
15) between slab models and SMEAN2 tomog-
raphy (δvP > 0 only; Becker and Boschi, 2002).
Dashed lines are for lrr98d (slabs sink vertically;
Lithgow-Bertelloni and Richards, 1998), stb00d (in-
cluding advection, cf. Fig. 9.53; Steinberger, 2000)
and st11-den1 (with active upwellings; Steinberger
and Torsvik, 2010). Colored lines are from a two-
layer slablet model of the Ricard et al. (1993) type
where slablets are dropped into the mantle at
past trenches (Fig. 9.51), and then sink at reduced
rates, s, in the lower mantle, eq. (9.12). For f = 1,
slablets sink initially at their subduction rate, for
f = 0 they have a constant sinking rate, f = 0.5
is in between.

able to predict global plate motions (Fig. 5.15) and the present-day geoid fairly well (cf.
Hager, 1984). The correlation between the forward, slab model and tomography is im-
proved when slablets are slowed down in the lower mantle and best-fit slowdown factors
are s ∼ 4 (Fig. 9.52), consistent with the viscosity increases inferred from the geoid.

Estimates of average, global mantle slab sinking rates, 〈vs〉, based on the association
with seismic tomography vary between ∼ 1 . . . 2.5 cm/yr (Ricard et al., 1993; van der Meer
et al., 2010; Domeier et al., 2017). We consider the preferred value of 〈vs〉S12 = 2±0.8 cm/yr
of Steinberger et al. (2012), which is close to 〈vs〉 = 2.1 cm/yr of Peng and Liu (2022), most
likely. These numbers matter, since tt = 1/〈vs〉 corresponds to a transient time, or overturn
time, from the surface to the CMB, or, equivalently, the record of plate motions that is
required for an understanding of present-day mantle structure (Bunge et al., 1998; Mao and
Zhong, 2019). The 〈vs〉S12 value breaks down into upper and lower mantle slab sinking
rates of, e.g., 6.2 and 1.7 cm/yr, respectively, with s = 3.7, and a transient/memory time
of tt ≈ 145242

104 Myr. Given the suggestion that the tomographic record of of subduction
might be used as a longitudinal reference frame for plate reconstructions (van der Meer
et al., 2010), the ∼ 300 Myr record implied by 〈vs〉 ∼ 1 cm/yr (Sigloch and Mihalynuk, 2013;
van der Meer et al., 2018) might thus be a significant overestimate of the mantle’s memory.

Figure 9.52 shows a comparison of a simple slablet model with more sophisticated for-
ward approaches. The relatively low overall correlations and the relatively good perfor-
mance of a simple slablet model without advection indicates that we still have an incom-
plete understanding of how slabs transition through the mid mantle beyond the broadest
of strokes. Correlations with tomography of slab models are typically as good, or as bad,
as those with forward plume models (Fig. 9.53) whose association with tomographically
imaged structure is much more tentative. Based on synthetic seismic tomography type re-
covery tests of the plume and subduction models considered here, we expect that global
mantle structure up to . 15 is well resolved in terms of patterns by the current generation
of tomographic models (Fig. 1.25). Considering the total correlation values of Fig. 9.53,
one can argue that seismic tomography provides better evidence for “seeing” plumes than
whole mantle slabs (§6.4). That slab-tomography correlation peaks at ∼ 600 km before ta-
pering off below∼ 1000 km (Becker and Boschi, 2002), while plume correlation peaks in the
lower mantle because of the large, low shear-wave velocity provinces (Boschi et al., 2008).

More complete forward approaches (e.g. Steinberger and Torsvik, 2010) arrive at models
that correlate with tomography at similar correlation levels as those of Fig. 9.53. Mao
and Zhong (2019) explored a number of additional effects including a low viscosity region
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a) slabs b) plumes

Figure 9.53: Correlation of a slab (a); Steinberger, 2000, cf. Fig. 6.9) and plume conduit (b) Boschi
et al., 2007) forward model with seismic tomography (SMEAN; Becker and Boschi, 2002) as a func-
tion of spherical harmonic degree, `, and depth (main, colored plots). Total correlation as a func-
tion of depth is show as left sub-plots. Titles specify depth-averaged, mean correlations up to
` =20 and 8, respectively, 〈r20〉 and 〈r8〉.

underneath 660 km (Panasyuk and Hager, 2000b) and were able to achieve 〈r8〉 ≈ 0.44,
with best correlations found in the upper mantle. Peng and Liu’s (2022) model allowed for
enhanced lateral slab migration, e.g. due to prescribed flat slab episodes, and their models
show a further improvement to 〈r8〉 ≈ 0.5, but still significant regional mismatch between
predicted and imaged slab structure.

There are a number of possible reasons for this mismatch, including the depth-variable
mapping of temperature to seismic velocity anomalies (Fig. 9.12; Ricard et al., 2005), uncer-
tainties in plate reconstructions (Bunge and Grand, 2000), and the incompletely understood
rheology of slabs, in particular in light of phase transitions (§4.4.2). The effects of the lat-
ter are mapped into uncertainties in sinking rates (e.g. Fig. 9.52) and is best explored by
exploring regional dynamics which can better incorporate variation such as the age and
type of the subducting and overriding plate.

9.11.1 Controls on regional slab dynamics

One perspective on regional dynamics is to extract parameters such as subducting and
overriding plate velocity, plate age, and other overriding plate properties such as the de-
formation state and thickness, and explore correlations in the hope to infer dynamics (Jar-
rard, 1986; Otsuki, 1989; Heuret and Lallemand, 2005), as mentioned (§9.1).

Few reliable correlations arise from such analysis, with exceptions. Figure 9.54 shows
how the sum of overriding and subducting plate motion (§9.7), the convergence velocity
vc, appears to control overriding plate deformation. If regional or far field dynamics lead
to vc larger or smaller than some typical value, ∼ 5 cm/yr for nature, the overriding
plate is typically under compression or extension, respectively. Absolute plate velocities
depend on the reference frame, but the vc relationship is robust, and can be explained
by overriding plate motions responding to a typical slab sinking velocity, e.g. eq. (9.10),
which exerts a resistance or pull to faster or slower convergence, respectively.

We can expand on the consideration of slab buoyancy as the major control of subduc-
tion velocities from eq. (9.10) by exploring the role of slab bending and, importantly, ge-
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a) b)

Figure 9.54: a) Compilation of the deformation state of the overriding plate (colors) inferred slab
shapes (line drawings) as a function of subducting and overriding plate velocity, with lines of
constant convergence indicated (cf. Fig. 9.26). b) Reproduction of kinematic setting in an analog
experiment, coloring overriding plate deformation similarly to a). Note how both nature and lab
results can be understood as overriding plate deformation having vC above or below some natural
convergence rate (from Heuret et al., 2007).

ometry including a dynamically consistent, i.e. self-adjusting, bending radius. Figure 9.55
shows results from upper mantle models exploring how a single slab, sinking under its
own weight, can evolve into very different geometries (cf. Figs. 9.32 and 9.48). The larger
the slab buoyancy anomaly, B, the more a rollback mode of subduction is preferred over
an advancing trench, and the stiffer the slab, η′, the more there is a tendency to overturn
and advance at low slab buoyancy. Such simple dynamic controls appear to reproduce
many of the tomographically imaged slab shapes in the upper mantle.

However, there are many complicating factors, starting with the age of the plate, a.
Through the corresponding effective thickness, hl ∝

√
a, plate age affects buoyancy ∝ hl

but also bending as ∝ h3
l , and the viscosity η′ in the bending region is likely reduced

dynamically by plasticity (Fig. 9.31). Boundary conditions of the models and large-scale
flow in the mantle, the presence and thicknes of the overriding plate, and mantle rheology
(e.g. powerlaw decoupling between slab and mantle, cf. Fig. 9.31) all affect the degree to
which slabs fold and buoyancy is converted into subducting plate and trench motion
(Billen, 2008; Goes et al., 2017).

Another complication is due to the interaction of the slab with the phase transitions
between ∼ 400 and ∼ 800 km (Figs. 4.51 and 9.12), and its eventual descent into the
higher viscosity lower mantle, ignored in Fig. 9.55. We already discussed how a viscosity
increase will lead to a slow-down of slabs in the lower mantle, but not to actual stagna-
tion. Strongly negative Clapeyron slopes, eq. (1.41), of Γ660 . −4 MPa/K would serve
to at least temporarily prohibit slab penetration and so induce intermittently layered con-
vection (§4.4.2). At a given Clapeyron slope, a relatively steeply descending, strong slab is
more likely to lead to lower mantle penetration than a shallow dipping, weak one (Davies,
1995; Zhong and Gurnis, 1994b), consistent with the convection results shown in Fig. 4.51.
In contrast, trench rollback will serve to increase the likelihood of slab ponding (Chris-
tensen, 1996).

Trench rollback and slab penetration are coupled in that, once penetrated into the
lower mantle, the slab serves as an “anchor” because of its reduced sinking velocity, which
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a) b)

Figure 9.55: a) Phase diagram of free slab subduction dynamics as a function of slab buoyancy
(∝ B) vrs. lithospheric viscosity (η′ = ηl/ηm) for laboratory models (Funiciello et al., 2008). b) Phase
diagram derived from numerical models (regime II and III in inset) as a function of buoyancy
(∝ B) and bending resistance (∝ rη′, all as of eq. 9.10), modified from Stegman et al. (2010), cf. Ribe
(2010).

in turn stabilizes trench motions (Zhong and Gurnis, 1995). The style of plate motions at
the surface also matters; e.g. larger plates serve to organize convection over longer wave-
lengths which can assist penetration (Zhong and Gurnis, 1994b). Parameter space studies
that include some of those feedbacks find dominant stagnation for Γ . −3 MPa/K, fol-
lowed by slab flushing events once enough material has piled up (Agrusta et al., 2017;
Briaud et al., 2020). Those numbers are broadly consistent with the earlier estimates dis-
cussed in §4.4.2, but likely P values, eq. (4.178), for the 660 km phase transitions are such
that the effects on phase transitions are likely not dramatic, but they do likely contribute
to transient slab stagnation and other time-dependent, including oscillatory, behavior (cf.
Fig. 9.11; Čı́žková and Bina, 2013; Arredondo and Billen, 2017).

9.11.2 Surface geology record of slab penetration

A link between such deep slab dynamics and the tectonic response of the surface has
been explored in a number of settings. For example, a deep slab origin has been pro-
posed to explain the episodic deformation recorded on several backarc regions, such as
the Cordilleras or the western Pacific. Initial slab folding might be followed by a later
stage slab avalanching which would likely produce large-scale subsidence by means of
dynamic topography (Pysklywec and Mitrovica, 1997; Pysklywec and Ishii, 2005), plate accel-
eration (Gibert et al., 2012; Goes et al., 2017), and a surge of backarc compression (Faccenna
et al., 2013a; Holt et al., 2015a; Yang et al., 2019).

Figure 9.57 illustrates the possible link between the geometry of slabs, in terms of their
deflection within the transition zone and depth extent, and the overriding plate deforma-
tion state. Along several sites, namely along the Tethyan collisional margin, the deeper
portion of the slab appears disconnected from the upper one. Detailed surveys reveal a
progressive variation along the strike of each subduction zone, from slab stagnation over
the subduction zone or partially penetrating, to slabs trapped in the upper part of the
lower mantle (down to ∼ 1,000 km), and slabs descending into the deep lower mantle
(Fukao and Obayashi, 2013; Goes et al., 2017). The progressive, spatial along-strike evolution
implies that there is also a temporal evolution from one to the other mode, i.e. from slabs
confined to the upper mantle, mainly associated with rollback and extension, to lower
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Figure 9.56: Slab mor-
phologies for dynamically
evolving subduction mod-
els, with different phase
change effects, all but b)
have an additional increase
between upper and lower
mantle viscosity at 660 km.
Four modes of slab-lower
mantle interactions can
be distinguished based
on the Clapeyron slope
(eq. 1.41) of the 410 and
660 km phase transitions
as indicated (cf. Fig. 9.11;
Agrusta et al., 2017). Models
use (∆ρ)p = 350 kg/m3 for
the 660 km phase transition
and choices for Γ can be
considered end members.
Modified from Briaud et al.
(2020).
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Figure 9.58: Location of
subduction trenches over
time (in Ma) on top
of S wave tomography
(Becker and Boschi, 2002)
at 1000 km. Trench lo-
cations are estimated us-
ing the absolute plate
motions of Müller et al.
(2008b). Modified from
Faccenna et al. (2013a).
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mantle slab penetration and compression in the overriding plate (Fig. 9.28).
One can attempt to reconstruct the approximate timing of slab penetration. This can

be done by reconstructing the trench position in time in an absolute reference frame and
comparing the paleo-position with the fast seismic velocity anomalies, presumably related
to slabs, in the lower mantle (Wen and Anderson, 1995; Hall, 2002; Hafkenscheid et al., 2006).
Assuming a slab with an average dip of 50◦-70◦in the upper, and vertical trajectories in the
lower mantle, it is possible to infer the timing of penetration. Figure 9.58 shows that slab
penetration during the most recent transient time/the Cenozoic, appears to have mainly
occurred along two belts of fast seismic velocity anomalies. Trench locations match mid
mantle fast anomalies at∼60 Ma for both the Cordillera and the Indonesia-India (Tethyan)
slab. In particular, the penetration of the Nazca slab to 1000 km depth apparently did not
occur before ∼60 Ma, most probably at ∼50 Ma, otherwise the slab should have reclined
backward (§10.9.1). Moving northward in North America, the position of the trench lines
up with the deep Farallon slab at ∼ 90 − 100 Ma (Grand et al., 1997). Along the Tethyan
slab, penetration occurred most probably at ∼ 50 − 30 Ma at Java Sumatra (Yang et al.,
2018), at∼ 60− 50 Ma beneath India (Replumaz and Tapponnier, 2003), and at ∼ 50− 40 Ma
below the Aegean (Faccenna et al., 2003).

Given the petrological and geodynamic uncertainties, it is difficult to estimate if the
slab was stalling at 660 km before penetrating into the lower mantle. Stalling for some
tens of million years has been proposed for the Aegean slab, for example (Faccenna et al.,
2003). Such estimates of slab trajectories including the stagnation time are uncertain, since
it would be necessary to know the detailed timing of subduction initiation, the velocity
of subduction throughout the mantle (e.g. slab density including phase changes, ambient
and slab viscosity), and the effects of advection. As reviewed above, our understanding
of global subduction mass transport through the transition zone remains incomplete. The
persisting mismatch between forward seismic tomography and forward models, as well
as the wide range of estimated typial sinking velocities, likely reflect these uncertainties.

Nonetheless, the global links between deep slabs and overriding plate compression
(Fig. 9.57) and the association of mid mantle slab anomalies with trench location under-
neath the South American Cordillera and the Tethys at ∼ 60 Ma (Fig. 9.58), when there
were also major phases of orogeny in Tibet and the Andes, are intriguing. We will return
to them in the next chapter on mountain building.
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Chapter 10

Orogeny

10.1 Introduction

Orogeny, i.e. the formation of mountains, represents perhaps the most spectacular surface
expression of mantle convection, yet orogeny itself is not part of the kinematic theory of
plate tectonics (§1.4.2). Orogenic belts can be defined as domains of the continental litho-
sphere where horizontal shortening leads to crustal thickening, magmatism, and meta-
morphism (Fig. 1.22), and with it, the highest topographic reliefs of the Earth (Fig. 1.1).
The search for the dynamic mechanisms that are at the origin of orogeny is almost as old
as the field of geology, and in some ways, still ongoing.

During the first half of the 20th century, the debate on the origin of orogens was one
between mobilistic and fixist views, where the latter would typically invoke wholesale
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Figure 10.1: Cross sections of the Alps and of the Himalaya-Tibetan orogeny Argand (1924).

contraction of the crust during Earth’s cooling (e.g. Şengör, 1982). However, observation
of crustal nappes stacks in the Alps and in other belts inspired several geologists, including
Eduard Suess and Emile Argand (Fig. 10.1), to propose that orogens formed by lateral
motions of crustal material due to horizontal compression (Wegener, 1912; Argand, 1924;
Bull, 1929).

Those fundamental observations were subsequently put in the context of plate tec-
tonics, where orogens are associated with subduction and collisional plate boundaries.
This kinematic context for mountain building provides a quantitative framework for the
reconstruction of plate deformation and displacements. We do have now a fairly good
understanding of the structure and geometry of orogens, typically consisting of slices of
crust, or nappes, overthrusted one over the other. Despite such progress, the fundamental
question of why orogens form remains debated.

Early theories related tectonics and with it orogeny to wholesale contraction of Earth
(Dana, 1873) or tidal deformation (Wegener, 1912). An entirely different perspective was
proposed by Arthur Holmes, a British geologist and pioneer of radiometric dating (§1.4).
Several decades before the establishment of plate tectonics Holmes (1931) proposed that
orogeny arises from compressive forces due to mantle convection (Fig. 10.2). In his model,
mantle drag leads to plate convergence inducing the inversion of geosynclines. This
causes pervasive deformation, with the formation of a crustal root, associated isostatic
uplift, and late-stage magmatism.

This visionary idea represents the first clear view of how plate tectonics and continen-
tal drift, at that time a rather unfashionable theory, could be related to mantle convection.
Soon after the seafloor spreading model was established, the concept of orogeny was el-
egantly put into the plate tectonic frame, exploring, e.g., the idea of conversion from an
Atlantic to an Andean type margin (Wilson, 1966; Dewey, 1969), and investigating the na-
ture of orogeny (Fig. 10.3; Dewey and Bird, 1970). Since then, orogenic belts have been
commonly classified into two main types, based on the nature of the downgoing plate
(Dewey and Bird, 1970). The collisional type orogeny (or continental type), occurs in continen-
tal interiors. The Cordilleran type orogeny (or subduction/peripheral) develops in oceanic
or transitional lithosphere surrounding the continents (Dewey and Bird, 1970; Wilson and
Burke, 1972; Murphy and Nance, 1991). A Cordilleran type orogeny can, of course, evolve
into collisional type during continental amalgamation after all oceanic lithosphere has
been consumed. Arc-collisional orogens may represent a transient phase of accretion be-
tween the two end-member cases (Dewey and Bird, 1970).

464 DRAFT



10.1. INTRODUCTION

geosyncline

����

����

���

����

���
����

������
��

���
� ����

�������������������
������

������������
�������Root formation

and mountain building

���� �������
���

����

������
��

����

��������

�����������
�����
�������

����
����

����

���� ����

Emergence of Mountains

����

���

����

�����������
�����
�������

����
����

����
����

����

���
����
���

Figure 10.2: Successive stages of an oro-
genic cycle associated with convection
currents. Holmes (1933) describe this as:

The horizontal flow is likely
to exercise a powerful viscous
drag on the lower levels
of the crust, throwing the
latter into tension where
the currents diverge and
into compression where they
converge.. . . According to the
convection hypothesis, we
should expect mountains to
be formed where two series
of approaching currents
turn down and so compress
the overlying layers of the
crust. . .

(redrawn from Holmes, 1944).

Figure 10.3: Evolution from subduction, Cordillera-type to collisional-type orogeny. The model
incorporates many essential elements, the formation of blueschist and eclogite, the formation of
an ophiolitic suture, and the transition from flysch to molasse (Dewey and Bird, 1970).
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Later, Royden (1993) proposed to distinguish subduction orogeny, directly related to ac-
tive subduction, from collisional orogeny, where subduction has ceased. Examples of sub-
duction orogeny are well expressed in the Mediterranean, and different from the Cor-
dillera or collisional type since the subduction rate for subduction orogeny is typically
larger than the convergence rate (§9.7), producing extensional deformation of the overrid-
ing plate and accommodating much of the convergence by trench rollback (§9.10.3). This
style of orogeny can also be defined as accretionary orogeny, as most of the material form-
ing the orogeny itself derived from the downgoing plate. The Royden classification has the
advantage of being independent of the transient nature of the subducting lithosphere and
focuses on the driving mechanisms. Later, it was also proposed that large-scale crustal
orogeny and upper plate thickening is due to whole mantle-scale convection associated
with slabs entering the lower mantle, a slight variation of what was proposed by Holmes
almost a century before. This style of orogen can be contrasted with an accretionary oro-
gen for which subduction is transiently confined to the upper mantle (cf. Faccenna et al.,
2021).

Meanwhile, important steps forward in our understanding of the mechanics of oro-
genic processes were provided by the development of analog (e.g. Graveleau et al., 2012)
and numerical modeling (e.g. Willett et al., 1993; Jamieson and Beaumont, 2013). Those ap-
proaches provide a fundamental understanding of the physical processes involved in
crustal accretion and thickening during subduction.

We proceed to describe the main geological structures of orogens and their kinematic
context. Then, we discuss the mechanisms of mountain building, the growth of the oro-
genic belt, and the exhumation of deep-seated units. We explore three representative ex-
amples to illustrate orogenic evolution: the Andes, the Mediterranean, and the Himalaya-
Tibet. We close with a large-scale perspective of orogeny and its role in the context of plate
tectonics and planetary evolution throughout the supercontinental cycle.

10.2 Anatomy of orogenic belts

Orogenic belts show remarkable variability in terms of shapes, geometry, and evolution.
Their eventual shape is controlled by several factors such as the history of convergence,
block accretions, surface processes, and the rheology of the lithosphere prior and during
deformation. Extracting general rules is thus difficult. We find it most helpful to distin-
guish between three types of orogeny (Fig. 10.4):

Cordillera type orogeny, best expressed along the western side of the Americas, where
oceanic lithosphere subducts beneath continental lithosphere. The material making
up the orogenic belt derives mainly from the upper plate;

Accretionary type orogeny, or subduction orogeny, is well expressed in the Mediterranean,
but also in Taiwan; mainly transitional or continental lithosphere subducts beneath
continental lithosphere. The material constituting the orogenic belt derives mainly
from the downgoing plate;

Collisional type orogeny, as found in the Himalaya-Tibet, where subduction of oceanic
lithosphere has ceased. This orogeny is made of both upper (Tibet) and lower plate
(Himalaya) crustal material.

Despite the large differences between orogenic styles, we can usually find three struc-
tural domains (Fig. 10.4): from the external to the internal portion of the belt, one can
distinguish between the foreland basin system, fold-and-thrust belts, and the inner domain.
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Figure 10.4: Idealized
cross-section illustrat-
ing one classification of
orogeny: a) Cordilleran,
where oceanic lithosphere
subducts below continental
one slower than, or equal
to, the convergence rate,
and the trench is thus fairly
stationary; b)subduction-
type, where the subduction
is larger than the conver-
gence velocity, and the
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collisional, where subduc-
tion of oceanic lithosphere
has ceased. Note that the
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mountain range is differ-
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The foreland basin is a depositional, sedimentary system formed during underthrusting
of lithosphere in front of the fold-and-thrust belt. The foreland basin is often composed
of four sectors, or depozones, with distinctive architecture and sedimentary history (De-
Celles and Giles, 1996): the wedge-top, foredeep, forebulge, and the back-bulge depozone
(Fig. 10.5).

The wedge-top basin includes piggy-back and thrust-top basins and hosts sedimen-
tary sequences located on top of the propagating fold-and-thrust belt. The wedge-top
basin usually tapers toward the hinterland and is made of coarse sedimentary sequences.
The foredeep basin is also asymmetric, but wedging toward the belt. The foredeep is the
deepest and largest basin, and extends from the front of the thrust belt, where it may
reach thicknesses of several kilometers to the forebulge. The forebulge hosts condensed
and thinned sedimentary sequences that can evolve from shallow water environments to
subaerial systems. In the case of accretionary and Cordillera orogeny, foredeep basins are
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Figure 10.5: Schematic cross-section of a foreland basin system’s depozones. The foreland basin
deposit is shown in yellow, while orange indicates pre-existing deformed strata. Short fanning
lines show progressive unconformities in the wedge-top depozone (redrawn from DeCelles and
Giles, 1996).
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Figure 10.6: Cross section along the Northern Apennines fold-and-thrust belt. a) Interpretation of
a seismic section across the Apennines foothills, showing a thick pile of sediments deposited dur-
ing deformation and accretion to the margin, i.e. a syn-tectonic flysch sequence (Upper Miocene to
Pliocene and Lower Pleistocene, reddish to pale yellow; modified from Casero, 2004). The section
is approximately located at the tip of the section b). b) Cross-section of the Northern Apennines ac-
cretionary wedge, from active and passive seismic constraints (no vertical exaggeration; modified
from Piana Agostinetti and Faccenna, 2018).

commonly quite deep (few kilometers) and may be filled by thick sequences of turbidite
deposits. (Fig. 10.6; Ori and Friend, 1984; Doglioni, 1993).

Both Cordilleran and collisional orogens show a pro- and a retro-foredeep basin, i.e.
basins formed on both side of the orogens. The pro-wedge basin is usually deeper, as
for oceanic subduction, e.g., in the case of the Andes Cordillera. The retro-wedge is always
shallower and filled by coarser deposits, molasse, mainly continental. Many orogenic belts,
such as the Alps (Fig. 10.7), show coarsening-upwards packages that record filling of the
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Figure 10.7: Cross section illustrating the geometry of foreland and thrust belts in the outer Alps
and foredeep Molasse basins (from Schlunegger and Mosar, 2011).

basin, and/or transition from marine to continental, a flysch to molasse trend, following a
change in the strength of slab pull that may be related to the arrival of lighter continental
crust at the trench, and/or slab break off (Sinclair, 1997). The foreland basin system is sen-
sitive to the equilibrium between surface and sub-surface loads and the flexural resistance
of the downgoing plate. The surface loads are due to the growing orogeny and sediments,
whereas the sub-surface load may be due to the pull of the downgoing slab (Royden, 1993;
DeCelles and Giles, 1996).

Subduction is not only responsible for the topographic depression of the trench, but
may also induce backarc subsidence due to mantle flow (§4.1.4.2 and §5.2.3). The strati-
graphic evolution of the foredeep system and, more generally, of the topography of oro-
genic belts, may be then used as an indication of the variations in the distribution of
“loads”. The analysis of foredeep sequences can provide information on subsidence rate
and subduction velocity; the sequence in a fast subducting system is reduced as it gets
more rapidly involved in the propagating thrust wedge.

Moving inward, we find fold-and-thrust belts. The thrust system here is usually ar-
ranged as an imbricate fan verging toward the foreland and merging into a master dé-
collement that rises upward in cross section. The formation of fold-and-thrust belts re-
quires mechanical layering, with stiff layers separated by weak, e.g. salt, ones. As a conse-
quence, thrusts generally evolve into a ramp and flat geometry. The movement along the
ramp and the propagation of thrust generates folds. The propagation of the thrust belt is
generally in sequence, i.e. outward into foreland basin sediments.

In the most external portion, the fold-and-thrust belt is commonly thin-skinned, i.e. the
basal décollement is shallow and the thrust system only affects stratified, mainly sedimen-
tary, units and leaves the basement and the deeper crustal units relatively undeformed.
The basal décollement is typically localized within a weak layer, such as a salt or clayey,
fluid-rich layer, at the boundary between the basement units and sedimentary sequence.
The rocks involved in the thrusting are un-metamorphosed.

However, in the inner portion of the thrust belt, low grade, greenschist-facies meta-
morphism with pervasive deformation near the main shear zone is common. If the thrust
is rooted deeper inside the basement, e.g. reactivating pre-existing structures, then the fold
and thrust belt is considered thick-skinned (Fig. 10.8). This often occurs in the inner part
of the fold-and-thrust belt, where slices of basement are involved in the deformation, e.g.,
the external massif in the Alps (Fig. 10.7).

The overall structure of the fold-and-thrust belt defines a wedge, i.e. the shape of

DRAFT 469



10.2. ANATOMY OF OROGENIC BELTS

A A’

B B’

Tertiary

Carboniferous to Mesozoic

Silurian + Devonian

Cretaceous

Ordovician

Cordillera
 Oriental

Subandean
Interandean

?

km

5

0

-5

-10

-15 

Interandean
 Zone

Subandean  Ranges

Tarija Villamontes

Precambrian
Upper Cambrian

Cordillera Oriental

km

km

Cordillera Oriental

0

4

Precambrian to
Lower Cambrian

Paleozoic
Cretaceous:
Synrift strata NeogeneCretaceous/ Paleogene:

Postrift strata

W E NW SE

Maíz GordoCentinelaSanta Barbara
Zapla

Reactivated normal faultThrust fault

0 10 50 100 km

0

10

0

10

40

30

20

km

0

10

0

10

40

30

20

Figure 10.8: Cross section in the foreland and thrust belt of the Eastern Cordillera of the Andes
illustrating the transition from thick-skinned to thin-skinned. Note the change in topography
moving southward: the thin skinned portion of the thrust and fold belt resembles a wrinkled
carpet (from Kley, 1999).

the thrust system merges in a basal décollement, tapering toward the subducting plate
(Fig. 9.7). While their internal structure might be complex in terms of how individual
faults accommodate the deformation, the bulk accretionary wedge geometry can often
be captured by a simple description, following critical taper theory. According to this
model, the wedge shape results from the equilibrium between the shear along the basal
décollement, including the role of pore pressure, and its internal strength (§10.5.1).

The inner portion of collisional and subduction orogeny consists of highly-deformed
metamorphic and intrusive rocks. These units generally include sedimentary and base-
ment material from the downgoing plate, metamorphosed under different pressure and
temperature conditions. In subduction orogeny, high-pressure, low-temperature (HP/LT)
metamorphic rocks reach lower crustal to subcrustal depths. Exhumation of these units to
shallow levels occurs in tectonic slices bound below by the subduction channel, or associ-
ated thrust structures, and above by low-angle normal faults, or detachment faults, (§7.1.3
and §10.7; Platt, 1986; Brun and Faccenna, 2008).

In collisional orogeny, we observe moderate to high temperature metamorphism also
related to crustal melting and shear heating. High to ultra-high pressure units are limited,
as in the case of the Himalayas, where they form and are exhumed in the initial phases of
continental collision (Leech et al., 2005). Conversely, most of the inner portions of subduc-
tion orogeny belts are constituted of HP/LT units, at sites followed by high temperature
imprinting (Jolivet et al., 2003).

To describe the overall structure of an orogen, it can be useful to consider the parti-
tioning between upper and lower plate units involved in deformation. The separation
between those two domains is marked by the presence of an ophiolite belt present in
both collisional and subduction orogeny. Figure 10.9 shows cross-sections representative
of different active or recent orogenic systems. There are large variations in width from
. 100 km up to ∼1,000 km, and variable partitioning between lower and upper plate
units involved in orogeny.

From a geometrical point of view, we can distinguish between two modes of crustal
thickening: crustal-scale thrust wedges, where highly asymmetric orogenic structures taper
toward the subducting plate, and high plateaus. Those are accretionary-type orogens con-
sisting mostly of lower plate material. High plateaus represent the extreme consequence
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Figure 10.9: Cross sections for active and recently active orogens. a) Central Alps (modified from
Schmid et al., 1996); b) Northern Apennines (modified from Piana Agostinetti and Faccenna, 2018); c)
Pyrenees; d) Andes at latitude 20◦S (modified from Oncken et al., 2006); e) Zagros-Iran-Keph-Dagh;
f) Himalaya-Tibet (MBT: main boundary thrust; MCT: main central thrust; STDS: southern Tibetan
detachment system; Indus-Tsang-Po suture); redrawn from Guillot et al. (2003) and Tilmann et al.
(2003). Cross section locations are shown on Fig. 10.39.

of crustal thickening; they are made of upper plate units, and belong to the Collisional
and Cordillera types. Plateaus show doubly-vergent thrust systems located on the pro-
and retro-side of the orogen. The crust is thick, reaching ∼60 km, with maximum val-
ues of ∼70. . . 80 km below the Tibetan and Andean plateaus (Figs. 1.9b and 10.9). Less
is known about the thickness of the lithospheric mantle below high plateaus, but is often
appears to be thin or absent (Fig. 1.9c). For example, the subcrustal lithosphere is absent
under the Altiplano but thinned below the western and Eastern-Cordillera (e.g. Beck and
Zandt, 2002; Ward et al., 2016). Similarly, below Tibet the lithospheric mantle is poorly re-
solved and may be absent, but we have evidence of India underplating beneath Tibet and
then foundering into the mantle (Tilmann et al., 2003; Li and van der Hilst, 2010) through a
subvertical high-velocity zone from ∼100. . . 400 km depth.
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Figure 10.10: Relation-
ships between upper plate
and trench velocity and
back-arc deformation. For
a laterally free slab, the
trench velocity is expected
to move according to the
upper plate and the defor-
mation in the backarc is
neutral. Alternatively, the
trench velocity is zero for
an anchored slab, and de-
formation directly results
from upper plate motion: it
can be either compressional
or extensional depending
on if the upper plate moves
away or toward the trench,
respectively (cf. Fig. 9.54;
modified from Faccenna
et al., 2021).
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10.3 The kinematics of mountain building

Orogeny forms at converging margins. However, not all convergent margins produce
orogeny, and there are several examples where compression started after an episode of
back-arc extension. The question is, then, what are the kinematic conditions necessary to
create a compressional regime in the backarc region?

Following the rules of subduction kinematics (§9.7), it is instructive to consider oro-
geny and backarc deformation in the context of plate and trench motions (Royden, 1993;
Heuret and Lallemand, 2005). Figure 10.10 illustrates backarc deformation as a result of a
combination of trench migration and upper plate motions. Back arc extension occurs if
the trench migrates backward at a higher rate than the upper plate (e.g., Tonga, Sand-
wich, Mediterranean), or if the upper plate moves away from trench faster than the rate
of trench advance (e.g., Marianas, Izu Bonin). In those cases, subduction exceeds the con-
vergence rate. Conversely, backarc compression occurs when the trench migration rate
is lower than the motion of the upper plate (e.g., Cordillera type orogeny), or when the
trench advances toward the upper plate (e.g., Arabia, India; collisional type orogeny). In
this case, subduction velocities are smaller than convergence rates.

Consider the case of India, a collisional orogeny. The northward motion of India
with respect to Eurasia is ≈4. . . 5 cm/yr, and is accommodated by continuous and dis-
tributed shortening of the Himalaya-Tibetan orogenic system (Fig. 2.1). The trench or,
more precisely, the contact between the two plates, is moving northward towards Asia at
≈3. . . 4 cm/yr. Therefore, the subduction or underthrusting velocity of India will be only
≈1. . . 2 cm/yr. Now, let us examine the case of the Andes, a Cordillera type orogeny, e.g.,
at the latitude of the Altiplano. Here, south America moves westward at ≈2 cm/yr, ac-
commodated by shortening in the interior of the orogen such that trench is moving only
slightly (Fig. 9.27). In this case, the subduction velocity is equivalent to the lower plate
velocity which is ≈6 cm/yr to the East. Therefore, Andean shortening occurs due to a
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Figure 10.11: Rela-
tionships between
lower and upper plate
crustal thickening.
Accretionary orogeny
forms by downgoing
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backarc compression
(central right domain).
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trench that is stationary, or migrating backward at speeds smaller than those of the the
upper plate. In contrast, in the Himalayas-Tibet, shortening is due to the trench advanc-
ing toward the upper plate. The style of orogeny then fundamentally depends on trench
migration and hence slab dynamics. For a perfectly free slab, the trench will migrate at
the same speed as the upper plate, resulting in no backarc deformation. For the case of a
perfectly anchored trench, i.e. stationary with respect to the deep mantle, any motion of
the upper plate would cause backarc deformation (Fig. 10.10).

Another, mass balance focused, way to view orogeny is to consider the mutual con-
tribution of crustal thickening from the downgoing or the upper plate (Fig. 10.11). The
downgoing plate contribution is given by the product of the thickness of the accreted
material and the subduction velocity, i.e., lower plate velocity ± trench velocity. The up-
per plate contribution scales with convergence velocity, which is the difference between
trench and upper plate velocity. Cordillera type orogeny has no contribution from the
downgoing plate and shortening in the upper plate. Taiwan, the Pyrenees, and other, cold-
wedge orogenies are instead constituted only of accreted material. The collisional type of
orogeny are in between. One can also have orogeny during backarc extension, when the
subduction velocity exceeds convergence as in the Mediterranean orogeny (§9.7).

10.4 Mechanics of mountain building

To move from kinematics to understanding the dynamics of orogeny, rheology again has
to play a major role (§3). What is the strength of an orogen, and how does the strength
of the lithosphere evolve during crustal thickening? We now explore the structure and
strength of the lithosphere prior and after the main orogenic event.

The simplest compositional models used in the mechanical modeling of continental
lithosphere deformation are 2-3 layers models with a granodiorite-type homogeneous
crust (§3.11.2), or including a granulitic lower crust, and a peridotite-type lithospheric
mantle (Fig. 10.12). The strength of brittle and ductile rocks can be expressed as the dif-
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Figure 10.12: a) Viscosities
as a function of tempera-
ture as inferred from ex-
periments. Metasediments
and serpentinites are substan-
tially weaker than a refer-
ence asthenospheric viscosity
of 5 · 1019 . . . 1020 Pas over
all deep interface tempera-
tures (cf. Fig. 3.65). Metamor-
phic rocks are predicted to
be stronger than the astheno-
sphere over the 450-725◦C in-
terval, but still weaker than
the upper plate lithospheric
mantle represented by olivine
(from Behr and Becker, 2018).

ferential stress, eq. (2.29), σd = σ1 − σ3, with principal stresses σ1 > σ3, needed to deform
at a given strain-rate (Fig. 10.13). In the orogeny context, it is important how this profile
might change over times, e.g., due to crustal thickness and geotherm variations (Kusznir
and Park, 1987; Ranalli, 1997; Michaut et al., 2009; Burov, 2011).

Our strength profiles are constructed as for Fig. 3.72, but let us now consider as an
initial, pre-orogenic setting, a rheological profile of a lithosphere thermally stabilized dur-
ing the Phanerozoic and with 30 km of crustal thickness with a geotherm of 30◦C/km
(Fig. 10.13). At the end of the deformation we assume to have an increase of the crustal
thickness to 60 km. After thermal relaxation, the Moho temperature increases from 900 to
2000◦C. As a consequence, the peak strength of the mantle lithospheric olivine, which in
the previous case was still expected to behave in brittle fashion just beneath the Moho, is
removed. As a consequence the total lithospheric strength decreases dramatically. Likely,
an increase in crustal thickening may also correspond to an increase of the geothermal
gradient, e.g. to 40◦C/km, further decreasing the total strength of the lithosphere. Con-
sidering the melting conditions for quartz, the lower crustal layer in all cases should be
partially molten (Fig. 3.65).

Temperature gradients, crustal thickness, and composition thus play a fundamental
role in controlling lithospheric resistance. It is useful to refer to thermal age of the litho-
sphere to indicate the last stabilized thermal event, an orogenic or rifting event (Fig. 1.22).
The strength profile of Fig. 10.13, e.g., may be representative of lithosphere that thermally
stabilized from the middle to late Paleozoic, after the end of Caledonian or Hercynian
orogenic cycles. Those lithospheres commonly have crustal thicknesses of 30-35 km, and
lithosphere thicknesses of 100-120 km. They are likely represented by the four-layer type
strength profiles (Fig. 10.13e) with two strength peaks, a major one in the lithospheric
mantle and the other in the crust. This type of mechanical layering in which the major
strength peak is located in the crust and in the sub-Moho mantle has been called jelly
sandwich (Jackson, 2002).

In such four-layer lithospheres submitted to shortening during the late Mesozoic-
Cenozoic, the ductile crust, due to its rather low strength, plays the role of a décollement
between the upper brittle crust and the lithospheric mantle. If the lower crust is granulitic
with a higher strength, the décollement occurs only in the middle crust. This crustal-scale
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Figure 10.13: Strength profiles of continental lithosphere (cf. Fig. 3.72) under compression for fixed
strain-rate of ε̇ = 10−15 s−1, using dry conditions (λ = 0). Crustal thickness is 30, 40, and 60 km
for the left, middle, and right panels, respectively; top and bottom use quartz (Tokle et al., 2019)
and feldspar (Rybacki et al., 2006) creep laws, respectively (Fig. 3.65). Each panel shows results for
three different geotherms.

décollement plays an essential role in lithospheric shortening and modes of crustal thick-
ening in zones of plate convergence. Thrust units pile up above a middle crust and/or
lower crust décollement, as illustrated in several deep seismic lines of Phanerozoic moun-
tain belts (Cook and Varsek, 1994).

Cratonic lithospheres, conversely, which thermally stabilized in the Archean, under-
went a long cooling history. Crustal thicknesses of 40-45 km and lithosphere thicknesses
of 200. . . 250 km are typical (Fig. 1.9). Such regions are characterized by low heat flow
(Fig. 4.19), hence low Moho temperatures, ∼450-500◦C. Consequently they are character-
ized by strength profiles with a crust that is predominantly brittle and a significantly thick
brittle layer below the Moho (cf. the analysis of the Canadian craton in Michaut et al., 2009).
The large bulk strength of such lithosphere in compression likely contributes to the long
survival of cratons through several whole cycles of plate tectonics (Burov and Watts, 2006).

The strength profile of both upper and lower plate thus exerts a major control on the
style of orogeny. Let us consider the case of a cold geothermal gradient, with a relatively
strong upper plate lithosphere (Fig. 10.14a). We then expect to have an orogenic wedge
formed primarily by lower plate crustal units. If the upper plate is weak (Fig. 10.14b),
then deformation will primarily be localized there, and the orogen will be generated from
upper plate units. However, during crustal thickening, the thermal regime within the oro-
gen gets hotter and the lithosphere is weakened, as the Moho temperature is likely higher
than 1000◦C. Several orogenic belts show late-stage deformation that is indeed character-
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Figure 10.14: Scenarios for orogenic evolution. a) For a cold geotherm regime, the orogenic wedge
is primarily made of lower plate units; b) for the case of a weak upper plate, the deformation
is mostly localized on the upper plate instead; c) a possible evolution of case a) is that the man-
tle of the subducting plate detached from the crustal layer, producing delamination; d) possible
evolution of case b) by dripping loss of a crustal layer after eclogitization or due to dense, mag-
matic residues; e) possible evolution of case b), where mantle lithosphere is weak, both crustal and
mantle lithosphere may be thickened, inducing wholesale mantle dripping.

ized by a high temperature–low pressure metamorphic imprint, with diffuse magmatism
produced by lower crustal anatexis. Orogens are weak.

What is the cause of the temperature increase within an orogen during deformation?
One obvious possibility is to consider the heating related to crustal thickening during
collision. Thermal relaxation by conduction following crustal thickening by thrusting
was first suggested to explain the pressure-temperature history of metamorphic rocks by
Oxburgh (1974). All such models need to include the major sources of heat, radiogenic
heating within the continental crust and the heat transferred to the base from the upper
mantle (§4.2.1.1). Some models also studied the effects of other contributions to the heat
budget like frictional heating, eq. (3.87), granite intrusion, endothermic and exothermic
metamorphic reactions, and fluid flow. However, all models show that the rate of tem-
perature increase in the thickened crust is too slow to explain the fast heating commonly
observed in mountain belts. For instance, England and Thompson (1984) show that, in a
35 km thick crust reaching 70 km by thrusting, the Moho temperature increases from
550◦C to 820◦C in 40 My.

Another possible mechanism to increase the thermal gradient is due to separation of
the upper lithosphere mantle from the crustal layer, lithospheric delamination (Figs. 10.14c
and 10.15). The delamination concept was introduced by Bird (1979) and corresponds to
the detachment of the lithospheric mantle from the overlying crust, and its gravity-driven
sinking into the asthenosphere. The consequence of this is that the crust is in direct contact
with the asthenosphere, resulting in a regional isostatic uplift, and a strong heating pulse.
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Figure 10.15: Geodynamic model of mantle delamination, where the mantle has a visco-plastic
rheology, promoting slab break off. The blue layer is continental lithosphere mantle (dry olivine),
denser than the asthenosphere (light pink) by 40 kg/m3, the yellow layer is a felsic lower crust,
and pink the upper crust. Lines show deformed Lagrangian mesh (initially rectangular). Surface
topography is also shown on top graphs. Model on the left differs from the one on the right which
has an a convergence velocity (vp = 2 cm/yr) imposed along the right side of the lithospheric
plate. In this case, the topography of the belt is higher and the foredeep basin is shallower (from
Göğüş, 2015).
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Figure 10.16: Numerical model of mantle dripping. Note the progressive shift from subsidence to
uplift and from shortening to extension (modified from Göğüş et al., 2017).

The delamination concept was later extended to other mechanisms of lithospheric mantle
detachment, such as dripping convective removal of the lithospheric root (Fig. 10.14d; e.g.
Platt and England, 1993) and/or Rayleigh-Taylor type instabilities (§B.6, e.g. Houseman and
Molnar, 1997). A widespread version of lithospheric mantle delamination, or thinning, has
also been explored for the western U.S. after the Laramide flat slab episode, for example
(§7.1.6).

Subduction-delamination or shear delamination (Brun and Faccenna, 2008; Tirel et al.,
2013) is expected during subduction of continental material, as the upper continental
crust is deformed by thrusting on top of the ductile crust acting as a décollement be-
tween the upper crust and the downgoing lithospheric mantle. Consequently, the delam-
inated continental crust comes into contact with the asthenosphere and is strongly heated
and rheologically weakened. Crustal convective removal may also be triggered by phase
transformation of crustal layers to denser eclogite, e.g. triggered by return flow into man-
tle wedge (Currie et al., 2004; Hyndman et al., 2005), and/or gabbro-eclogite transformation
in the lower crust (Sobolev and Babeyko, 2005; Le Pourhiet et al., 2006).

The rheology of the subducting plate and subduction interface is also very important
for the evolution of the system. During subduction of continental lithosphere, for exam-
ple, both lower crustal viscosity interface rheology affect the dynamics (Fig. 10.17). A
thermally young lithosphere, with a weak lower crust, may evolve from subduction to
delamination, unzipping the mantle lithosphere from the upper crustal layer. A cold, old
lithosphere, conversely, will have more difficulty to subduct, and end up with slab break
off under the pull of the previously subducted oceanic lithosphere (Magni et al., 2012).

Several possible scenarios are involved in the construction of an orogen. They all
involve modification of the structure of the deep lithosphere and the underlying mantle,
and they will all have consequences on the topographic evolution of the mountain belt.

10.5 The elevation of mountain belts

In mountain belts, tectonically uplifted rock is sculpted and eroded by geomorphic trans-
port processes such as wind and water, which are themselves modulated by climate. Deep
processes, i.e. mantle convection, produce vertical motions of the Earth’s surface. Convec-
tion also drives plate tectonics and crustal deformation at plate boundaries which mani-
fests itself as vertical motion through isostatic equilibration of thickened or thinned crust
(§5.2). Mountain belts are the result of the interaction between different processes operat-
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Figure 10.17: Geodynamic model showing possible slab evolution after continental subduction.
Changing lower crustal strength with respect to the subduction plate interface strength influences
the evolution of the system: lower crustal strength favor delamination, higher crustal strength slab
breakoff (modified from Magni et al., 2012).

ing at different time and spatial scale, from the deep mantle to the atmosphere (Fig. 5.4).
The main process controlling the elevation of mountain belt is isostasy (Fig. 10.18,

§1.1.1). The origin of peaks and valleys is primarily due to isostatic equilibrium of a buoy-
ant crust thickened by compression and shortening. The average elevation of a mountain
belt is expected to be ≈0.12 of the crustal thickness, eq. (1.4), i.e. every km of crustal thick-
ness gained will result in an elevation gain of ∼120 m. At the same layer difference, the
lithospheric is minor compared to the crust; every 10 km of loss of mantle lithosphere will
result in an elevation gain of ∼100 m, eq. (1.27). However, the lithosphere is also typically
thicker than the crust, and lithospheric mantle density variations may play an important
role (§7.3). Mantle lithosphere may be eroded by convection including delamination or
dripping at convergent margins (Fig. 10.15). In particular, once thickened, lithosphere
may be subjected to removal given that its density is slightly higher than that of the un-
derlying asthenosphere (Houseman et al., 1981).

Tectonic forces, i.e. convergence generated by large-scale plate motions and subduc-
tion due to mantle convection, are the primary causes of crustal thickening and drive the
mountain up against gravity, preventing them to enlarge and spread laterally. Regions of
high GPE tend to push outward since the mountain wants to reduce its potential energy,
leading to extension in high plateau such as Tibet (Fig. 2.1). The competition between the
stress generated GPE due to different crustal columns, from thick mountains to the low-
plains, and the integrated strength of the lithosphere is measured by the Argand number,
Ar, eq. (4.53) (§4.1.6). The shape of the mountain belt, i.e. its steepness based on elevation
and width, can be approximated based on Ar, with large Ar indicating steeper topogra-
phy.

Tectonic forces are transmitted from the downgoing plate to the upper plate through
the subduction interface (Fig. 10.19). The strength of the subduction interface, consisting
of a ductile and a brittle shear component (§9.8.1), plays an important role for stress trans-
mission, and hence the dynamics of the overriding plate and may influence the shape of
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Figure 10.18: Schematic
cross-section of an oro-
genic system showing the
distribution of loads and
the consequent formation
of basins. Upper panel
indicates the dynamic,
subsurface processes (blue)
and the isostatic compo-
nent (red) due to mass
distribution in the crust.
Subduction generates
trench topography, and
also backarc depression
induced by the Stokes-like
flow (§4.1.4.2) in the man-
tle. The summation of those
two contributions controls
the variation of topography
and exhumation.
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Figure 10.19: Cartoon showing the force balance during subduction. The shear stress along the
megathrust includes a frictional shallow component and a deeper, viscous one (§9.8.1). It sup-
ports the elevation of the mountain, i.e. the gravitational force stored in the upper crust, lithostatic
pressure, respect to trench on the pro-wedge and respect to the low plain, where vertical litho-
static stress is lower. We also show two competing processes: On one side we have tectonic influx
of material, given by accretion of sediment or crustal units from the down going plate or by under-
plating. On the other, side we have surface erosion that bring material mainly outside the system.
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Figure 10.20: Cartoon
based on numerical models
illustrating the impact of
erosion on the growth of a
bi-vergent wedge, where
we can define a construc-
tive and a destructive phase
based on the equilibrium
between accretional, driven
by tectonics, and erosional
flux. The model also pre-
dicts different motion of
the deformation front, cf.
Fig. 10.24 (from Stolar et al.,
2006).

the mountain belt (Lamb, 2006; Dielforder et al., 2020). Interface strength depends on lithol-
ogy and the thermal regime (Fig. 10.12) which is controlled by the thermal parameter,
eq. (9.1). Strength is also dependent on fluids which modulate friction via the effective
normal stress, eq. (3.34). For example, the entrance of sediments at a subduction zone,
and their subsequent erosion, may cause a decrease in subduction interface strength due
to the fluid budgets stored within the sedimentary package, subsequently released during
their burial at depth. Lowering the interface strength is expected to produce a lowering of
the mountain belt. The flexural strength of the subducting lithosphere is also considered
to be important to support the load of the thickened belt (Molnar et al., 1988; Royden, 1993).

The elevation and steepness of mountains are also modulated by surface processes,
where erosion limits mountain height by removing material from high elevations. Moun-
tains may reach a “steady state” configuration, both for topography or exhumation pat-
terns, where the tectonic influx of material is balanced by erosion outflux (Fig. 10.20; Wil-
lett and Brandon, 2002). Erosion is primarily controlled by climate, which in turn is also
controlled locally and regionally by the elevation of mountain chains. At high latitude, for
example, erosion controls mountain height by the glacial buzz saw. In this model, moun-
tain heights are kept at about the elevation of the climate-controlled snowline, regardless
of the tectonic forces at work (Herman et al., 2021).

In addition, it is important to also consider the contribution of the “dynamic” com-
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ponent due to mantle convection (§5.2). This contribution is expected to be particularly
relevant along subduction/collision zones, where convection is vigorous. The presence
of subduction generates an overall depression of the upper plate at trench but also in the
backarc region, due to the Stokes-like return flow (Fig. 10.18; §4.1.4.2).

A way to formalize the dynamic equilibrium of an orogen, or at least its frontal part,
is to consider a wedge attaining its critical shape. In this view, the elevation and topo-
graphic profile of an orogen will result from the balance between the shear along the
subduction interface, τ , and the gravitational forces, σzz (Platt, 1986; Lamb, 2006; Wang
et al., 2019b; Dielforder et al., 2020). In this model, the stress state underneath the high
mountains is near-neutral, i.e., τ ≈ σzz , and elevation mainly controlled by the interface
stress (Fig. 10.19). In case of net convergence, e.g. relative motion between trench and up-
per plate (Fig. 10.10), it is, however, likely necessary to include additional tectonic stresses
in this force balance (Fig. 10.19); such a model has yet to be fully explored. We will next
discuss critical tapers, and their application to the frontal portion of mountain belts.

10.5.1 Critical taper and Coulomb wedge theory

Figure 10.21: Parameters used for
sub-marine wedge force balance by
considering an element of extent dx
in x direction along the décollement
(modified from Davis et al., 1983;
Dahlen, 1990). See Fig. 9.7.
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The concept of equilibrium of forces inside the wedge derives from force balance ap-
plied to the frontal accretionary wedge, critical taper theory. This approach is commonly
used to constrain the effective strength of the basal detachment and basal shear stresses
from the geometry of a wedge, usually with assumed perfectly Coulomb-plastic rheology.

This Coulomb wedge approximation considers a “bulldozer” plowing sand uphill
(Fig. 10.21). The accretionary wedge can be viewed as a mass of material of density ρs
which is pushed with a normal stress σH uphill on a slope with angle β. In equilibrium,
the wedge will develop a slope α which is a function of the internal wedge resistance and
the basal friction. Considering the kinematics of the “sand pile”, conservation of mass re-
quires that the steady-state width of the wedge (from bulldozer to toe), W , is balanced by
the rate of erosion (removal of material), ė, the convergence velocity, v, given an original
thickness of h by

ėW sec(α+ β) ≈ ėW = hV. (10.1)

If we consider the equilibrium stress state on an element of width dx (Fig. 10.21), we
can sum up the driving and resisting forces, here written per unit length. First, we have
to consider the overburden of the wedge (cf. eq. 1.3)

Fs = ρsgH sinβ dx,

and if it is submarine, the overburden due to the ocean load

Fw = ρwgD sin(α+ β) dx.
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high basal friction
µ��= 0.55

low basal friction
µ��= 0.37

medium basal friction
µ��= 0.47

����
Figure 10.22: Influence
of basal friction on sand
box model with vertical
backstop. The color line
shows the envelope of the
thrust system, i.e. α angle,
eq. (10.5) (redrawn from
Huiqi et al., 1992).

Another resisting force is due to shear stress, τ , along the décollement fault (force per
length is stress times length)

Ff = τ dx,

and those forces will be balanced by the difference in normal stress, pushing on the sides
of the box

Fp =

∫ H

0
(σH(x+ dx, z)− σH(x, z)) dz,

such that
Fs + Fw + Ff + Fp = 0.

Given that for small dx, σH(x + dx, z) ≈ σH(x, z) + d
dxσH(x, z) dx (cf. §2.6.3), and this

balance is independent of dx, we can write

ρsgH sinβ + ρwgD sin(α+ β) + τb +
d

dx

∫ H

0
σH dz = 0. (10.2)

Just like other force balance analysis (e.g. eq. 4.13), eq. (10.2) is independent of rheology.
If we now chose a rheology and τb to be given given by the Mohr-Coulomb criterion,

eq. (3.30),
τb = µbσ̄V = µb(1− λb)ρsgH (10.3)

where µb is the basal friction coefficient, relating to the angle φb of internal friction as
µb = tanφb, and σ̄v the vertical stress on the fault accounting for pore fluids (cf. eq. 3.34)
σ̄V = σV − pf , defining

λ =
pf − ρwgD
σV − ρwgD

(10.4)

which is a generalization of the λ = pf/σV factor we used in eq. (3.35).
We can solve these equations for small angles α and β, which yields

α+ β =
(1− λb)µb + (1− ρw/ρs)β
(1− ρw/ρs) + (1− λ)K

where K = f(µb, µ) with µ being the friction of the wedge material, and λb the fluid
pressure factor at the base (Davis et al., 1983). For a dry dry, subareal wedge (Dahlen,
1990):

α+ β ≈ 1− sinφb
1 + sinφb

(β + µb) =
β + µb
1 +K

. (10.5)

We can thus predict the way the wedge geometry is affected by parameters such as basal
friction or fluid pressure. The theory also allows to infer the stress state within the wedge

DRAFT 483



10.6. TECTONICS, CLIMATE, AND EROSION

Figure 10.23: Relationships for submarine
wedges α+Rβ = F , for various pore pres-
sure ratios λ, where R and F are func-
tions of density and friction parameters,
and friction coefficient µb = 0.85 and µ =
1.03 (friction of the the décollement and
wedge, respectively) (redrawn from Davis
et al., 1983).
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which can provide important constraints for the megathrust cycle (e.g. Wang et al., 2019b).

The critical taper theory was first tested using sand-box models, where a basal my-
lar sheet is typically pulled below a sand pack (Figs. 10.22 and 10.25). Figure 10.23 il-
lustrates the relationships for submarine wedges between α and β as a function of λ for
several natural cases; α and β ranges between 2◦. . . 4◦and 4◦. . . 6◦, respectively, for λ of∼ 5
to 8 (Fig. 10.23). Parametric studies of the wedge shape considering sediment thickness
show that accretionary margins are typically marked by forearc slopes of < 3◦and form
in margins where the rate of convergence is < 7.6 cm/yr and where the trench sediment
thickness is > 1 km (Clift and Vannucchi, 2004).

The Coulomb wedge model shows that the wedge grows until it reaches a critical
stage, where it will keep growing but preserving its shape, i.e. its steepness or α. Pertur-
bations of the boundary conditions have consequences in terms of the wedge’s adjustment
back to the new slopes corresponding to the new dynamical equilibrium (Fig. 10.24).

Coulomb wedge theory predicts the growth of a material with brittle behavior in a
convergent setting, and as such it can be applied to the shallow and external parts of
an orogenic wedge. The concept has also been used also to understand the mechani-
cal behavior of orogens, including its ductile deep layer and exhumation of deep-seated
metamorphic units (Lyon-Caen and Molnar, 1983; Platt, 1986).

10.6 Tectonics, climate, and erosion

10.6.1 What is uplifting relative to what?

Orogeny is a highly dynamic system and the shape of mountains evolves from the on-
going competition between tectonic motions, which control the flux of material entering
the orogenic system, and the climatic system, which control the material that moves away
from the system by surface transport (Fig. 10.20).

Geologists observe the landscape evolution of mountains and try to infer, using ge-
omorphological markers, surface uplift. The latter is defined as the change of the Earth’s
topography with respect to the the (ellipsoidal) reference geoid, which is a first-order ap-
proximation to the sealevel at rest (Fig. 1.4). Temporal changes in crustal or lithospheric
thickness, and the isostatic adjustment to these, can lead to “static” surface elevation
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Figure 10.24: Schematic evolution of
a subduction zone thrust wedge. The
initial growth of the wedge is mainly
in the vertical vertical (stage a) on
the backthrust until arriving to a crit-
ical elevation when the wedge prop-
agates frontward, forming a system
of frontward verging thrusts and then
reaching a critical profile (b). From
this moment on, the wedge keeps
growing while preserving its inher-
ent shape (stage c), but erosion can
moderate the growth bringing mate-
rial out of the system and causing
exhumation (stage d). We can also
consider perturbations from the equi-
librium. An increase in basal fric-
tion (e), for example, may bring the
wedge into a sub-critical stage. Back-
thrust and out-of-sequence thrusts
can be activated at the rear of the
wedge to increase its slope and steep-
ness, or underplating along basal
décollement may happen with forma-
tion of duplexes. In the case of a de-
crease in basal friction (f), the wedge
should increase its length by frontal
accretion to decrease its steepness (cf.
Roe et al., 2006, and Fig. 10.20).

change, and changes in mantle convection, e.g. due to slab break off, can lead to changes
in “dynamic” surface elevation (§5.2).

Quantifying surface uplift in a continental environments is, however, a difficult exer-
cise. There are few available methods. On short time scales, of order a few decades, we can
use GNSS or InSAR geodesy which can provide information on vertical motion of Earth’s
surface (§3.3.4). On longer timescales, we can use paleobotany, e.g., isotope analysis such
as δO18 in soil carbonates, or clumped isotopes, which are sensitive to temperature. Near
the coast, we can study sea level markers, such as marine terraces and notches, and/or, in
general, last marine deposit elevation. Lastly, if we know the erosion rates and assuming
river dynamics follow a description such as a stream power law, we can deduce surface
uplift by using river profile inversion (§10.6.2).

Thermochronology or geothermometers, conversely, provide information on the thermal
history of specific minerals (Fig. 10.26), such as mica, zircon or apatite, moving relative
to the local surface. Knowing or assuming the geotherm, we can then use these methods
to estimate the timing and rates of what defines exhumation (Reiners and Brandon, 2006).
The interaction of surface uplift and exhumation due to tectonic or surface processes will
control rock uplift, which is the vertical displacement of rocks (Fig. 10.20). Rock uplift
cannot be directly measured, but it can be inferred from the sum of surface uplift and
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Figure 10.25: Geometry
of a double-vergent sand
wedge as characterized
by two stages: 1), high-
velocity thrusting in the
retro-wedge, along with
low-displacement thrust-
ing in the pro-wedge; 2),
a second stage of high-
displacement synchronous
thrusting in the pro-wedge
and low-velocity thrust-
ing in the retro-wedge
(modified from Storti et al.,
2000).
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Figure 10.26: a) Temperature range used for thermochronometers; b) depth profile showing tem-
perature zones of low-temperature thermochronometers; c) age-distribution for tectonic structures
from thermo-kinematic models; modified from Ehlers (2005) and Willett et al. (2021).
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Figure 10.27: Impact of erosion on el-
evation following Molnar and England
(1990a). a) For an initial elevation t,
t = Rf1, and final elevation, tf , af-
ter smooth erosion of an ∆e = h thick
layer, tf is lower isostatically by∆s =
tf − t = −f1h with f1 = ρm−ρc

ρm
≈

0.12, eq. (1.4). From eq. (10.6), the
rock uplift and Moho lift is ∆u =
(1− f1)h ≈ 0.88h. b) If incision of
a landscape with mean initial eleva-
tion t = h is rapid, down to river val-
leys at sealevel such that peaks are at
2h, the rock uplift and Moho change
is ∆u = h because material is be-
ing sucked out. The mean elevation
would subsequently drop again by
∆s = −f1h ≈ −0.12h isostatically,
such that eroded peaks would stand
at (2− f1)h ≈ 1.88h.

exhumation (England and Molnar, 1990)

rock uplift, ∆u = surface uplift, ∆s+ exhumation, ∆e. (10.6)

Exhumation depends on erosion and sedimentation; without erosion, surface uplift will
be equal to rock uplift. If rock uplift is slower than erosion, the surface elevation is low-
ered. In a sedimentary basin, e.g., surface uplift can be positive but rock uplift can be
negative as rocks will be buried below sediments (Fig. 10.18)

Erosion and denudation affect the isostatic equilibrium (Molnar and England, 1990a).
Let us assume that we are eroding a crustal with original thickness R by removing a
rock layer of thickness h with a gentle slope, and deposit all this material away from the
system. By eq. (10.6) and isostasy, this would produce a decrease of elevation of 0.12h and
lead to a corresponding rock uplift of 0.88h (Fig. 10.27a). The only way to keep the Moho
and elevation constant during smooth erosion would be to thicken the crust at the same
rate concurrently.

Now consider that erosion due to a rapid climatic change will carve deep valleys into a
surface at original mean elevation h, leaving peaks with elevation 2h down to the sealevel
(Fig. 10.27b). After isostasy has caught up, there will be the same decrease in average
elevation, to ≈ 0.88h, but this leave the peak elevation at ≈ 1.88h. This means that cli-
mate driven exhumation can lead to high topography but reduced mean elevation, and
care needs to be taken to distinguish the different contributions of eq. (10.6). It has been
suggested that during the last 5 Ma, due to the extreme variation of climate, erosion in-
creased, leading to a rejuvenation of mountain belts (Molnar, 2004). However, the driving
factors controlling the topography evolution of a mountain belt and the global variabil-
ity in sedimentation rates remains controversial (Willenbring and Von Blanckenburg, 2010;
Herman et al., 2013).

The model of Fig. 10.27 is of course simplified and considers perfect Airy isostasy;
including elastic flexure can lead to different scenarios, and the kinds of and timescales
of erosional processes matter greatly. The case of the European Alps, for example, is one
where rock uplift is likely affected by both dynamic topography and exhumation due to
erosion and deglacatiation (Fig. 10.28).
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Figure 10.28: a) Vertical
and horizontal geodetic
crustal velocities (Ser-
pelloni et al., 2013) and,
b), expected vertical dis-
placement rates due to
erosion and sediment
redistribution from Sternai
et al. (2019) assuming an
elastic plate. Given the
rate discrepancies, other
contributions such as due
to glacial unloading and
mantle induced dynamic
topography, e.g. due to slab
removal, should be consid-
ered to account for the full
geodetic rates (Sternai et al.,
2019).

b)

a)

10.6.2 Uplift rates and surface transport

Surface uplift and topographic evolution of an orogen thus have sources from the deep
mantle, lithosphere, and crust (Fig. 5.4b). The vertical velocity or uplift rate of the surface,
vs, can, in principle, be decomposed into isostatic, viso, eq. (10.7), and dynamic compo-
nents, vdyn. The velocity resulting from the isostatic component can be broken down
further in terms of the structural thickening rate of crust and lithospheric mantle and the
rate of erosion, ė, and rate of sedimentation, ḋ, both of which are taken to be positive, and
which cannot coexist at the same point. The isostatic uplift rate of the surface (considering
eq. 1.5 under air) is then given by:

viso
s = f1

dlc
dt

+ f2
dll
dt
− f1ė+ f3ḋ (10.7)

where we introduce another isostatic factor accounting for the density of sediment, ρs, as

f3 =
ρa − ρs
ρa

.

Eq. (10.7) is the velocity for the surface of the Earth, and via eq. (10.6), in the presence
of erosion or deposition, the rock moves at

viso
r = f1

dlc
dt

+ f2
dll
dt
− (1 + f1)ė+ (f3 − 1)ḋ. (10.8)
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Because the lithosphere is denser than the underlying mantle, temperature and con-
sequent thickness variations of this layer by cooling or heating can cause subsidence or
uplift, respectively. For example, the time scale of the associated subsidence for half-space
cooling is of the order of 0.02 to 0.2 mm/yr (for seafloor of age 100 and 1 Myr, respectively,
eq. 4.112). The dynamic component to uplift rate can be defined as the rate of change of
dynamic topography (e.g. Fig. 4.8) and contributes equally to both surface and rock uplift,
so that the vertical velocity of the surface and of the rock at the surface are obtained by
adding żdyn = dzdyn/ dt to eq. (10.7) or eq. (10.8). A complexity arises in that viso may
depend on żdyn, as added dynamic topography may, for example, increase the rate of ero-
sion, ė. If much of dynamic topography is quickly eroded, rock uplift is greatly increased
(Expanded details 23; Kaus et al., 2008; Braun, 2010; Braun et al., 2013).

Expanded details 23: Stream power and surface transport laws

Much effort has been spent on characterizing surface processes and, in turn, inferring tectonic uplift
from the evolution of topography, in particular from river profiles and catchment area evolution. One
way to approach this problem is by considering a stream power type of equation, a set of connected
power-laws for fluvial transport which provide parameterizations for a mass balance of the type (Hack,
1957; Howard et al., 1994)

∂z

∂t
= vr(x, t)− ė(x, t) = vr(x, t)− q(x, t)|∇z|n. (10.9)

Here, z is the elevation of the riverbed, vr the rate of rock uplift, S = |∇z| the slope of the river, ė
bedrock channel erosion, and q the transport equation. The q factor considers the rate of flow in the
river, the erodability of the rock, r, which in nature depends not only on lithology, but also on ambient
stress due to cracks and other mechanical effects, precipitation (or “climate”), p, drainage area, A′ (a
proxy for discharge), and n. The latter is an important parameter controlling the dependence of erosion
on topographic gradients, with n ∼ 1, and differences in behavior for n > 1 or n < 1 (Whipple and
Tucker, 1999). When modeling actual landscapes, a smoothing hillslope diffusion term ∝ ∇2z (§4.2.2) is
often added to eq. (10.9) to capture other morphological processes. This addition introduces a length-
scale to the problem which is otherwise ill-posed since river spacing depends on numerical resolution
for eq. (10.9) alone.

How well smaller-scale physical processes are captured by such meso-scale transport descriptions
remains debated, but it is instructive to consider the behavior of eq. (10.9), at least for the sake of argu-
ment. If precipitation is uniform, then q(x, t) = r(x) (A′(x)p(t))

m, with m ∼ 0.5, which can be further
simplified, and written in 1-D for clarity with x distance from divide as

∂z(x, t)

∂t
= vr(x, t)−KAm

∣∣∣∣∂z(x, t)∂x

∣∣∣∣n , (10.10)

where K is an effective erosional efficiency, A combines A′ and climate p, and Hack’s (1957) law relates
distance from delta to A as A = kax

h where ka is a constant and h ∼ 1.7.
The relative importance of surface processes relative to a reference uplift, v0r , can be quantified by

an erosion number (Whipple and Tucker, 1999)

Ne =
K

vr
kma L

hm−nHn, (10.11)

such that the non-dimensional stream transport equation follows as

∂ẑ

∂t̂
= v̂r −Nex̂hm

(
∂ẑ

∂x̂

)n
, (10.12)

with H and L characteristic vertical and horizontal length scales, i.e. ẑ = z/H and x̂ = x/L, v̂r = vr/v
0
r ,

and characteristic timescale tc = H/v0r and t̂ = t/tc. The steady-state solution for eq. (10.12) relative to
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a base level of ẑb = ẑ(1) is (Whipple and Tucker, 1999)

ẑ(x̂) = ẑb +

(
v̂r
Ne

) 1
n
(

1− hm

n

)−1 (
1− x̂1−

hm
n

)
, (10.13)

where hm/n ∼ 0.8. At constant h, a river’s longitudinal profile’s shape is governed by
the concavity parameter θ = m/n (Fig. 10.29). The balance of (v̂r/Ne)

1
n in eq. (10.13)

thus affects transport rates, and vr timescales, but not the shape of the steady-state profile.

Figure 10.29: Steady-state and transient river solutions of the 1-D stream power equation, eq. (10.12).
Heavy lines indicate equilibrium solutions, eq. (10.13), normalized by the peak topography at x̂ = 0,
for different hm/n, and thin line indicates the new steady-state for hm/n = 0.5 after an assumed base
level drop. In this case, the knickpoint of unstable river topography migrates upstream at velocity c of
eq. (10.14) (after Whipple and Tucker, 1999).

If there is a rapid base level drop, a topography step forms at the river mouth, and this knickpoint
migrates upward, in nature accommodated by a waterfall or lake, until the new steady-state profile
corresponding to this ẑb is established (Fig. 10.29). The speed of this migration, and for information
transport in the advection-type eq. (10.12), is

c = −KAm
(
∂z

∂x

)n−1

= −Kkma xhmSn−1 = −Nex̂hm
(
∂ĥ

∂x̂

)n−1

. (10.14)

This implies a progressive decrease in migration speed the higher the topography the knickpoint reaches,
and faster erosion (larger Ne) means shorter time to communicate ẑb changes. Rapid changes in uplift
mean that the actual peak elevation of the new steady state river profile, ẑ(0) − ẑb ∝ (v̂r/Ne)

1/n, in-
creases, and this leads to a different transient knickpoint, due to upward migration of a wave of an
erosion.

More generally, the steady-state solution for constant uplift is (Whipple and Tucker, 1999)

z(x) =

∫ x

0

dx′
(

vr(x
′)

KA(x′)m

) 1
n

,

and the characteristic time for n = 1 is (Luke, 1972)

τ(x) =

∫ x

0

dx′

KA(x′)m
.

If vr and K are constant, the steady-state solution can be non-dimensionalized with a reference area A0

as (Royden and Taylor Perron, 2013)

z(x) = zb +

(
vr

KAm0

) 1
n

χ, where χ =

∫ x

xb

dx′
(

A0

A(x′)

)θ
.
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This χ parameter can be derived from topography data, and has become a popular way to estimate if
catchment areas of rivers and hence the tectonic and erosional setting are in steady-state (Willett et al.,
2014). Alternatively, if climate has been stable, knickpoint analysis can with additional assumptions be
used to infer uplift histories (Pritchard et al., 2009; Goren et al., 2014).

If the bulk evolution of an orogen with characteristic width L in response to surface processes is
considered, mass balance between total surface transport and uplift rates can be captured by considering
bothAr, eq. (4.53), andNe, eq. (10.11). Forming a ratio between the two combines surface transport and
the lithospheric balance for orogeny between GPE and crustal strength, e.g., as

Bm =
Ar

Ne
,

what Wolf et al. (2022) suggest to call the Beaumont number. Values of Bm & 0.5, Bm ∼ 0.5, and
Bm . 0.4 may characterize non steady-state and steady-state, strength controlled, and erosion con-
trolled orogenic regimes, respectively (Wolf et al., 2022).

10.6.3 Fingerprinting topography

Observations of topography and rock uplift rate must therefore differentiate between the
processes implicit in each of the terms in the topographic evolution equations such as
eqs. (10.8) and (10.9), recognizing that each has its own characteristic time and length
scales (Fig. 5.4b). To determine the isostatic and dynamic components, we must estimate
the density structure of the lithosphere and the motion of the mantle. To resolve uplift rate
components for the lithosphere, this means estimating erosion and sedimentation rates,
crustal thickening or thinning rates and for the mantle. Moreover, we need to work out
different components of dynamic topography, including glacial isostatic adjustment from
ice sheet melting and water loading (§4.1.7.2).

While unraveling the time-dependence of topography due to lithospheric and mantle
sources is thus a challenging project, progress can be made by the joint consideration of
different signatures, such as residual and dynamic topography, uplift rates from thermo-
chronological and geodetic method, as well as joint interpretation of horizontal deforma-
tion rates. Some of the physical underpinnings of this tectonic/topographic, as opposed
to GIA, “fingerprinting” approach (Fig. 10.30) were discussed earlier (§9).

Isostasy does provides a first order explanation for the elevation of orogens. However,
many orogens show pulses of surface uplift that cannot be explained by crustal shorten-
ing alone. In several regions, estimates of residual topography are positive. The Central
Apennines of Italy (Faccenna et al., 2014a), the High Atlas of Morocco (Miller and Becker,
2014), the Eastern Cordillera in Colombia (Siravo et al., 2019), the Caucasus (Faccenna et al.,
2014a), the central Appalachians (Miller et al., 2013), and the Anatolian plateau (Schildgen
et al., 2014) are a few examples.

While residual topography estimates are rather uncertain, all of these examples show
evidence of residuals larger than few hundreds of meters, up to 1 km or more, and also
are accompanied by significant, recent surface uplift. This surface uplift cannot be ex-
plained by crustal thickening, as the main compressional episode has either completely
vanished at the time of uplift, or it is not sufficient in amplitude. The presence of dynamic
topography over orogens is perhaps not surprising, as they form during subduction and
convergence in regions where the mantle is expected to be dynamically perturbed. Sev-
eral processes have been proposed to explain such anomalies: crustal or mantle dripping,
slab breakoff, slab flattening, and a mantle upwelling, such as through a slab window
(Fig. 10.30). Crustal or mantle dripping were discussed above (§10.5). Lithospheric man-
tle dripping has been proposed to explain the resurgence of plateau structures like Tibet
(Molnar et al., 1993) and the Altiplano. However, as noted, this would require a massive
mantle removal.
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Figure 10.30: Conceptual model illustrating different possible topography signals, including for
residual and dynamic anomalies, during slab break off, subduction, and mantle upwelling (modi-
fied from Faccenna and Becker, 2020).

Often mountains are formed during subduction or at its terminal stages. Slab break-
off, e.g., has been considered an efficient mechanism to enhance surface elevation and
produce uplift. The dynamic elevation gain during slab break off is mainly related to a
reduction in slab pull, i.e., less negative dynamic topography (§4.1.4.2). Example of this
process include the Central – Southern Apennines (Fig. 10.31), or the Taurides.

Slab flattening is also considered as a potential source of uplift, as suggested in several
parts of the Andes and Central America (e.g. Dávila and Lithgow-Bertelloni, 2015; Gérault
et al., 2015). The dynamics of this process are, however, less well understood. Addition
of shallow, negatively buoyant oceanic lithosphere would mainly lead to subsidence be-
cause of negative dynamic topography. However, buoyant plateau subduction as well as
mechanical and, more importantly, density effects due to hydration and subsequent ser-
pentinization of the mantle wedge may be involved (e.g. Gérault et al., 2015; Siravo et al.,
2019). Lastly, in some specific intracontinental setting, it may be possible that compres-
sion occurred during mantle upwelling. This is the case of the Morocco High Atlas, for
example (Fig. 10.32), where compression and anorogenic volcanism occurred simultane-
ously.
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Figure 10.31: Topography, geodetic velocity, and structure along the the Apennines-Calabria belt.
The Central Apennines show positive residual and dynamic topography and uplift rates, likely
due to slab breakoff, indicating ongoing mantle support. The Northern Apennines and Calabria
show negative residual and dynamic topography and uplift, indicating an ongoing topography
depression related to active slab pull. a) Smoothed vertical geodetic velocities (light green) (Serpel-
loni et al., 2013; Faccenna et al., 2014a) and relative to GIA corrected models. Light blue line shows
the mean horizontal strain-rate; b) median (black), minimum and maximum (gray) topography
from a±75 km swath; residual topography correcting for a 100 km thick lithosphere (orange), and
mantle-flow induced topography based on the tomographic model of Piromallo and Morelli (2003);
c) Crustal thickness (orange line) from receiver functions, lithospheric thickness used to estimate
residual topography (brown dashed line), lithospheric thickness needed to obtain zero residual to-
pography (brown continuous line) along with T2 (red dots) and T3 (brown dots) negative phases
from S-RFs (Miller and Agostinetti, 2012) indicating the LAB of the overriding and subducted litho-
sphere, respectively; blue dashed line depicts the boundaries of the high velocity anomalies for
the Calabrian and Northern Apennines slabs, as in d); d) Seismicity, focal mechanisms (gCMTs),
and tomography. Redrawn from Faccenna et al. (2014a).
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Figure 10.32: Topography of the Atlas of Morocco. a) Topographic map of North West Africa.
b) Schematic geological map of the High Atlas and Anti-Atlas of Morocco. Red lines (aa’, bb’
and cc’c”) indicate the traces of the geologic section shown in f. FWHA: Far Western High Atlas,
WHA: Western High Atlas, CHA; Central High Atlas, EHA: Eastern High Atlas, AA: Anti Atlas,
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thickness based on regional and CRUST1 data show a crust of 30-35 km b) Using those values we
can estimate the residual topography, c). This can be compared with filtered topography with
at 150 km average window e). f) Topographic swath profiles (gray areas) together with filtered
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and Becker (2020) and Lanari et al. (2020).
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et al. (2003). Redrawn from
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10.7 Exhumation of deep seated rock units

Closely related to surface processes are the exhumation transport dynamics of the upper
and lower crust. The term exhumation indicates processes that bring rocks from deeper
levels to the Earth’s surface. Exhumation may occur by erosion and surface processes, or
by tectonic transport, and eventually arises from the interplay of both. Several orogens
show deep-seated units in the inner portion of the belt. Most of those units show high
pressure imprints followed by decompression (Fig. 10.34).

Subduction offers a widely accepted mechanism for the burial of crustal rocks down
to mantle depths. However, with the discovery of ultra-high pressure (UHP) metamor-
phism in the Western Alps and the Norwegian Caledonides, we need to explain how
rocks, buried at depths of 100 km or more, can make their way back to the surface soon
after their burial, and at rates comparable to plate velocities. This question also applies
to high-pressure (HP) metamorphic rocks, such as blueschists and eclogites, commonly
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buried at shallower depths of 40-70 km. As HP and/or UHP rocks occur in most Phanero-
zoic mountain belts, the lack of a simple general model for their exhumation underlines a
possibly important gap in our understanding of mountain building.

Exhumation of HP rocks corresponds to a vertical displacement of deeply buried ma-
terial that must be accommodated by some type of overburden removal (§9.4.1.2). It has
been widely demonstrated that erosion from surface processes alone cannot account for
the exhumation of all crustal rocks, as the removal would imply enormous mass wasting
not commonly observed in foreland systems. There are three main mechanisms that have
been proposed to explain deep exhumation (Fig. 10.33).

During plate convergence, if a trench is stationary or slowly moving, exhumation may
be due to circulation of material inside the subduction complex or a subduction channel
(Fig. 10.33a). The mechanism is related to return or corner flow. This process, first pro-
posed for shallow depths (Cloos and Shreve, 1988) was later also extended to deeper levels
to explain HP and UHP units (Fig. 10.35; Jolivet et al., 2003). Material circulation within
the wedge and in the lower crust have also been proposed to explain the exhumation of
MP units simply by focused erosion driven by monsoon (Jamieson and Beaumont, 2013).
As for the evolution of topography, rates of surface mass transport will matter; efficient
removal of the exhumed material will locally reduce the normal load and favor more effi-
cient deeper crustal exhumation (Kaus et al., 2008).

The origin of tectonic melanges, where blocks of metamorphic material are embedded
within a shale matrix, is related to such tectonic mixing occurring within the subduction
complex. Metamorphic blocks here usually indicate higher temperatures and pressures
than for the matrix, implying that they where exhumed during shear. A notable example
of this are the Franciscan assemblages (Cloos, 1986). Numerical models also show that
subduction channel width can vary along depth, and a deeper circulation can arise where
material is exhumed following the ascending shear flow created by the overriding plate,
assisted by positive buoyancy of the heated crustal material (Burov et al., 2001). This mech-
anism requires a low viscosity matrix to provide small-scale circulation of blocks coming
up from eclogite depth.

The other exhumation scenario is related to trench rollback (Fig. 10.33b). In this case,
the exhumation of high-pressure rocks would be controlled by two linked requirements,
subduction of a continental block and slab rollback (Fig. 10.36). During oceanic sub-
duction (Fig. 10.36a), fragments of oceanic crust as well as sediments and crustal blocks
scraped off the overriding plate can be brought to high-pressure metamorphic conditions.
Subsequently, subduction of continental crust is accommodated by shortening and thrust-
ing, and crustal slivers are dragged down to HP or even UHP conditions. If the block is
small enough, then the compressional front can reach the ocean-continent boundary, de-
coupling the continental crust from the mantle (Fig. 10.36c). Such a process would depend
on the size of the block (<400. . . 500 km), which, in turn, scales with the ratio between the
pull of the attached oceanic slab (which is negatively buoyant) and the positive buoyancy
of the continent.

The resumption of oceanic crust subduction (Fig. 10.36d) would produce an increase
of the subduction rate, triggering trench retreat, and producing both exhumation of the
deeply buried continental slivers and back-arc extension. Exhumation of HP or UHP
rocks results from the combined effects of an upward push by buoyancy forces and the
space made available by trench retreat. The normal-sense shear zone, flat-lying on top of
the exhumed HP rocks, results from the tectonic inversion of the suture zone (Fig. 10.36d).
Asthenosphere penetrates into the wedge that opens up between the exhuming crust and
the slab (Fig. 10.36d-f), thus heating the crust, leading to subsequent partial melting and
production of granites as well as thermal softening that allows the extension typical of
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Figure 10.35: Cartoon
based on numerical mod-
eling results (Burov et al.,
2001; Jolivet et al., 2003)
showing the mode of cir-
culation of material within
the accretionary complex
and subduction channel as
a function of the degree of
eclogitization (top panel
fully eclogitized, lower
panel partially eclogitized).
In both cases, a low vis-
cosity subduction-channel
develops, producing circu-
lation of rocks at different
levels. The extensional
shear zone formed at the
subduction channel roof
exhumes rocks.

core complexes.
This model of slab-rollback-driven exhumation provides a simple explanation for the

tectonic slices of continental material commonly observed in the interior, backarc portion
of most of the Mediterranean orogeny (Brun and Faccenna, 2008). In those settings, in fact,
exhumation in the interior of the wedge occurred during to backarc extension just after the
consumption of relatively small continental blocks. The initial paleogeographical setting
is then a fundamental prerequisite of this model. A variance of this model is that the
upper plate moves away from the trench. This model has been proposed for the Western
Alps (Malusà et al., 2011), and might apply to Papua New Guinea and the Dabie Shan in
China (Fig. 10.33).

Another way to obtain exhumation is by eduction (Fig. 10.33c), which refers to the
opposite of subduction, that is if the subduction process reverse its motion, e.g. due to
slab break-off and plate re-organization. The previously subducted sequence under HP
metamorphism can then rise back to the surface under a similar but reverse trajectory
(Fig. 10.37). This scenario has been proposed to explain the sequence of HP and UHP
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Figure 10.36: Concep-
tual model illustrating
oscillatory exhumation
driven by slab rollback,
continental subduction
(a to c), exhumation of
high-pressure (HP) rocks
(d), and exhumation of
high-temperature (HT)
rocks in a core complex
(e). The red line indicates
trench motion, while the
white arrows indicate
trench advance (a to c) and
retreat (d to f) (Brun and
Faccenna, 2008). This model
has been also been tested
numerically (Tirel et al.,
2013).
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metamorphic belt of Western Gneiss region in Norway, one of the largest UP-UHP ter-
ranes. In this region, moving westward, we can follow the progressive transition from
non-metamorphosed, Proterozoic crust, to amphibolite, and then to UHP metamorphism.
This increase in metamorphic gradient suggests that an intact layer of crust was first
buried and then exhumed, with a large extensional detachment above the HP-UHP rocks.

10.8 Dynamics of mountain building

Before presenting regional examples, it is useful to revisit and summarize the forces at
work during orogeny. Several models explore the mechanisms how the crust thickens
during convergence and how subduction evolves (Gerya, 2011; Jamieson and Beaumont,
2013). Relatively few papers, however, discuss the cause of plate convergence, and the
reason why convergence is protracted for tens of millions of years, seemingly irrespective
of the arising collisional resistance forces.

At every stage of orogeny, driving and resisting forces must balance (Fig. 10.38). The
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Figure 10.37: Numerical model illustrating exhumation driven by eduction. The arrival of conti-
nental lithosphere at the trench produces stalling of subduction and a consequent detachment of
the oceanic lithosphere. If the plate is free to move laterally under buoyancy forces, the subduction
process may reverse, and bring up deep-seated crustal material (Duretz et al., 2012).

main resisting forces are result from the stored gravitational potential energy (GPE, §4.1.6)
within the thick crustal column, eq. (4.52), and the strength of thrust/subduction faults.
GPE in Tibet or the Central Andes, with a crust up∼70 km thick, can corresponds to a line
force of ∼8. . . 9·1012 N/m (Molnar et al., 1993; Husson and Ricard, 2004), which is compa-
rable to typical oceanic GPE forces (“ridge push”, exercise 7). In continents, GPE-related
forces strongly depend on the way the lithosphere thickened during orogeny, in particular
the partitioning between the crust and lithosphere mantle. The strength of the subduction
interface is often considered to be low. However, mountain building and potentially asso-
ciated variations of interface properties including sediment thickness may lead to variable
resisting forces (§10.9.1; Lamb, 2006; Iaffaldano et al., 2006; Meade and Conrad, 2008).

The driving forces in the system are represented by slab pull, ridge push, and possibly
mantle drag, e.g., due to broad-scale or localized upwellings, depending on the mantle
circulation (Fig. 10.38). The slab pull force is, of course, also the main driving force for
plate motions, and estimated to be of the order of∼ 1013 N/m (§5.5.1). Pull is dramatically
reduced for the case of collisional orogeny, because continental crust is positively buoyant
(e.g. Cloos, 1993). However, the slab can still be negatively buoyant if the continental crust
is scraped off from the subducting lithosphere mantle (Capitanio et al., 2010).

Ridge push estimates for the Indian oceanic plate are ∼1012 N/m, increasing by a
factor of 3-4 for large oceanic plates such as the Atlantic, given that ridge push is linear in
seafloor age, τ , to first order,

FRP =
ac2g∆ρ

2
τ, (10.15)

the solution of exercise 7. For the case of Tibet, ridge push may, however, be insufficient
to sustain orogeny (Ghosh et al., 2006). The arrival of a localized plume upwelling at the
base of the lithosphere can lead to a reduction of asthenospheric viscosity, so facilitating
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Figure 10.38: Cartoon
illustrates the force
balance during oro-
geny. Slab pull can
promote plate conver-
gence, but it can also
facilitate trench re-
treat, thereby working
against crustal thick-
ening. Slab pull may
significantly decrease
during continental
subduction due to
slab breakoff. The
background mantle
flow is represented
by dashed lines. The
resulting shear be-
tween the plate and
the mantle (indicated
by the red arrow)
can act as a resisting
force in case A when
slab pull is vigorous,
or as a driving force
in case B when slab
pull drops down.
Resisting forces for
orogeny encompass
the accumulation of
gravitational potential
energy, counteracting
crustal thickening, as
well as shear along the
plate interface.

Ridge push

mantle flow
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crustal thickening (GPE)
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plate motions (e.g. van Hinsbergen et al., 2011). While this mechanism can possibly explain
the acceleration of India during the emplacement of the Deccan LIP (§6.1 and §10.9.3; e.g.
Cande and Stegman, 2011), it is expected to be temporary, lasting only a few million years
(van Hinsbergen et al., 2011; Pusok and Stegman, 2020).

Another possible driving force is related to the drag exerted by large-scale mantle
flow, termed continental undertow by Alvarez (1982, 2010). Mantle drag associated with up-
wellings and large-scale downwellings has been suggested as an efficient mechanism for
propelling India at the present-day, for example (Becker and Faccenna, 2011). However, the
mantle drag amplitude will depend on the time-dependent vigor of mantle convection. It
is not clear if and how mantle convection can drive orogeny: the mantle has been alter-
natively considered a driving or resisting force (Fig. 10.38). This depends upon the slab
pull level and how the way forces are transmitted depends on the way the lithosphere is
coupled to the underlying mantle (§5.5). Several questions about the build up large-scale
orogens remain debated: Can slab pull explain the long term (> 40 Ma) and sustained ad-
vancement of India or arabia against EurAsia irrespective of the growing resisting forces?
Why did the Andes grow after a long term (> 100 Ma) westward drift of South America?

Jamieson and Beaumont (2013) suggest that plateau-type orogens are generated by ex-
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Figure 10.39: Global distribution of Phanerozoic orogeny, distinguished between Tertiary (yellow)
and Paleozoic (rose) orogenic phases. Black lines show the cross sections of Fig. 10.9. Urals: 323-
251 Ma, Lachland: 450-350 Ma, Caledonia-Variscan-Ouachita-Alleghian: 490-390 Ma (cf. Fig. 1.22).

treme shortening of a crustal wedge type orogen. While this model does not explicitly
consider the case of Cordilleran orogeny, it implies that the slab pull force is central. Slab
pull is well constrained from half-space cooling, but it is also clear that slab pull lead to
slab shallowing and trench retreat (§9.11.1). In this sense, slab pull can counteract the
generation of large compressive stresses (Molnar and Atwater, 1978; Garfunkel et al., 1986).
While one-sided slab pull is thus unlikely to explain the origin of collisional or Cordillera
type orogens, it does represent the main contributing force for subduction orogeny, as in
the Mediterranean (e.g., Apennines/Carpathian/Hellenic; Royden et al., 1987). This kind
of orogeny is composed of crustal orogenic slices accreted during the retreat of continen-
tal/transitional lithosphere, as explored further for regional cases (§10.9.2). These driving
processes and models will be illustrated next for regional case studies.

10.9 Regional case histories to explore orogeny types

We proceed to further explore the three types of orogeny in more detail. Regional case
histories can serve to get a better feeling for the role of general processes, and we discuss
the following examples to highlight different styles, deformation patterns, and tectonic
contexts (Fig. 10.39):

1. the Andes, as the prototype of the Cordilleran orogeny, created during oceanic sub-
duction;

2. the Mediterranean as the prototype of a subduction orogeny, formed during the
consumption of continental and transitional lithosphere; and
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Figure 10.40: a) Topography of South America (SAM), showing the distribution of deep seismicity
(SLAB2 contours; Hayes, 2018) and Holocene volcanism as orange triangles (Siebert and Simkin,
2002). b) Westward component of SAM’s velocity, trench migration, Cordilleran shortening, with
the timing of the main pre-Cordillera extensional (Salta rift) and compressional phase (Peru phase)
(Kley and Monaldi, 2002; Oncken et al., 2012). The trench velocity prior to 50 Ma is similar to, but
lower than, that of SAM, accounting for erosion at the trench (Oncken et al., 2006). d) Tomography
(Li et al., 2008a) cross section at 20◦S illustrating the deep structure of the subduction zone (Fig. 9.3)
along with a simplified tectonic cross section (c), modified from Oncken et al., 2006; Faccenna et al.,
2017).

3. Himalaya-Tibet, as the prototype of a collisional belt, built up during continental
collision, with the European Alps playing a bit part.

10.9.1 Cordilleran orogeny: The Andes

The Cordillera is a huge mountain range, running for more than 15,000 km along the
western margins of the Americas; it is generated by the subduction of the Farallon and
Nazca plates (Fig. 1.23). The best current expression of Cordilleran orogeny is in the An-
des, along the Pacific coast of South America (Figs. 10.40 and 10.41). It is a spectacular
range, extending over more than 50◦ of latitude, crossing different climate zones, from
hyper-arid to rainforest, and offering the possibility to analyze the impact of climate on
tectonics. The Andes formed during subduction of oceanic lithosphere. For this reason,
its origin cannot be related to collision of buoyant crustal material, nor to accretionary
processes.

From a kinematic point of view, the origin of the Cordillera is related to America’s mo-
tion: shortening in the Andes started when South America’s westward velocity exceeded
the retreat velocity of the Nazca trench (Fig. 10.40). In this instance, convergence becomes
higher than subduction velocity (Figs. 9.26 and 10.10). The question is then: What is the
cause of the slowdown of the trench retreat rate? To answer this question, it helps to
explore the geological constraints in more detail.

The Cordillera of the Andes presents peculiar features compared to other orogenies
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Figure 10.41: a) Structure and topography of the Andean crust and deep structure from the Ancorp
experiment (modified from Oncken et al., 2006).

which define the Cordillera-type. The Cordillera is constituted of two opposite-verging
ranges, a Western and an Eastern Cordillera (Fig. 10.40). Both ranges are made exclusively
of South American crustal slices, and by intrusion of igneous material, mainly in the west-
ern Cordillera. Because of the mantle-wedge derived sources, arc volcanism is active and
mainly of the explosive type, accompanied by large scale intrusions. Eruptive products
and style within the region define Andesitic type volcanism (Fig. 10.40).

Between the two Cordilleras, in the Central Andes, there is a flat, large plateau, the
Altiplano-Puna, standing at an average elevation of∼4 km. Here, crustal thickness reaches
∼70 km (Beck et al., 1996). The Andes experienced several episodes of crustal shortening,
since at least the Cretaceous. However, the main phase of crustal shortening started dur-
ing the Paleogene: from the pro-wedge, near the subduction zone, at ∼45 Ma, and then
moving to the western Cordillera, at ∼40 Ma (Oncken et al., 2006). Here, a thin-skinned
foreland and thrust belt develop in the Mid-Miocene, the sub-Andean range (Fig. 10.8).
The region of the Altiplano probably grew at that time. However, the mechanism of
crustal thickening of the Altiplano is not well understood. In contrast to other belts, no
metamorphic units associated with the main orogenic phases are exhumed in the inner
portion of the Andes.

The Cordilleran type of orogeny shows two foredeep basins, one deeper on the pro-
wedge side, corresponding to the subduction zone. The retro-wedge on the Eastern Cordi-
llera is filled mainly by continental deposits. Another peculiar features of the Cordilleran
type is the presence of flat portions of the slab (Fig. 10.40). At present, we have three dis-
tinct flat slabs along the Andes, one in Peru, another one in Chile-Argentina, the Pampean
flat slab, and another one in Colombia. The Pampean and the Peruvian flat slab correspond
to the subduction of the aseismic Juan Fernandez and the Nazca ridge, respectively.

The structure of the Cordillera, and the corresponding subducting slab morphology is,
however, highly variable along the trench (Fig. 9.3) and varies with the latitude as climatic
zones do (Figs. 10.40, 10.42, and 10.43). Structural features can be divided on three sectors:

� The northern sector, from 10◦N to 10◦S, shows an overall wet climate, also including
high coastal precipitation rates (few m/yr), resulting in high erosion rates on both
sides of the orogen. As a consequence, the trench is filled by sediments (> 2 km).
The onset of shortening dates back to the Eocene, with total amounts of ∼150 km.
Subduction shows a flat slab portion, in Peru, north of the Nazca ridge; this can be
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Figure 10.42: a) Interpreted active source imaging profiles along the Nazca subduction zone as
shown on b) along the transition from erosive to accretionary trench (from Contreras-Reyes and
Garay, 2018). c) Rainfall vrs. elevation along the margin.

seen in the seismicity contours and absence of recent volcanism where the arc would
be expected (Fig. 10.40). Fast seismic velocity anomalies can be traced continuously
down to the lower mantle (Figs. 9.3 and 10.43).

� The central sector, around the Bolivian orocline, from 20◦N to 25◦S, displays the
maximum crustal shortening. The Pacific side of this region is also particularly dry,
i.e. hyper arid. This is due to the Humboldt cold current rising from the Antarctic
and the rain shadow of the Andes. As a consequence, there is little surface transport
and the trench is free of sediments and hence erosive (Fig. 10.42). The slab is steep
along the orocline and the high seismic velocity anomaly can be traced continuously
down to the lower mantle.

� In the sector south of 25◦S, the structure and evolution of the orogen is different yet
again. Compression is active only from the early Miocene to Upper Miocene, end-
ing at∼7 Ma, and the amount of shortening decreases below 100 km. The glaciation
here started in the Upper Miocene and produces erosion, and the trench is again
filled with sediments, leading to an accretionary trench style (Figs. 10.42 and 10.43).
Another portion of the slab is flat here, the Pampean segment, formed in the late
Miocene in correspondence to the subduction of the Juan de Fuca ridge. Here, sub-
duction is mainly restricted to the upper mantle (Fig. 10.43).

Any model that seeks to capture the onset of compression of the Andes should account
for this along strike-variability of the belt. Notably, in the region where we have maximum
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Figure 10.44: Reconstruction of the Nazca trench
over time. The position of the trench is plotted
within the absolute reference frame of Seton et al.
(2012) and is corrected for shortening and ero-
sion. The trench position is plotted on top of the
900 km depth seismic tomography anomaly from
Li et al. (2008a) (modified from Faccenna et al.,
2017).
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shortening and compression, the trench is roughly stationary, in erosive mode, and the
slab penetrates into the lower mantle.

Three classes of models have been proposed to explain the build up of the Andes in
the Tertiary (Fig. 10.45). The first considers the weakening of the upper plate as the main
driver for deformation. The removal of mantle and crustal roots by dripping may lead
to an overall crustal weakening, providing the possibility to localize deformation. For
example, it has been proposed that an eclogite root drives sinking into the mantle, derived
from the residues of crustal melting (DeCelles et al., 2009) or by gabbro transformation in
the lower crust (Fig. 10.14; Sobolev and Babeyko, 2005; Le Pourhiet et al., 2006).

The second model suggests that the onset of crustal thickening is enhanced by strength-
ening along subduction interface due to lack of sediment at the trench (Lamb, 2006). This
can be due to the climatic conditions, aridity related to the effects of the Hadley circu-
lation, and the Humboldt current along the South American coast coupled with the rain
shadow effect shield from Atlantic moisture. This climatic setting also kicked in sometime
the Oligocene, leading us to expect a shift towards hyper-aridity on the coastal side, thus
a lack of sedimentation and, in turn, an increase of strength of the interface around the
Bolivian orocline, favoring compressional stress.

Sediments on the subduction interface may have a two-fold effect. On the one hand,
sediments decrease the strength of the subduction interface, including due to elevating
pore pressures via fluids, leading to modified stresses in the upper plate (Fig. 10.12). On
the other hand, sediment lubrication favors trench retreat, and hence a slab shape less
favorable to lower mantle penetration (Fig. 10.46).

The third model is related to the deeper mantle structure, proposing that anchoring
at depth of the slab in the lower mantle can produce a slow-down of trench retreat, and
hence, an increase on shortening (Fig. 10.43). This hypothesis is supported by the match
of the location of the trench and the deep fast tomographic anomaly (Fig. 10.44), indi-
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Figure 10.45: Idealized scenario of orogen evolution of a Cordillera type orogen due to the com-
peting action of climate (scenario 1). slab steepening and, consequent lower mantle anchoring
(scenario 2), or crustal dripping (scenario 3).

cating that the timing of slab penetration appears in good agreement with the onset of
shortening.

Numerical models show that slab penetration can produce a surge of compression in
the lithosphere (Fig. 9.28). Subduction into the lower mantle also has a two-fold effect:
it slows down the retrograde motion of the slab because of the higher viscosity lower
mantle (§9.11), and it excites large scale return flow and convection dragging the upper
plate against the trench (cf. Yamato et al., 2013). The penetration of the slab into the lower
mantle may thus explain the onset of recent Andean compression and the formation of
the Cordillera to the north of 25◦S.

However, there may be a way to integrate those three models (Fig. 10.45). For example,
it is well established that a stationary trench may favor slab penetration (§9.11.1). If so,
the Andes may offer the possibility to unravel possible connections between climate, tec-
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Figure 10.46: a) Effects of varying interface viscosity for dynamically consistent subduction mod-
els. (a-d) Snapshots of the viscosity and velocity field for models with different interface viscosity,
domain units in km. Note that weaker subduction interfaces promote slab rollback (from Behr
et al., 2022).

Figure 10.47: a) Re-
construction of the
kinematic motion and
tentative correlation
with mantle anomaly
from the TX2019
model (version with-
out imposed upper
mantle slabs; Lu et al.,
2019) along a cross
section crossing the
Bolivian. c) – e): three
stage evolution of the
Nazca slab (modified
from Faccenna et al.,
2017, 2021).
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tonics, and mantle dynamics (Fig. 10.45). One may imagine that the orogen grows initially,
gaining relief, producing an increase in erosional flux. At low latitudes, this could be also
enhanced by glaciation. The sediment flux arriving at the trench is expected to decrease
the coupling of the subduction interface (Fig. 10.12), favoring trench retreat (Fig. 10.46),
and terminating the compressional system. This would eventually produce a negative
feedback on the erosional efflux that could decrease again, and the system may enter a
new phase of orogenic growth (Behr and Becker, 2018; Sobolev and Brown, 2019), or it may
attain a steady state.

An alternative scenario (Fig. 10.45) could develop in case the orogenic system acts
as an efficient orographic barrier, as is presently the case for the Cordillera and the Hi-
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Figure 10.48: Topography of the Tethyan belt with major mountain belts labeled.

malayas, or if there is a cold marine current along the coast. In this situation, a pronounced
precipitation gradient may develop: high precipitation, runoff, and high-erosion flux on
the windward flanking slopes contrast with arid to hyper-arid conditions, and often evap-
orite deposition in the plateau interiors and on the trench side. In the Andes, in this case,
the lack of sedimentation at the trench would favor a stationary trench, and stronger plate
coupling, resulting in compression, and deep slab anchoring. A similar effect would occur
if the upper plate suddenly weakens, e.g., for crustal dripping (Fig. 10.45). This scenario
would facilitate backarc deformation, stabilizing the trench, and ultimately favoring slab
anchoring, again with positive feedback.

10.9.2 Accretionary orogeny: The Mediterranean

Running EW from the Mediterranean to the Far East (Fig. 10.39), the Tethyan orogeny
represents the other active, global-scale orogenic belt (Fig. 10.48). Along its strike, it is
possible to analyze the formation of orogeny during closure of an oceanic domain due
to the accretion and collision of continental blocks, whose velocities increase eastward
(Dercourt et al., 1986). The Tethys provides a unique setting where is possible to observe
the transition from an incomplete collisional orogeny in the Mediterranean, to the largest
and most dramatic collision, that between the Indian and Eurasian plates.

Most of the Tertiary deformation in the Mediterranean is due to the retreating motion
of slabs and the subduction/delamination/collision of a continental block, called Adria
or Apulia (Fig. 9.47). This block was once an Africa promontory, now unlinked from it
and almost completely surrounded by subduction zones (Fig. 9.46). Slices of Adria are
piled up forming the accretionary Mediterranean orogenies such the Betics, Apennines,
Alps, Dinarides, and Hellenides. At places, as in the Aegean or in the Calabria, conti-
nental lithospherre has been completely consumed, and now a new episode of oceanic
subduction is taking place, producing fast backarc extension and exhumation of the pre-
viously deeply subducted continental units (Fig. 10.49). The final configuration is the
formation of an accretionary orogenic belt flanked by backarc extension. These types of
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Figure 10.49: Simplified crustal crosses sections for different Mediterranean subduction systems
expressed as backarc extension and accretion-type orogeny. Sections modified from Balázs et al.
(2017) and Erdős et al. (2021), cf. Fig. 9.46.

orogens include the Betic-Rif around Gibraltar and the Alboran backarc basin, the Apen-
nines around the Tyrrhenian basin, the Carpathians around the Pannonian basin, and the
Hellenides around the Aegean basin.

The accretionary or subduction-type orogeny shows the following features:
� the orogen is mainly composed of crustal slices, scraped from the downgoing plate;
� the wedge propagates toward the foreland;
� the wedge has a low taper, dissected by normal faults;
� crustal thickness is usually lower than 50 km;
� the foredeep basin is deep, filled up by several km thick sequences of flysch;
� the inner portion of the belt is characterized by metamorphic cores exhumed in

the backarc region along low angle detachment; HP/LT metamorphism at places
is overprinted by LP/HT metamorphism.

The mechanism of growth of accretionary orogens is related to piling up of slices of
upper crust, detached from the lower crust and included in the wedge. As such, the
upper plate is composed of crustal material floating on the asthenosphere, where crust
may easily extended in the backarc region (Fig. 10.49). Stripping of upper crust from the
subducting plate has important implications for accretionary orogens.

First, the negative buoyancy of the subducting continental lithosphere will be in-
creased by removal of part of its crust at shallow depth. This means that even originally
positively buoyant lithosphere can become negatively buoyant if a sufficient thickness of
crust is transferred to the overriding plate. In the Northern Apennines, we estimate more
than 300 km of subduction of continental material, a process that is still active today.

Second, transfer of upper crustal material from the downgoing to overriding plate pro-
vides a mechanism for construction of the deeper crustal root beneath accretionary oro-
gens. In such a system where subduction is mostly related to trench retreat, the velocity
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Figure 10.51: Cross sections showing various present-day and paleo slab geometries for the
Mediterranean arcs based on interpretation of seismic tomography: a) Apennines to Tyrrhenian
Basin, b) Carpathians to Pannonian Basin, c) Hellenides to Aegean Basin, and d) Eastern Mediter-
ranean to Anatolia. Blue is oceanic lithosphere, gray is continental mantle lithosphere, and white
is continental crust. Lighter blue (oceanic) and gray (continental) show inferred older positions of
slabs for sections a and d at 20 and 15 Ma, respectively (from Royden and Faccenna, 2018).

is highly sensitive on the structure of the downgoing plate. Subduction velocity depends
on several parameters, such as lithosphere strength and curvature radius, and density
contrast (§9.8.1). The arrival of continental lithosphere at trench produces a slow-down
then of the subduction velocity. A quasi exponential decay due to entrance of continen-
tal lithosphere matches the subduction velocity estimated on North Apennines (Faccenna
et al., 2001) and the Aegean (Fig. 10.50; Royden and Husson, 2006).

In other regions, the slab is broken off, mainly during trench retreat. Considering
tomographic models, it appears that most of the slabs are confined to the upper mantle
at present, ponding on the upper-mantle discontinuity in correspondence to the backarc
regions (Fig. 10.51). Deep, lower mantle subduction is only found beneath the Aegean,
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at the western tip of the Tethyan subduction where subduction started earlier, and the
penetration of the slab in the lower mantle probably occurred around the Eocene (Faccenna
et al., 2003). All those arguments point out that the main driving process to build up the
Mediterranean orogeny is subduction.

The European Alps were also acting like an accretionary orogeny for much of their
evolution while subduction was active, and then under the continuous push of the Adria
plate, likely involving slab break off (von Blanckenburg and Davies, 1995; Piromallo and Fac-
cenna, 2004), generating a double vergent orogen. Only in this portion of the margin does
the crustal thickness slightly exceed 50 km (Fig. 10.52).

10.9.3 Collisional orogeny: The Himalaya-Tibet

The Tethyan belt is constituted of continental blocks which separated from Gondwana,
closing the Tethyan ocean, and ending up accreted onto Eurasia (Fig. 1.23). This process
is still active today with three large colliding blocks, Adria, Arabia, and India, forming a
constellation of mountain belts (Fig. 10.48).

Figure 10.53 shows the evolution and drifting paths of India and Asia. The breakup of
the blocks is accompanied by the emplacement of large igneous provinces (LIPs). Around
90 Ma, during the emplacement of the Morondova LIP, seafloor spreading localized be-
tween Madagascar and India/Seychelles (Torsvik et al., 2000). After the emplacement of
the Deccan LIP by the Reunion plume at ∼66 Ma, the velocity of India sharply sped up to
16-18 cm/yr, with an increase of the Indian Ocean spreading rate of up to ∼50% (Patriat
and Achache, 1984; van Hinsbergen et al., 2011; Cande and Stegman, 2011). During the Eocene
(∼55-50 Ma), India’s speed progressively decreased to the present-day value of∼ 4 cm/yr
(Zhang et al., 2004). This deceleration has been commonly related to the collision of conti-
nental India with Asia at ∼50 Ma (Molnar and Tapponnier, 1975; Najman and Garzanti, 2000;
Guillot et al., 2003). The Arabia block separated from Africa at ∼30 Ma, and its velocity
towards NNE stayed constant at∼2 cm/yr, even though Africa slowed down at 11±2 Ma
by 50% (Reilinger and McClusky, 2011).

The current pattern of the crustal velocity field as inferred from GNSS geodesy is spec-
tacular (Fig. 10.54): Arabia and India keep moving toward Eurasia, and deformation is dif-
fuse and widespread within the continental interior (Fig. 8.14). Asymmetric lateral crustal
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Figure 10.53: Paleotectonic evolution of the Tethyan belt (Dercourt et al., 1986). The northward drift
of Apulia commenced in the Jurassic, during the opening of the Atlantic, separating a crustal block
from the African continent. In the Late Cretaceous, a pulse of shortening produced an episode
of intraplate deformation and obduction, overthrusting, of oceanic lithosphere over Africa and
Adria lasting for ∼ 20 Myr. Soon after India started separating from Madagascar and started
its northward high speed drift. Around 30 Ma, Arabia started separating from Africa, colliding
northward with Asia. At that time, there is onset of opening of extensional backarc basins in the
Mediterranean (Fig. 9.47). The lower diagram shows the northward Cenozoic velocity of Adria,
India and Arabia. The timing of the entrance of continent in subduction of the three blocks is
disputed, but overall gets younger moving westward, at ∼50 Ma for India, 35 for Arabia, and
30 Ma for Adria.
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Figure 10.54: GNSS geodetic crustal velocities with respect to fixed Eurasia. Arabia mainly moves
rigidly NE to NNE, with Euler pole in Libya, producing spreading on the Red Sea and Gulf of
Aden, and colliding against Eurasia along the Bitlis-Zagros. The Anatolian plate moves coher-
ently towards the west at an average rate of ≈ 2 cm/yr, accommodated by the north Anatolian
Fault, while the Aegean plate is moving at ≈ 3.4 cm/yr toward SW following the retreat of the
Aegean trench (Kreemer and Chamot-Rooke, 2004; Reilinger et al., 2006). This forms a circuit with ve-
locities increasing toward the Aegean trench, with a rotation pole for the Anatolia-Eurasia motion
positioned north of the Nile delta (Le Pichon and Kreemer, 2010).

return flow, away from the collisional zone, accommodates indentation towards Indone-
sia on one side, and the Mediterranean on the other side (Hatzfeld and Molnar, 2010). India
moves northward with respect to Eurasia at a speed of 4–5 cm/yr, and deformation is
absorbed by crustal shortening and lateral escape along active faults in Asia (Molnar and
Tapponnier, 1975; Avouac and Tapponnier, 1993). About 2 cm/yr of this convergence is ab-
sorbed by ongoing crustal shortening across the Himalaya as manifested by recurring
large earthquakes (Fig. 2.1).

The Himalaya-and Karakorum ranges rose during the Tertiary by stacking of upper
crustal slices, separated from the basement along main thrusts locally forming large an-
tiformal stack. The growth of the mountains is counteracted by erosion driven by mon-
soons, resulting in the deposition of several kilometers of molasse (continental clastic se-
quence) in the Indus-Gangetic foredeep basin.

To first order, the Himalaya may be considered a crustal-scale wedge (Fig. 10.55). On
top of the wedge, a large detachment fault, the North Himalayan Normal fault (Burg and
Chen, 1984) or the South Tibetan Detachment (Burchfiel et al., 1992) have been described,
active from the early Miocene, separating the Indian sedimentary cover from the High
Himalayan crystalline units. The boundary between the Indian and Asian sequence is
marked by the ophiolite belt of the Indus-Tsangpo suture zone (ITSZ; Burg and Chen, 1984;
Searle et al., 1987). Tibet is composed of successive Mesozoic-Cenozoic amalgamation of
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six continental blocks fragmented away from Gondwanaland and collided with the south-
ern margin of Asia (Şengör et al., 1984; Kapp and DeCelles, 2019). Deformation on the north-
ern side of the Tibetan plateau is accommodated by strike slip and compressional features
active of the Altyn Tagh and Nan Shan fold-and-thrust belt (Fig. 8.7). Collisional belts are
characterized by:
� an orogen composed of downgoing and upper plate units;
� double vergence, propagating toward the pro- and retro-wedge;
� very high relief and high erosion rates;
� crustal thickness exceeding 50 km, reaching up to ∼80 km;
� a relatively shallow foredeep basin, filled by continental deposits;
� high-grade, high-temperature metamorphic rocks and/or crystalline basement com-

monly exposed in the core of the orogen. In contrast, rocks metamorphosed under
HP/LT conditions are less common, and where such rocks are exposed in collisional
orogens, their metamorphism and exhumation generally predate the onset of hard
collision.

The northward motion of the India and Arabia plate velocities produce indentation,
such that the plate boundary moves northward, producing widespread thickening and
lateral escape of crustal material. Most agree that the onset of India-Asia collision was at
∼50 Ma (e.g. Guillot et al., 2003; Avouac, 2003) even if other models suggest a later onset.
The crust beneath Tibet is 70-80 km thick, and has been thickened during the last ∼50 Ma
over a distance of ∼1,000 km. Therefore, during collision, India advanced inside Asia
by about the same distance, at an average rate of ∼2 cm/yr. In other words, half of the
convergence rate is absorbed by the advancing motion of the trench, reducing the sub-
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duction/underthrusting velocity to ∼2. . . 2.5 cm/yr. Around ∼1,000 km of Greater India
continental lithosphere underthrusted below Tibet (Capitanio et al., 2010; Replumaz et al.,
2010).

The Himalaya-Tibet orogen system, and the rest of the Tethyan belt, is positioned on
top of a continuous seismic high velocity anomaly from Java to the to the eastern Mediter-
ranean interpreted as the signature of the Tethyan slab (Fig. 1.25; van der Voo et al., 1999;
Replumaz et al., 2004). Below India, the lower mantle anomaly is positioned to the south
of the present-day collisional zone. At shallower depth, the high velocity anomaly is
distorted and discontinuous and it has been imaged beneath Tibet down to a depth of
200. . . 300 km (Li et al., 2008b). Several studies have attempted to integrate plate kinemat-
ics, mantle tomography and the development of tectonic structures (e.g. van der Voo et al.,
1999; Replumaz et al., 2004; Hafkenscheid et al., 2006). Figure 10.56 illustrates one possible
evolutionary scenario along a NNE-SSW cross-section. Between 65 and 45 Ma, two sub-
duction zones were active: the southern one was intraoceanic (Trans-Tethyan subduction
zone), and the northern one bounding Asia formed an Cordillera type margin (Aitchison
et al., 2000; Jagoutz et al., 2015). The Deccan lava was flooding northwestern India (Allègre
et al., 1999). The cause for India’s rapid motion around that time is debated; it may be
related to the action of the double subduction system (Jagoutz et al., 2015; Holt et al., 2017),
push or lubrication due to the Deccan plume (van Hinsbergen et al., 2011), a combination
of the two (Pusok and Stegman, 2020), and/or due to the arrival of large amounts of sedi-
ments at the trench (Behr and Becker, 2018). In the case of double subduction, the Tethyan
lower mantle anomaly should be positioned below the two trenches, and the imaged high
velocity anomaly that appears to have penetrated the lower mantle around ∼ 60± 10 Ma
is probably composed of both slabs.

After collision of greater India with Asia, India’s plate velocity decreased (Fig. 10.53)
and more than∼1,000 km of Greater India continental lithosphere underthrusted beneath
Asia from ∼45 Ma onward. The trace in the mantle of this material can be related to the
shallower high velocity anomaly positioned below the Himalaya, which broke-off in the
Miocene (Guillot et al., 2003). Some models suggest that convergence and collision in the
Himalaya Tibet formed by the pull exerted by the downwelling of oceanic plates, or by
the delaminated mantle of the continental lithosphere (Copley et al., 2010; Capitanio et al.,
2010). However, in collisional zones such as India or Arabia, slab pull may be reduced
to its minimum level, given the inferred repeated episodes of slab break off (Faccenna
et al., 2006; Hafkenscheid et al., 2006; Replumaz et al., 2010). Other models suggest that the
compression is induced by ridge push related to the Carlsberg ridge, but the oceanic GPE
may not be enough to support the orogen (§10.8). Alternative ideas relate the motion
of India to that of Australia, driven by the Java-Sumatra subduction zone, where force
transmission depends on the coupling between plates.

Mantle flow computations indicate that India’s present motion may instead be sus-
tained by mantle drag via a conveyor belt, i.e., a convection cell with the upwelling limb
centered on the Carlsberg ridge and the downwelling limb centered on the deep sub-
duction descending Tethyan slab (Fig. 5.1; Alvarez, 2010; Becker and Faccenna, 2011). This
convection pattern may have been established at ∼60 Ma during the upwelling of the
Deccan plume and the entrance of the slab into the lower mantle (Replumaz et al., 2004;
Faccenna et al., 2013a). Accretionary and collisional orogeny may thus form part of an oro-
genic cycle that is linked to slab penetration after transient ponding, i.e. time-dependent
mantle convection (Fig. 10.57; Condie, 1998). However, the slab stagnation effects are likely
of more restricted in nature, and vertical mass transport through the transition zone more
continuous, than in the more dramatic global avalanching regimes found for strong phase
transition effects (§4.4.2; Tackley et al., 1994; Solheim and Peltier, 1994; Brunei and Machetel,
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Figure 10.56: Suggested
reconstruction of the
establishment of a large-
scale conveyor belt (cf.
Fig. 5.1) driving India at
the present-day (Becker and
Faccenna, 2011), preceded
by an episode of rapid drift
of India caused by double
subduction (Aitchison et al.,
2000; Jagoutz et al., 2015;
Pusok and Stegman, 2020).
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1998).

10.10 Orogeny, the Wilson cycle, and super-continental assembly

At present, there are two main, thousands of km-long, active orogenic belts on Earth
(Fig. 10.39). The Tethyan extends from the eastern Mediterranean to the Himalaya-Tibet,
further east to Java-Sumatra, and the eastern Pacific margin. The Laramides-Andean,
Cordillera belt stretches along the Americas from Canada to Patagonia. The Tethyan
is commonly considered a collisional, internal orogeny, while the Laramides-Andean a
Cordillera, peripheral orogeny. The onset of activity of those two belts is mainly in the
Tertiary, with exception in North America where it started earlier in the Late Cretaceous
(Fig. 1.22).

Back in time, the oldest Phanerozoic global orogenic phase occurred during the amal-
gamation of Pangea, the best documented supercontinent. Pangea formed by the amal-
gamation of Gondwana, Laurentia/Baltica, and the Siberia–Asia continental masses. Sev-
eral orogens formed during this assembly (Fig. 10.58; e.g. Stampfli et al., 2013; Domeier and
Torsvik, 2014). The Alleghian-Ouachita-Variscan orogen formed by the collision of Gond-
wana with Laurentia and Europe, and the Urals formed by the suture of East Europe with
Siberia-Asia.

Those orogens are collisional, internal orogens related to continental amalgamation
(Figs. 10.39 and 10.58). The initial collision of cratonic blocks happened at ∼360 Ma. The
main crustal thickening episode and thermal events occurred between 320-280 Ma, fol-
lowed by final suturing/cooling and uplift at 260 Ma (Cawood and Buchan, 2007). Over-
all, the orogenic phases lasted for ∼100 Ma. Contemporaneously at the periphery of the
supercontinent, all along the southern and western Pangea margin, the Gondwanide oro-
gen formed, lasting from 300 to 230 Ma (Cawood and Buchan, 2007). Therefore, during the
Pangean orogeny, the internal collisional orogens occurred at roughly the same time, or
slightly predate, the Cordillera type orogens located along the margins. Similar connec-
tions have been documented for Gondwana’s assembly, from 580 to 510 Ma (Cawood and
Buchan, 2007), and possibly even further back in time (Cawood et al., 2006).

The Mesozoic is a relatively quite period, without large-scale orogenic episodes, with
the exception of the Jurassic-Cimmerian block accretion in the Tethys, associated with
continental drifting and dispersal. The first large-scale crustal thickening episode may be
related to the Laramide in the Late Cretaceous, and to accretionary episodes of contraction
in the Andes. The lack of a large-scale, protracted phase of continental thickening in
the Mesozoic is consistent with the idea that during this time, slabs may not have been
anchored in the lower mantle, but were free to move laterally. This facilitated slab rollback
and continental dispersal (Fig. 10.10; cf. Bercovici and Long, 2014; Faccenna et al., 2021).

We have seen that the formation of the Cordillera and Tethyan orogeny may be related
to deep mantle subduction (Fig. 10.57), leading to extensive crustal thickening. At large
scales, those orogenies may be associated with mantle convection patterns (Silver et al.,
1998; Davaille et al., 2005; Faccenna et al., 2021). A similar connection between convection
and orogeny may also hold in the Phanerozoic during the assembly of Pangea. In this
model, phases of lower mantle subduction and avalanching produce pulses of large-scale
compression, favoring the inversion of continental margins and eventually continental
assembly (Condie and Kröner, 2008). Orogeny may then represent the surface expression
of mantle dynamics, as was noted by Holmes (1931) (Fig. 10.2). In line with this concept,
in a reply to a comment, Wilson (1961) wrote that

The concept that the circum-Pacific and Alpine-Himalayan mountain systems are due
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Figure 10.57: Conceptual model of an orogenic cycle, the duration of which could last for hun-
dreds of million years. Slab penetration induces a change from accretionary or subduction type
orogeny, to collisional or Cordilleran type, producing large-scale compression in the upper plate.
Slab break-off and decoupling from upper to lower mantle slabs could lead to a general collapse
of the large orogen, evolving back into a new stage of accretionary orogeny (from Faccenna et al.,
2021).

to compression over downward flowing limbs of huge convection cells is straightfor-
ward. . .

and then proceeds to discuss complications.
Numerical models can help to illustrate the physical processes connecting deep man-

tle subduction with upper plate deformation (Fig. 10.59). This simple model shows a slab
sinking into the lower mantle. As discussed in §9.11.1, slabs can be temporarily inhib-
ited by the effect of the viscosity increase and/or negative Clapeyron slope phase change
around the 660 km seismic discontinuity. However, eventually slabs will enter, albeit at
lower rate, into the lower mantle. Once penetrated, the slab is “anchored” by the more
viscous lower mantle, which restricts the lateral migration of the trench and activates a
vigorous mantle return flow that drags the two plates against one another (Yamato et al.,
2013; Dal Zilio et al., 2018; Faccenna et al., 2021).

The model shown in Fig. 10.59 emphasizes the role of basal heating from the core-
mantle boundary and associated buoyantly upwelling flow. With a lower mantle thermal
upwelling, compressive stresses in the upper plate become larger and span a greater spa-
tial extent after the slab has penetrated into the more viscous lower mantle. For the case
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Terra Australis orogen

Variscan
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Alleghian
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Figure 10.58: Continental position during Pangea assembly (modified from Domeier and Torsvik,
2014). Orogenic belts in brown, from Cawood and Buchan (2007).

Figure 10.59: Comparison of dynamic subduction models with and without a thermal boundary
layer at the core-mantle boundary, as a proxy for the role of active mantle flow. For each model
snapshot, the lower panels display the temperature field overlain by velocity vectors. Upper pan-
els show the horizontal deviatoric stress within the overriding plate, over a length of 2500 km,
with negative values (red) indicating compression. A vertical mantle viscosity profile, extracted
from near to the trailing edge of the subducting plate, is also displayed for the earliest snapshot.
(modified from Faccenna et al., 2021).
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a)

b)

c)

d)

Figure 10.60: a) Concep-
tual model for an orogenic
Wilson (1966) cycle linked
to mantle convection, ul-
timately leading to super-
continent assembly. This
indicates possible connec-
tions between accretionary,
Cordillera-type and inter-
nal, Collisional-type oroge-
nies. The penetration of the
slab into the lower mantle
(stage b) induces compres-
sion and consequent sub-
duction initiation at passive
margins (stage c), leading
to the closure of the Atlantic
and Indian ocean (stage d).
(from Faccenna et al., 2021).

with basal heating, when the slab penetrates into the lower mantle, it re-distributes hot
and upwelling material into two regions beneath the edges of the subducting and over-
riding plates. This thermal upwelling has the additional effect of increasing the vigor of
whole mantle convection and, in turn, the magnitude of plate convergence on the over-
riding plate side and of upper plate compression.

Inspired by this simple model, we can then speculate that the style of orogeny may
respond directly to mantle dynamics, describing a cycle, lasting for some 100s of Myr,
where accretionary orogeny forms during slab rollback (Fig. 10.60). This orogeny style
can be transformed to Cordillera or collisional orogeny once the slab penetrates into the
lower mantle. Over Earth’s history, several pulses of large-scale orogeny occurred, mostly
during continental assembly and the formation of supercontinents. A supercontinent can
be defined as an assemblage of most available continents, lasting over a sufficient amount
of time (at least ∼100 Myr). During Earth’s history we have firm constraints on three
supercontinental episodes: the Pangea-Pannotia, i.e. Gondwana (∼700 Ma) and Rodinia
(∼1250 Ma), and Nuna, or Columbia, at ∼1750–1500 Ma. The tentative older phase of a
supercraton or superia, is Kenorland at ∼2500-2700 Ma (Hoffman, 1997; Nance et al., 2014;
Mitchell et al., 2021), indicating overall cyclicity with ∼500 Myr periods of assembly (Hoff-
mann, 1988; Condie et al., 2015).
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Figure 10.61: Possible
transition from Pangea
to next future supercon-
tinent: Pangea Ultima
(introversion) or Ama-
sia (extroversion) from a
mantle convection per-
spective. Pangea sections
have been rotated to a more
northeastern direction to
better cross-cut the differ-
ent orogenic systems (see
inset). The reconstruction
assumes that Africa did
not substantially translate
longitudinally during the
last 250 Ma (Torsvik et al.,
2008). e) convection model
as in Faccenna et al. (2013a)
(from Faccenna et al., 2021).
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What may be the next supercontinent (Fig. 10.61)? Several ideas have been proposed.
Let us suppose what might be the simplest solution, following the Wilson cycle with the
closure of the Atlantic. This configuration, called Pangea Ultima, predicts the closure
of the internal ocean, which is called an introversion type assembly (e.g. Nance et al., 2014;
Scotese, 2000; Murphy et al., 2009). This could happen if the Caribbean and South Sandwich
subduction zones propagate laterally, and spread over the Atlantic seaboard. It may also
happen if the Nazca subduction is anchored and is impeding slab rollback, a condition
that is now present below the Bolivian orocline. In this case, the Atlantic margin could
be inverted, i.e. converted into an active margin. Indications of compression are actually
widespread along the Brazilian cost. If subduction of the Atlantic starts, the Nazca and
Cocos subduction zones may advance over large distances or, more probably, will cease
and convert from an active to a passive margin. Once the Atlantic closes subsequently, we
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a Random b Degree 1 c Degree 2

Figure 10.62: Mantle convection model associated with supercontinent cycle with a) random flow
pattern, b), Degree ` = 1 mantle flow with supercontinent over a downwelling, c), Degree ` = 2
mantle flow during supercontinent breakup with antipodal upwelling zones (yellow) separated
by a belt of downwellings (modified from Zhong et al., 2007a; Mitchell et al., 2021).

will have another orogenic episode.
The alternative scenario is extroversion. In this case, we expect the closure of the ex-

ternal Pacific ocean, forming the Amasia supercontinent (Hoffman, 1992). Extroversion
is favored by slab rollback as it implies the fast consumption of a large oceanic domain.
Rodinia and Gondwana (Pannotia) probably belong to this style of continental assembly
(Hartnady, 1991). Introversion and extroversion can thus also be defined as Atlantic- or
Pacific-type modes, but they depend on the dynamic evolution of the Pacific slabs.

From this perspective, the style of continental assembly is determined by subduction
dynamics, where lower mantle subduction favors introversion (Condie, 1998) and upper
mantle, ponded slabs and trench rollback favor extroversion (Silver and Behn, 2008). Both
Introversion and extroversion have been proposed to explain the formation of Rodinia
and Columbia (Hartnady, 1991). The two styles are expected show some differences in
terms of magma production. For example, we expect to have an increase in crustal re-
working for internal collisional orogens whereas extroversion would favor mantle-derived
magmas during double-sided subduction (Murphy and Nance, 2003). A third model is also
possible, referred to as orthoversion, and predicts that supercontinents will form perpen-
dicularly to the previous one, including the orientation of the bounding subduction zones.

The connections between mantle flow and the supercontinental cycle are intriguing
and quantitative connections are being explored actively (Zhong et al., 2007a; Rolf et al.,
2012, 2018; Yoshida and Hamano, 2015). For example, the assembly of Pangaea has been
linked to deep mantle anomalies as still seen in the present-day mantle as the large low
shear-wave velocity provinces (LLSVPs, §1.5). The paleolongitude of the supercontinent
has been inferred based on an association with inferred mantle plumes (§6.2) possibly
localized at the boundaries of the present-day LLSVP (Burke et al., 2008). Correlations
of kimberlite eruption sites with LLSVP margins are indeed compelling once continents
are rotated into this longitudinal frame (Torsvik et al., 2010b). However, the significance
of such findings remains debated. While fixity of LLSVPs may be tempting, there is no
physical mechanism we can think of which would suggest that any lower mantle hetero-
geneity would not get pushed around at the CMB by mantle flow including the effects of
subduction (§6.6).

Overall, while an old idea, many of the connections between supercontinental cycles
and deep mantle heterogeneity remain to be fully explored, also in light of the evolution
of geochemical reservoirs (§6.6). One particular example of the implications of a connec-
tion between supercontinental assembly and dispersal and large-scale convective features
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is shown in Fig. 10.62. The supercontinent cycle can be related to a change in large-scale
mantle convection pattern, from degree ` = 1 which may favor continental assembly over
a super-downwelling, to ` = 2 that may ultimately favor dispersal. We had seen that de-
pending on the yield stress, oceanic lithosphere only models can likewise produce ` = 1
and ` = 2 dominant structures of mantle convection (§4.4.4.1), and the interplay of conti-
nental cycles and plate rheology as well as the thermo-chemical convection implications
remain to be fully understood (§4.4.4.3).
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Chapter 11

Plate tectonics and planetary
evolution

11.1 Onset of plate tectonics

How old is the modern plate tectonic regime that characterizes the interactions between
mantle convection and tectonics that were the subject of this book so far? Vastly different
estimates have been suggested, mainly based on different definition of what constitutes
plate tectonics (Condie and Kröner, 2008).

On the oldest end of the spectrum is evidence from ∼4 Ga dated zircons from Aus-
tralia and South Africa. These minerals indicate the existence of continental crust from Hf
anomalies (Harrison et al., 2005; Drabon et al., 2022), an Andesitic melting source (Turner
et al., 2020), and low thermal gradients (Hopkins et al., 2008), consistent with the existence
of subduction, and a possible transition to a mobile lid, after ∼3.8. . . 3.6 Ga (Drabon et al.,
2022). There is also some structural evidence for plate-tectonic like processes from Green-
land at∼3.6 Ga (Komiya et al., 1999; Nutman et al., 2002), and those rocks also hold isotopic
evidence for living organisms at that time (Mojzsis et al., 1996).

However, the geological clues for plate tectonic processes become significantly more
numerous around the suggested assembly of the first known supercontinent, Kenorland,
at ∼2.7 Ga (Hoffman, 1997). An onset age of & 3 Ga for plate tectonics is supported by a
range of evidence (Condie and Kröner, 2008; Cawood et al., 2022), including a transition in the
type and volume of continental crust (Tang et al., 2016), indications of eclogite subduction
in diamonds (Shirey and Richardson, 2011), and metamorphically determined temperature
gradients (Brown, 2006). Given plate tectonics’ kinematic definition (§1.4.2), the most di-
rect evidence arises from paleomagnetic studies evaluating APM constraints. These pa-
leomag constraints likewise indicate significant horizontal motions between continental
rocks by 2.8 Ga (Cawood et al., 2018), and perhaps as early as 3.25 Ga, along with the exis-
tence of a geomagnetic dipole (Brenner et al., 2022).

While plate tectonics or something like it operates, the Earth is cooling because of loss
of primordial heat by convection and reduction in radiogenic heat production (§4.2.1).
We would therefore not expect plate speeds or the style of subduction, nor the extent of
volcanism and style and frequency of orogeny, to remain the same over 3 Ga of Earth
history. In terms of metamorphic gradients, for example, the Neoarchean period of early
style plate tectonics, with an onset of, say, ∼3.6 Ga (Drabon et al., 2022), appears to tran-
sition into a different mode of more modern plate tectonics during the Neoproterozoic,
at ∼1 Ga, reaching what is likely a regime very close to the well-constrained Cenozoic
period (Fig. 11.1; Brown, 2006).
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Figure 11.1: a) Metamorphic thermobaric ratios, temperature, T , pressure, P , plotted against age,
distinguishing between low, intermediate, and high T/P . Low T/P ratios, typical of subduction
zones, are found for ages older than 1 Ga but become more frequent in the Neoproterozoic. b) His-
togram of ages and probability density function for metamorphism illustrating supercontinental
formation (modified from Brown and Johnson, 2019; Brown et al., 2020).

The appearance of blueschist and HP/LT units in the Phanerozoic has been interpreted
as an indication that the modern plate tectonic regime, dominated by fast and cold sub-
duction, operated at least for the Phanerozoic (last ∼500 Ma; Brown, 2008). After ∼1 Ga,
ophiolites are widespread and UHP metamorphic rocks preserved (Condie and Kröner,
2008). While some postulate 1 Ga as the onset of plate tectonics (Stern, 2005), it seems, to
us, much more consistent with the data, and in particular the paleomagnetic evidence for
horizontal motion, to identify the∼1 Ga stage with a smooth transition during the longer-
term dynamical evolution of plate tectonics which started around &3 Ga. This evolution
is likely associated with a change in the mechanical behavior of subduction zones during
progressive cooling which leads to enhanced strength of slabs and hence more stable, and
hence older, plates (van Hunen and Moyen, 2012).
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11.2 Different modes of early Earth heat transport

What did Earth’s heat transport before∼3 Ga look like? One possibility is that early Earth
was in a stagnant lid state and then transitioned to plate tectonics, likely in continuous but
perhaps in episodic fashion since 3 Ga (Sleep, 2000; O’Neill et al., 2007). Given the record of
the supercontinental cycle, we expect corresponding cyclic variations in the vigor of con-
vection even if plate tectonics is continuously operating (§4.4.4.3). Given that the record of
the oceanic plates is lost, it is difficult to distinguish between true episodic plate tectonics
and the Wilson cycle.

Before the transitions between stagnant and mobile lid, or plate tectonic like localiza-
tion (§4.4.4), at ∼3 Ga, a number of different heat transport mechanisms for the earlier
Earth have been suggested. Those include the heat pipes proposed for Io (O’Reilly and
Davies, 1981) where localized volcanic eruptions transport heat vertically. This mode may
also apply for the Archean Earth, or any terrestrial planets coming out of an early magma
ocean stage, en route to a stagnant lid (Moore and Webb, 2013; Moore et al., 2017), which may
then subsequently be broken by the initiation of plate tectonics. Other examples for sug-
gested early Earth heat transport include plume-related magmatism dominated modes
(Van Kranendonk, 2010). Plume related volcanism was already discussed as a contribu-
tion to Archean lithosphere (§7.3.2), and the relative density contrast due to the generated
basaltic crust might have kick-started the subduction of oceanic lithosphere (§4.4.4.4).

11.3 Parameterized thermal and volatile evolution models

Assuming that plate tectonics operates in a state close enough to the present-day, we can
apply the insights from earlier chapters to explore some aspects of planetary evolution
more quantitatively. One of the most extreme, but also often quite helpful, approxima-
tions of thermo-chemical convection for terrestrial planets is to forget about any spatial
variations of the convecting system and keep track of heat energy in a 1-D formulation
alone, using what is called a box model in geochemistry.

For this, we mainly rely on the insights on thermal boundary layer theory (§4.3.3).
The corresponding simplifications allow converting the PDEs of the convection equations
(eqs. 4.15, 4.18, and 4.125) into a time-dependent ODE. For any such models, we need to
quantify and parameterize fluxes between “boxes”, here the heat flux associated with con-
vection and plate tectonic motions. For this, we can write the Nusselt number, eq. (4.151),
as a function of total, convective heat flow Q, internal temperature of the mantle, Ti, sur-
face area A assuming a conductive gradient over h

Nu =
Q

kA
(
Ti
h

) . (11.1)

If we use ∆T ∝ Ti for the bottom heated Rayleigh number, eq. (4.130), we can explore the
effect of a temperature-dependent viscosity, η(Ti), for the thermal evolution of the Earth,
e.g. using eqs. (4.165) or (4.169). The crucial link is the scaling of the Nusselt with the
Rayleigh number, eq. (4.156),

Nu ∝ Q ∝ Raβ and δ ∝ h
(
Ra

Rac

)−β
(11.2)

where β ≈ 1
3 was found for bottom heating (§4.3.1). This, “classical” β = 1

3 is associ-
ated with a mobile lid or isoviscous convection, where the internal dynamics control the
surface (§4.3.3.3).
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Figure 11.2: Predicted plate
tectonic heat flow from a ther-
mal convection, Nusselt num-
ber scaling, eq. (11.2), with
β = 1

3 and different tempe-
rature dependence for viscos-
ity via activation enthalpies
E∗ for eq. (11.3), and e =
30 for eq. (4.169), as well
as for the “thermo-chemical”
estimate of Korenaga (2006)
(“K06”), incorporating the ef-
fects of bending (Conrad and
Hager, 1999b) and melt extrac-
tion and dehydration (Kore-
naga, 2003).
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Combining eqs. (11.1) and (11.2) yields (McKenzie and Weiss, 1975)

Q ∝ TiRaβ ∝
T 1+β
i

η (Ti)
β
∝ T 1+β(1+e)

i , (11.3)

where the rightmost term uses the temperature-dependent viscosity approximation of
eq. (4.169), and we have assumed Ra is mainly affected by the ∆T/η ∼ Ti/η terms of
eq. (4.130). Figure 11.2 shows the dependence of heat flux according to eq. (11.3) for
a range of temperature-dependent viscosity E∗ values, e = 30, and β = 1

3 . It is clear
that the strong temperature dependence expected from laboratory creep laws and the
β = 1

3 type scalings of §4.3.3 imply a negative convective feedback: An increase in mantle
temperature leads to increased convective transport, and therefore more rapid mantle
cooling, reducing mantle temperature; this is the thermostat of Tozer (1965).

Parameterizing all of planetary cooling and tectonics with an equation like eq. (11.3)
is obviously a strong simplification. In particular, temperature-dependent viscosity leads
to thickening of the boundary layer and an eventual stagnant lid (§4.4.1.3) which breaks
the β = 1

3 scaling (Christensen, 1985). While plastic yielding may restore a mobile lid
and plate-like surface motions, and hence an effectively isoviscous heat transport scal-
ing (§4.4.4), other effects including viscous dissipation of strong slabs (§9.8.1; Conrad and
Hager, 1999b), and dehydration and depletion of oceanic lithosphere have also been sug-
gested (§7.3; Korenaga, 2003, 2006) to enhance the relative importance of the boundary
layer, compared to the mantle, such that β < 1

3 (Fig. 11.2). The introduction of a weak
asthenospheric layer can further modify the dynamics of boundary layer type models; it
introduces multiple solutions for heat transport, including fast, plate-like motions at the
surface which reproduce the classic scaling, and a slow moving, strong-plate regime akin
to a stagnant lid (§4.4.1.3; Crowley and O’Connell, 2012).

Let us return to the thermal evolution box modeling approach and consider time-
dependent internal heat production, H(t), e.g. as in Table 4.2, in the mantle, where the
four isotopes contribute such that H at 4.6 Gyr was ≈ 5× the current value (Fig. 4.23).
The absolute concentration of radiogenic elements in the mantle is uncertain, with H(0)
estimates between 9. . . 17 TW (Table 4.1). We can infer the evolution of mantle temperature
and plate velocities over Earth’s history by writing the total energy change of the Earth as
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a function of heat generation and surface heat flux

C
dTi
dt

= H(t)−Q(t) or Q(t) = H(t)− C dTi
dt
. (11.4)

Here, C̃ is the total mantle heat capacity, C̃ = ρcpV = mcp, where the mass times heat
capacity parts of the mantle and core (cf. eq. 4.70) are ∼ 5 and ∼ 1, respectively, in units of
1027 J/K, and the gravitational energy released by thermal contraction contributes another
∼ 1 (Stacey, 1981), with a recent estimate of C = 7.4 × 1027 J/K (Stacey and Davis, 2008,
sec. 21.3). This simplified analysis does not treat the core explicitly; C subsumes its heat
capacity, and the mantle is assumed to control core heat flux, but the core can also be
specifically included in such analysis, e.g. to predict magnetic field strength (Stevenson
et al., 1983).

The RHS version of eq. (11.4) makes it apparent that Earth’s cooling as seen in the sur-
face heat flux contains contributions from internal heating and what is called secular cool-
ing, which includes contributions from primordial heat and gravitational energy release
by core fractionation. An important parameter for planetary evolution is the fraction of
internal heat production, H , our of the total convective surface heatflow, Q, the Urey ratio,

Ur(t) =
H(t)

Q(t)
(11.5)

(Christensen, 1985). Our H(0) range of Table 4.1 leads to Ur(0) = 0.24 . . . 0.45 for Q(0) =
38 TW. Note that Q(0) does not account for the remaining ∼ 8 TW of Earth’s total tectonic
surface heat flux since that contribution is not due to active mantle convection, but due to
heat producing elements in the continents formed by prior convection-driven fractiona-
tion.

Figure 11.3 shows results from a forward computation of thermal evolution based
on solving eq. (11.4) numerically, starting at different initial temperatures at 4.6 Gyr for
E∗ = 300 kJ/mol and β = 1

3 . As expected from Fig. 11.2, the mantle system is able to
accommodate both low and high initial temperatures: When starting hot, high convective
heat flux serves to remove heat quickly. Vice-versa, a cold start leads to build up of ra-
diogenic heat until convection becomes efficient, and the Ur = 0.8 trajectories converge
to an initial temperature close to the nominal Ti = 1350◦C. The efficiency of Tozer’s (1965)
self-regulating thermostat relies on the degree of temperature-dependence, and for the
parameters used here, E∗ & 150 kJ/mol is required to get the Ur = 0.8 cases to converge
before present. These computations also show that lower, presumably more realistic, Urey
ratios lead to different predictions for the present-day mantle temperature.

Figure 11.4 takes the opposite point of view, fixing the present-day Ti and Q, and asks
which temperature scenarios result going back in time into Earth’s history. By comparison
of the trajectories for different Ur values, matching plausible Ur . 0.5 always leads to
very high temperatures, in excess of 500◦ hotter than present, before ∼1.75 Gyr, which is
implausible since wide-spread melting would have likely ensued. This thermal catastrophe
implies imperfect knowledge of heat budgets, an incomplete treatment of the boundary
layer, a missing component of thermo-chemical convection, or a mix of all three.

A number of solutions to this low Urey number problem have thus been proposed, in-
cluding that the present-day Urey ratio might only be temporarily low (Grigné et al., 2005).
However, it appears that heat flow in the Cenozoic was in fact higher, rather than lower,
than today (Loyd et al., 2007). Let us then consider the bending and melt extraction based
heat flow parameterization of Korenaga (2006), “K06” in Fig. 11.2. This scaling has a sweet
spot of convective heat transport at temperatures∼ 50◦ higher than the present-day man-
tle, but is overall flat (β ∼ 0), and leads to moderately less efficient transport for even
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Figure 11.3: Predicted mantle tem-
perature from forward in time ther-
mal evolution computations starting
at different initial temperatures, Tinit,
at t = 4.6 Gyr, for the β = 1

3 scal-
ing at E∗ = 300 kJ/mol temperature-
dependence (cf. Fig. 11.2) for different
Urey ratios, Ur(0), eq. (11.5). Models
use numerical solution of eq. (11.4)
with standard ODE methods as for
Expanded details 3.
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hotter mantle (β < 0). Having a heat transport relationship with β ∼ 0 implies strong
control of the convective system by boundary (i.e. plate) dynamics instead of the inte-
rior convective vigor thermally controlling the boundary layer as expected from simple
convection models and scaling considerations (§4.3.3.3).

When repeating the backward in time evolution computation with βK06 (Fig. 11.5),
it is clear that a range of low Ur(0) values consistent with estimates for internal heating
from cosmochemistry and petrology, Ur ∈ [0.2; 0.5] (Table 4.1) show temperatures that
are only . 500◦ hotter than present-day throughout Earth’s history, i.e. the thermal catas-
trophe is avoided. The associated predictions from these models appear consistent with
petrological estimates of past mantle temperatures only being hotter than present day by
a few 100s of degrees (Herzberg et al., 2010). One perhaps concerning aspect of the K06
parameterization is, however, that the trajectories of thermal evolution lose their thermo-
stat capacity. This means, e.g., that temperatures back in Earth’s early history that are
different by ±100◦ would have led to entirely different present-day mantle temperatures
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(Fig. 11.5). Such issues mean that alternative solutions to the thermal catastrophe are still
being explored.

Besides modifying the boundary layer scaling, thermal evolution models can also be
expanded to explore other thermo-chemical effects, such as the fractionation of the conti-
nental crust (Spohn and Breuer, 1993), or volatile transport (McGovern and Schubert, 1989).
Considering volatiles leads to an additional viscosity feedback (Sandu et al., 2011) that
can be analyzed in analogy to eq. (11.3). We can complement the conservation of energy
equation, eq. (11.4), with conservation of mantle water

dχ

dt
=

1

ρV
(R−D) (11.6)

where χ is water content, R rewatering (e.g. influx due to subducted sediments), and D
dewatering (e.g. loss of volatiles due volcanism). Considering the temporal change of a
temperature and volatile-dependent viscosity (ηT and ηχ) and plugging in eq. (11.4) and
eq. (11.6),

dη

dt
=
∂η

∂T

dT

dt
+
∂η

∂χ

dχ

dt
= ηT

1

ρcpV
(H −Q) + ηχ

1

ρV
(R−D) ,

clarifies the role of the thermal and water feedbacks. If we assume that the mantle vis-
cosity is constant on the time-scales over which T and χ evolve, we can then express the
Urey ratio, eq. (11.5), as

Ur = 1− ηχ
ηT

cp
Q

(R−D)

(Crowley et al., 2011). If this relationship holds, ηχ > 0, and rewatering exceeds dewa-
tering, then Ur < 1, i.e. the mantle can be out of thermal equilibrium even if β = 1

3 .
One possible scenario is that of early planetary degassing (mantle water loss) and warm-
ing, following by regassing (increase in mantle water continent) and cooling, leading to
present-day Urey ratios of Ur ∼ 0.3 (Crowley et al., 2011). Such scenarios buffer early Earth
hot mantle, low thermally dependent viscosities with relatively dry, water-dependent rhe-
ologies. This leads to only modestly higher temperatures for the early earth, and thermal
histories that are most consistent with Ur ∼ 0.25 and β ∼ 0.2, but not incompatible with
the classic β = 1

3 , alleviating the need to resort to modified β scalings (Seales et al., 2022).
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While many uncertainties as to the applicability of parameterized convection models
clearly exist, they nonetheless provide powerful tools, in particular for consistency tests
by linking convection, fractionation, volatile cycles, and, e.g., continental freeboard (Kore-
naga, 2018). Parameterized convection models can yield a range of diagnostic values, for
example associated plate velocities via eq. (4.157), and their predictions can be explored
in a number of additional ways.

Importantly, parameterized evolution models can be used to explore scenarios, such as
to track the temperature of the upper and lower mantle assuming that there are persistent
barriers to vertical mixing as would be expected if the mantle were layered (Spohn and
Schubert, 1982). It turns out that heat and mass transport have to be efficient across any
internal layers to avoid unrealistic internal temperatures; this argues for the absence of
any global, long term impediments to vertical flow (Spohn and Schubert, 1982; McNamara
and van Keken, 2000). One key application of parameterized convection models is for other
terrestrial type planets, including extra-solar one, for which even less than for the early
Earth is known. Nonetheless, understanding such exoplanets is an exciting frontier.

11.4 Plate tectonics on other planets

The last decades brought about a revolution in our knowledge about our own and other
solar systems. In particular, we currently know of & 5,300 exoplanets (NASA Exoplanet
Science Institute, 2023), i.e. planets orbiting stars other than our own sun. This has reener-
gized research into how solar systems form, since our system’s order of inner terrestrial
planets followed by outer gas giants does now seem special rather than the rule.

Moreover, the question of extraterrestrial life as explored in the field of astrobiology is
now being discussed quite differently from the earlier radio-signal or stochastic angles
(Drake, 1962; Burchell, 2006). One particular issue is that of the role of plate tectonics for
the persistence of life, the interplay between habitability and tectonics. Plate tectonics
clearly plays a major part in the volatile and carbon cycle of our planet, and tectonic
transport and erosion may serve to stabilize Earth’s climate and keep temperatures within
the habitability zone (§1.1). The latter is classically defined by the existence of liquid water.
Restricting exoplanets to this Goldilocks zone, not too far and not too close to the host star,
we currently know of 63 such potentially habitable worlds. Out of those, 23 are within
0.5. . . 3 and 0.8. . . 1.6 Earth masses and radii, respectively (Planetary Habitability Lab, 2023).

Assuming that plate tectonics is relevant for sustaining habitability, or out of pure cu-
riosity, we can then ask if plate tectonics should be expected on these habitable worlds
or other exoplanets. We have seen that we have a good grasp of how the Earth’s heat
transport has driven tectonics and we made much progress in understanding why mantle
convection is expressed as plate tectonics (§4.4.4). However, even for Earth, there is still
much debate as to the age and persistence of plate tectonics throughout planetary evo-
lution (§11.1). Moreover, we have yet to build a quantitative model that would link our
planet’s evolution fully between the interior and exosphere systems, capturing the roles
of carbon, volatile, and sediment transport, the connections between the atmosphere and
the magnetic field, and overall energetics.

Such ambiguities have of course not kept researchers from assessing plate tectonics
on exoplanets. From a solid Earth point of view, mantle convection is the key system to
understand. The mantle’s heat engine controls the core heat flux, and with it the field.
Whether there is a stagnant lid, other heat transport modes such as heat pipes, or plate
tectonics at the surface controls horizontal and vertical mass transport. Simple regime
diagrams such as Fig. 4.57 indicate that the plate tectonic regime mainly depends on yield
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stress, and less on Rayleigh number. To determine if a terrestrial type planet, of similar
composition than our own, should have plate tectonics, one can then consider if convec-
tive stresses are sufficient to brake a stagnant lid.

Proceeding from scaling analysis seems warranted given the lack of constraints. We
can consider heat flow,Q ∝ Raβ , or plate thickness, δ ∝ Ra−β , as per eq. (11.2), and derive
strain-rate and stress scalings from the convective velocities, u ∝ Ra2β via eq. (4.157)

τ ∝ ηε̇ ∝ ηu ∝ ηRa2β

where β = 1
3 and β = 1

4 for classical scalings for bottom and internal heating, respec-
tively (eqs. 4.154 and 4.158; §4.3.3.3). A complexity arises because η can be variable in this
scaling. If we assume that viscosity remains relatively roughly constant, then a scaling of
τ ∝ Ra2β results. Using a similar line of arguments but allowing for some temperature
dependence of η, Valencia et al. (2007) found that super-Earth type exoplanets with larger
mantle thickness than Earth would be very likely to have plate tectonics. Based on nu-
merical modeling, O’Neill and Lenardic (2007) came to the opposite conclusion and found
that a more rapid increase in pressure, and hence yield stresses (§3.11.1), would dominate
for larger planets.

To move toward resolving this disagreement, let us consider the convective vigor of
a terrestrial type planets of radius S, and that the mantle fraction is constant such that
h ∝ S (van Heck and Tackley, 2011). We then need to consider both variable g and reference
density ρ for Rayleigh numbers, along with the thickness of the convecting layer h. We
further assume that planetary mass M ∝ S3 for a homogeneous mantle with constant ρ,
or M ∝ S4 for depth-dependent ρ (Valencia et al., 2006). We can then use g ∝ M

S2 from
eq. (1.7) and ρ ∝ M

S3 , to obtain g ∝ Sp and ρ ∝ Sp−1 with p = 1 . . . 2. With Ra ∝ gρhζ and
ζ = 3 and ζ = 5 for bottom and internally heated Rayleigh numbers (eqs. 4.130 and 4.145)
this means Ra ∝ S2p+ζ−1.

From the diffusion time convective non-dimensionalization, a characteristic stress is
∝ h−2, eq. (4.161), such that a nondimensional yield stress, σ̃ ∝ σh2, will scale as S2 if the
dimensional yield stress, σ, is constant. If the relevant yield stress is pressure-dependent,
the dimensional yield stress gradient dσ/dz, eq. (3.146), will scale with fρsg, where ρs
is a surface density assumed constant, such that dσ/dz ∝ Sp at constant f . The non-
dimensional gradient is then dσ̃/dz̃ ∝ Sp+3, and if we evaluate the yield stress at the
base of the lithospheric boundary layer, where convection might serve to break the lid,
then σ̃z = δ̃ dσ̃/dz̃ ∝ Sp+3Ra−β ∝ Sp+3−β(2p+ζ−1) from eq. (11.2). With τ̃ ∝ Ra2β ∝
S2β(2p+ζ−1), we find that the balance of non-dimensional convective and yield stress, Π ,
as a criterion for the likelihood of plate tectonics (Moresi and Solomatov, 1998) scales as

Π =
τ̃

σ̃
∝ S2β(2p+ζ−1)−2 ∝

β= 1
3

S
2
3

(2p+ζ−4) and Πz =
τ̃

σ̃z
∝ S3β(2p+ζ−1)−p−3 ∝

β= 1
3

Sp+ζ−4,

for the constant, Π , and depth-dependent yielding, Πz , respectively, where β = 1
3 is as-

sumed for the second terms.
With ζ = 3, this means that Π ∝ S

2
3 and Π ∝ S2, for the ∝ S3,4 mass scalings with

p = 1, 2, respectively, and Πz ∝ S0 or Πz ∝ S, respectively. With constant yield stress,
larger planets should thus be slightly or much more likely to have plate tectonics than
Earth, whereas for depth-dependent yielding, the size either does not matter or linearly
favors plate tectonics. van Heck and Tackley (2011) explored a number of other assump-
tions, including a reduction in viscosity for the stress scaling for internal heating cases,
but confirmed similar predictions numerically, consistent with Valencia et al.’s (2007) ar-
guments. While these arguments thus suggest that plate tectonics may be more likely in
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larger super-Earths, for comparably sized-objects, other complications, such as different
thermodynamic or transport properties may be more relevant, and capture and mainte-
nance of an atmosphere may be more relevant (Foley and Driscoll, 2016).

We had previously encountered a range of arguments to explain the absence of plate
tectonics for a planet with very similar size and properties as Earth, Venus. Convective
scaling arguments alone would suggest that Venus should be primed for plate tectonics in
much the same way as Earth was. It therefore seems that it is potential hysteresis effects
and different evolutionary trajectories which left Venus dry and hot (§4.4.4.1). Whatever
the relevant mechanisms are, we are still missing a comprehensive dynamic model which
would explain when and why Venus lost its water, and how the convolution of the atmo-
sphere and the solid Earth system evolved so different from Earth. The next decades will
see several new missions to Venus, and we expect to learn much about our sister planet,
and by comparison, better answers to the question if Earth was just lucky, or special, to
end up with plate tectonics which made it simpler for life.
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Appendix A

Reference data and additional figures

A.1 Important constants and typical parameter values

A.2 Geological timescale and magnetic reversals

The geological timescale is mainly based on fossils which allowed cross-correlating global
rock units and estbalishing a relative timescale. As such, the boundaries between differ-
ent time units (hirarchy: eons, eras, periods, epochs, and ages) is associated with major
changes in Earth’s environment, such as mass extinctions, and specific names which may
different in different communities often associated with type localities (Fig. A.1). It is
also highly nonlinear in time, since so much more is known about the more recent peri-
ods because more rocks are preserved, and the biosystem has grown in complexity over
time, particularly after Cambrian explosion. Figure A.1 also shows a paleomagnetic re-
versal timescale for the Cenozoic and Mesozoic which allows absolute dating of rocks. Its
temporal resolution is, to first order, limited by reversal frequency, meaning that long du-
ration of consistent dipole orientation, in particular the Cretaceous supercron from ∼ 125
. . . 85 Myr, have poor spreading rate constraints (Fig. 1.16).

A.3 Phase diagrams

Figure A.2 shows estimated mantle phase diagrams for nominal basalt and depleted peri-
dotice, i.e. harzburgite, compositions. Compositions are from Workman and Hart (2005)
as modified by Xu et al. (2008), see Fig. 1.12 for pyrolitic (peridotitic) composition and
Fig. 7.38 for comparison of density profiles.

A.4 Gravitational potentials for terrestrial planets

The Earth’s geoid is the representation of an equipotential for gravity that coincides with
the sealevel at rest, by definition (§1.2). This surface is, to lowest order, an ellipsoid be-
cause of the rotation of the Earth (Fig. A.3a). Deviations from the best-fitting ellipsoid
(Fig. A.3b) are indicative of static and dynamic effects due to internal lateral density vari-
ations including those associated with mantle convection (§5.4).

However, for those considerations and others related to glacial isostatic adjustment
(§4.1.7.2; Mitrovica and Wahr, 2011) the reference for the anomalies should not be the resid-
ual from the best fitting ellipsoid. Instead, we should consider anomalies compared to
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parameter symbol value section

Boltzman constant k 1.380, 649 · 10−23 J/K §3.8.2
Avogadro constant Na 6.022, 141 · 1023 mol−1

gas constant R = kNa 8.314,463 JK−1mol−1 §3.8.2
radius of the Earth RE 6371.009 km §1.3.2
radius of the core RC 3486 km §1.3.1
thickness of the mantle h 2891 km §1.3.1
mass of the Earth ME 5.972 · 1024 kg §1.2
mass of the mantle Mm ≈ 4 · 1024 kg §1.3.1
mean density of the Earth ρE 5512 kg/m3

mean density of the mantle ρm 4454 kg/m3

ref. density of continental crust ρoc ∼2700 kg/m3

ref. density of oceanic crust ρoc ∼2900 kg/m3

ref. mantle density ρa ∼3300 kg/m3

gravitational constant G ≈ 6.674, 08 · 10−11 m3kg−1s−2 §1.2
mean gravitational acceleration 〈gm〉 10 m/s2

in the mantle
number of seconds in a year 365.25 · 24 · 60 · 60 ≈ π · 107 s
mean plate speed at present vRMS ≈ 3.7 cm/yr §1.4.2
mean oceanic plate age 〈τ〉 ≈ 55 Ma §1.4.1
mean heat surface flow 〈q〉 90 mW/m2 §4.2
non-adiabatic mantle ∆T ∼ 2700 K §4.3.1
temperature increase
average viscosity of the mantle ηm ∼ 1 · 1022 Pas §4.1.7.1
thermal expansivity α ≈ 2 · 10−5/K §1.3.4
thermal conductivity k ≈ 4 W/m/K §4.2.1
specific heat capacity of the mantle cP ∼ 800 . . . 1200 J/K/kg
thermal diffusivity κ ≈ 1.1 · 10−6 m2/s
bulk silicate Earth heat production H ′BSE ∼ 4.6 pW/kg
Rayleigh number of the mantle Ra ∼ 107 §4.3.1

Table A.1: Useful parameters with typical symbols and values uses, along with the sections where
they are discussed in more detail. Order of magnitude estimates such as for ηm can hide large
depth-dependence.

the ellipsoid that is expected from the rotation of a 1-D Earth in hydrostatic equilibrium;
those two flattening factors, eq. (1.18), are different enough to matter.

Most commonly, the hydrostatic estimate of Nakiboglu (1982) is used for corrections
(Fig. A.3c). In particular, the observed difference between the equatorial and polar axes of
the ellipsoid, i.e. the equatorial bulge, is 98 m larger than what is expected hydrostatically.
This means that there is a dynamic, internal ` = 2 contribution to the geoid anomalies
(Ricard et al., 1984; Richards and Hager, 1984), and the Nakiboglu (1982) corrected anomalies
are more depressed around the poles in Fig. A.3c compared to Fig. A.3b. Equivalently,
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Figure A.2: Phase proportions and density for harzburgitic and basaltic compositions along the
adiabat of Fig. 1.11 based on Gibbs energy minimization (Stixrude and Lithgow-Bertelloni, 2011,
2022). Dashed vertical lines indicate nominal 410 and 660 km major upper mantle phase transition
depths (cf. Fig. 1.7).

there are more positive anomalies around the equator, and these anomalies of Fig. A.3c
might be more plausible than Fig. A.3b, given an Earth adjusting the moment of inertia
around the rotation axis.

Nakiboglu’s (1982) approach can be improved and a more modern, modified hydro-
static ellipsoid was presented by Chambat et al. (2010), with corresponding anomalies
shown in Fig. A.3d. The excess bulge compared to the corrected hydrostatic geoid is
113 m, leading to more pronounced anomalies but overall similar patterns.

A.4.1 Comparison to Mars and Venus: Aphroditoid and Areoid

Figure A.4 compares the Earth’s rock-equivalent topography (eq.1.26 with ρc = 2670 kg/m3

and ρw = 1030 kg/m3 for rock and water, respectively, L = 512 expansion Hirt and Rexer,
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Figure A.3: EGM 2008 (Pavlis et al., 2012) geoid anomalies, δG. a) Using `max = 512 with respect
to a sphere. b) Setting the elliptical (` = 2,m = 0) term to zero. c) Using only `max = 20 and
removing the hydrostatic shape estimate from Nakiboglu (1982). (Note a) has different colorscale
from b-d)). d) anomalies up to `max = 20, but using the updated Chambat et al. (2010) flattening
estimate (as in Fig. 1.6a).

2015), and corrected geoid (§A.4) to the topography and equivalent potential surfaces of
Venus and Mars, whose geoid-equivalents are called the aphroditoid and the areoid, respec-
tively (Steinberger and Torsvik, 2010; Wieczorek, 2015). Earth and Mars’ geoids are corrected
to the hydrostatic shape of a spinning planet as in Steinberger et al. (2010).

The features of planetary topography are a reminder of the very different evolution-
ary trajectories of the planets: plate tectonics reworking oceanic plates and making the
elevated continents by fraction for Earth, compared to reworking with overturns and
possible small-scale tectonic deformation for Venus, and a stagnant lid type state, with
large-scale volcanic features and old surface battered by impacts and past erosional pro-
cess for Mars.

We also show the spectral character oftopography, in terms of power per spherical
harmonic degree and unit area, σ2

` of eq. (C.42). Figure A.4 also shows best-fit linear slope
values based on log-log fits for ` > 2,. For the Earth, those hide transitions in the geoid
spectrum as explored based on considerations of elastic flexure delineating between short
and long-wavelength support (eq. 3.28, §3.1.2).

Note, however, the remarkably similar topography power spectrum for all three ter-
restrial planets, with a seemingly general power-law of σ2 ∝ `−3, with best-fit exponents
−2.8 . . . − 2.9, even though their histories are quite different. The spectra of the geoid-
equivalents are such that σ2 ∝ `−4, with a bit more variability and exponents−3.6 . . .−4.3,
again with some seemingly universal spectral character (Steinberger and Torsvik, 2010).
What is clearly distinct between Earth, Mars, and Venus is the degree to which the gravity
signal mirrors topography. For Venus those two signals are near perfect mirrors of each
other, while for Earth, this is only true at the shortest wavelengths (§3.1.2), and Marc has
some interesting mid wavelength coherence (Steinberger and Torsvik, 2010). One way to
quantify the relationship between topography and the potential is the geoid-topography
correlation (Fig. A.4). The implications of these variable signal in terms of the mechanisms
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Figure A.5: Bird’s (2003) plate geometry as used for the MORVEL56 (Argus et al., 2011) model,
with abbreviations provided in Table A.2, statistics analyzed in Fig. A.6, and velocities shown in
Fig. 1.19.

of compensation and mantle dynamics for Earth and Venus are discussed in §5.4.

A.5 Plate geometry, names, and motion statistics

Figure A.5 shows the plate geometry and Fig. A.6 some of the geometrical characteristics
of the Bird (2003) plate geometries as used for the MORVEL56 (Argus et al., 2011) rela-
tive plate motion model, along with kinematic indicators for no-net-rotation, spreading-
aligned, and hotspot absolute plate motion reference frames (cf. Fig. 1.19).

Among the large plates, the Pacific, Australian, and Nazca plate move the fastest, as
would be expected given that there are significant subduction boundaries attached, and
slab-pull is the predominant plate driving force (§5.5; Forsyth and Uyeda, 1975). The Indian
plate may or may not have a slab attached to it at present, and mantle push has been
suggested as an important driving force for India (§10.8). For many plates, the choice of
reference frame affects their average speeds, and more so, the mean azimuth of motion,
as can be inferred from the alignment between the Euler vector, ω, and the plate centroid,
r, here expressed as the normalized dot product, α (Fig. A.6).

This means that any interpretations of absolute motions with respect to some relatively
stationary lower mantle, such as for trench motions, or seismic anisotropy, need to be done
with care. The sensitivity of velocities to the net rotation component of course depends
on the relationship between the relative motion Euler pole and the net rotation pole, the
latter being typically somewhere in the Indian Ocean, leading to net rotations similar to
the motion of the Pacific plate (§5.6.2). Statements about which plate is “fastest” therefore
depend on the reference frame; allowing for smaller than avera plates, the fastest motions
for the whole set are typically found for small plates, . 1% of Earth’s surface, such as
New Hebrides, North Bismarck, and Tonga. The latter is experiencing very fast rollback,
one of the surprising early findings from GPS geodesy (Bevis et al., 1995).

A near 90◦ angle between the center of the plate and the Euler vector (α = 0) would
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be expected if there were two clear subduction (slab pull) and spreading center (“ridge
push”) boundaries on opposite sides driving the plate (cf. Forsyth and Uyeda, 1975; Becker
and O’Connell, 2001). This is roughly the case for the Pacific, for example, and for the large
plates, there is a trend toward α ≈ 0 for incereasing velocites (Fig. A.6). For Antarctica,
which is surrounded by spreading centers, as well as many of the smaller plates, α ∼ 1
which means that the Euler pole lies close to, or within the plate. That is expected if
there is a mix of plate boundary forcing, if there is interplate deformation, or if there are
diffusive plate boundaries (Zatman et al., 2001).

Also, note the skewed distribution of plate sizes, with 10 larger than average plates,
and 46 smaller ones for the Bird (2003) boundaries. Bird suggested a break in scaling
around one steradian, 1sr ≈ 8% of the surface, such that smaller plates follow a fractal
behavior, with many more smaller plates to be possibly discovered in the future. Analysis
of plate reconstructions indicates that this break in scaling between large and small plates
is also found for the last 200 Ma (Morra et al., 2013), and plate-like visco-plastic mantle
convection models appear to consistently generate such a break (Mallard et al., 2016).

However, definitions of plate boundaries often include some arbitrary choices, partic-
ularly for the past. Even for the present-day, it is difficult to reliably distinguish between
numerous, tiny plates, and distributed deformation that is best treated as a continuum
(§2.1), and any such determination will also be time-dependent across scales from earth-
quake cycles to large scale plate reorganizations. Understanding which features of plate
models are linked dynamically to mantle convection and rock rheology, and which might
be driven by model assumptions is one of the current challenges in tectonics (§4.4.4).
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Figure A.6: Plate motion statistics for MORVEL56 (Argus et al., 2011) in three reference frames:
no-net-rotation (NNR, red), spreading-aligned (SA, blue; Becker et al., 2015), and a hotspot refer-
ence frame with large net rotation (HS3, orange; Gripp and Gordon, 2002). Left panel shows mean
velocities with vertical lines for global averages (note close match for NNR and SA, cf. Fig. 1.19a
and b); middle is the normalized alignment between the Euler pole, ω, and the plate centroid, r,
α = |ω · r|/(|ω||r|), and right fractional plate area. Plates are subdivided into above and below
average size (top and bottom panels line), see Table A.2 for plate abbreviations.
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Table A.2: Plate names and their abbreviations from Bird’s (2003) model (Fig. A.5) as used by Argus
et al. (2011) for their MORVEL56 plate motion model, which is analyzed kinematically in Fig. A.6,
with velocities shown in Fig. 1.19. Lower case codes indicate rotation poles determined by DeMets
et al.’s (2010), upper case ones are from Bird (2003).

abbreviation plate name abbreviation plate name abbreviation plate name
AS Aegean Sea GP Galapagos ON Okinawa
AP Altiplano in India pa Pacific
am Amur jf Juan de Fuca PM Panama
AT Anatolia JZ Juan Fernandez ps Philippine Sea
an Antarctica KE Kermadec ri Rivera
ar Arabia lw Lwandle sw Sandwich
au Australia mq Macquarie sc Scotia
BR Balmoral Reef MN Manus SL Shetland
BS Banda Sea MO Maoke SS Solomon Sea
BH Birds Head MA Mariana sm Somalia
BU Burma MS Molucca Sea sa South America
cp Capricorn nz Nazca SB South Bismarck
ca Caribbean NH New Hebrides su Sunda
CL Caroline NI Niuafo’ou sr Sur
co Cocos na North America TI Timor
CR Conway Reef ND North Andes TO Tonga
EA Easter NB North Bismarck WL Woodlark
eu Eurasia nb Nubia yz Yangtze
FT Futuna OK Okhotsk
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Appendix B

Additional topics in continuum
mechanics

This appendix briefly discusses a few additional, more specialized, topics in continuum
mechanics as applied to the analysis of the solid Earth and provides some more detail in
chapters §2-§4.

B.1 General conservation laws: One law to derive them all

Much of continuum mechanics can be reduced to considering the conservation of some-
thing f under transport or deformation. While the following treatment is a bit more ab-
stract, it can give some insights into the underlying symmetries in the equations govern-
ing rock behavior as studied by geodynamics, geology, or seismology (§2 and §4).

Let us consider a material element, that is a parcel of material being transported in
volume V (t) by flow or deformation such that nothing enters or leaves V . In this element,
we consider some property f , which can be a scalar, vector, or tensor. Around the volume
is a surface S, where we consider the normal vector dn on S during integration. The
Reynolds transport theorem is an integral version of the material derivative, eq. (2.3), and
says that the change of f over time is

d

dt

∫
V (t)

dV f =

∫
V (t)

dV
∂f

∂t
+

∫
S(t)

dS (v · n) f ,

where v is the velocity of the flow. This can be rewritten for a volumetric quantity f =
f /V . If F is the flux of f , i.e. some f per volume per time without advection, and fv with
advection, and H a source of f , i.e. a local something generating or destroying f , then
conservation of f follows as as

∂

∂t

∫
V

dV f =

∫
V

dV H −
∫
S

ds n · F −
∫
S

ds fn · v.

Continuum mechanics is called continuum mechanics because the next steps involves
choosing a volume that is big enough to average over anything we wish to neglect (such
as atomic interactions), and small enough to provide a meaningful local value of f (§2.1).

Assuming that the test volume is fixed in an inertial reference frame (i.e. force balance
within object without acceleration, e.g. eq. 2.28) and using Gauß’ theorem, eq. (C.35), we
can rewrite the term on the left and the two first terms on the right, respectively, as∫

V
dV

∂f

∂t
= +

∫
V

dV H −
∫
V

dV ∇ · (F + fv) .
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Since this balance has to hold for any V , the general conservation law is given by

∂f

∂t
+∇ · (F + fv)−H = 0 .

Let us consider three special applications using this general law:

1. Conservation of Mass. Consider actual density, f = ρ, and F = H = 0 (no mass is lost
by diffusion or gained by sources), we obtain the continuity equation

∂ρ

∂t
+∇ (ρv) = 0. (B.1)

If the material is incompressible, ρ = const., this simplifies to eq. (4.15).

2. Conservation of momentum. Momentum is defined as mass times velocity, p = mv.
If expressed per volume, this means we should consider f = ρv. Since stress is
force per area, the flux of momentum F = −σ. Body forces provide a source of
momentum,H = ρg, from which

∂ ρv

∂t
+∇ · (ρv v) =∇ · σ + ρg,

which expresses force balance, as in eq. (4.16), but here allowing for inertia (V = v v
such that Vij = vivj). To link dynamic to kinematic properties we need to use a
constitutive law (§3), for example:

� For an incompressible fluid with Newtonian constitutive law, eq. (4.17),

σij = −pδij + η

(
∂vi
∂xj

+
∂vj
∂xi

)
,

and continuity, eq. (B.1), which breaks down to∇ ·v = 0, we can further derive
the Navier-Stokes equation

ρ
∂v

∂t
+ ρ (v ·∇)v = −∇p+ η∇2v + gρ, (B.2)

which applies for fluid motions where inertia matters and is the general form
of the Stokes equation, eq. (4.18). With the Boussinesq approximation ∆ρ =
αρ0∆T , i.e. allowing for thermal anomalies driving body forces, but still as-
suming incompressibility (§4.3.1), with g = gez ,

ρ
∂v

∂t
+ ρ (v ·∇)v = −∇p+ η∇2v − ρgα∆Tez.

Using the diffusion timescale for characteristic time, tc = h2/κ, eq. (4.141), and
non-dimensionalizing as in eq. (4.161), the non-dimensional version reads

1

Pr

(
∂ṽ

∂t̃
+
(
ṽ · ∇̃

)
ṽ

)
= −∇̃p̃+ ∇̃2ṽ −RaT̃ez, (B.3)

with the Pr the Prandtl, eq. (4.5), and Ra the Rayleigh number, eq. (4.130).
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� Alternatively, for an isotropic, linear elastic solid, eq. (3.4), and velocities de-
rived from particle motion at small displacements such that v = ∂x/∂t ≈
∂u/∂t. Neglecting u · u terms, the seismic wave equation results

∂2u

∂t2
= α2∇ (∇ · u) + β2∇2u+ g, (B.4)

where α = vP =
√

λ+µ
ρ and β = vS =

√
µ
ρ are the compressional, P , and

shear, S, wave velocities, respectively. The solutions are of oscillatory nature,
cf. §C.1.3, and for the 1-D wave equation,

∂2u

∂2t
= c2∂

2u

∂x2
,

the solutions are displacement, u, anomalies which propagate with speed c as

u(x, t) = f(x± ct).

If we Helmholtz decompose (§C.6.2.1) u, into a scalar, Φ, and a vector, Ψ , po-
tential as

u =∇Φ+∇× Ψ

where∇ · u = ∇2Φ,∇× u = −∇2Ψ , with∇ · Ψ = 0, then

∇2φ =
1

α2

∂2Φ

∂t2
and ∇2Ψ =

1

β2

∂2Ψ

∂t2
(B.5)

holds for the potentials governing P and S waves.

3. Conservation of energy. The heat energy per volume at given temperature T is f =
ρcPT where cP is the heat capacity at constant pressure, cf. eq. (4.70). As per Fick’s
law, eq. (4.63), heat flux for an isotropic medium with constant conductivity is then
F = −k∇T , and sources H may arise because of radioactivity or viscous heating
(§4.2). This yields

∂

∂t
(ρcPT ) +∇ · (ρcPT v) =∇ · k∇T +H, (B.6)

or, for constant cP and k with the thermal diffusivity, eq. (4.73),

∂T

∂t
+ v ·∇T = κ∇2T +

H

ρcP
,

as in eq. (4.125). We note that again, the material derivative for temporal change of a
property in an Eulerian reference frame arises on the left-hand side,

D

Dt
=

∂

∂t
+ v ·∇,

see eq. (2.4).
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B.2 Complete deformation gradient tensor

In analogy to the velocity gradient matrix, eq. (2.13), we can compute the complete dis-
placement, u, derivatives

du =
∂u

∂x
dx+

∂u

∂y
dy +

∂u

∂z
dz = D · dx,

where we have introduced the Eulerian deformation gradient tensor

D =


∂ux
∂x

∂ux
∂y

∂ux
∂z

∂uy
∂x

∂uy
∂y

∂uy
∂z

∂uz
∂x

∂uz
∂y

∂uz
∂z

 , (B.7)

and dx = { dx, dy, dz}.
TheD tensor holds all possible derivatives and has no particular symmetry properties.

However, we can decompose D by combining it with its transpose, DT , two ways, first,
into a symmetric component (recovering the strain tensor, eq. 2.9)

ε =
1

2

(
D +DT

)
and, second, an anti-symmetric component, the rotation tensor

θ =
1

2

(
D −DT

)
(i.e. θij = −θji) with the decompositions

D = ε+ θ and
du = ε · dx+ θ · dx.

Therefore, any deformation will be expressed by ε and any rigid body motion (spin with-
out deformation) by θ. The anti-symmetry condition requires θii = 0.

B.3 Strain compatibility equations

We can consider the strain-tensor, eq. (2.9), as a partial differential equation for the dis-
placements, u = {ui} = {u1, u2, u3}, with three degrees of freedom, where eq. (2.9) cor-
responds to six equations (because of symmetry of εij = εji), and is therefore over deter-
mined.

This means that ε cannot have arbitrary functional form but has to conform to com-
patibility equations, which can be written as a set of relationship between second order
derivatives

∂2εij
∂xm∂xn

+
∂2εmn
∂xi∂xj

− ∂2εim
∂xi∂xn

− ∂2εjn
∂xi∂xm

= 0. (B.8)
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Because of symmetry, eq. (B.8), reduces to six equations:

∂2ε11

∂x2∂x3
=

∂

∂x1

(
−∂ε23

∂x1
+
∂ε13

∂x2
+
∂ε12

∂x3

)
∂2ε22

∂x3∂x1
=

∂

∂x2

(
−∂ε13

∂x2
+
∂ε12

∂x3
+
∂ε23

∂x1

)
∂2ε33

∂x1∂x2
=

∂

∂x3

(
−∂ε12

∂x3
+
∂ε23

∂x1
+
∂ε13

∂x2

)
2
∂2ε12

∂x1∂x2
=

∂2ε11

∂x2
2

+
∂2ε22

∂x2
1

2
∂2ε23

∂x2∂x3
=

∂2ε22

∂x2
3

+
∂2ε33

∂x2
2

2
∂2ε13

∂x1∂x3
=

∂2ε11

∂x2
3

+
∂2ε33

∂x2
1

,

and, in 2-D, a single equation remains:

2
∂2ε12

∂x1∂x2
=
∂2ε11

∂x2
2

+
∂2ε22

∂x2
1

.

In theory, this equation will always hold if the displacement field u(x) is well behaved,
but if we are trying to infer deformation of the Earth from indirect observations, such as
focal mechanisms or geodetic observations, the compatibility relationships may serve to
ensure reconstructed ε fields are physical. They can also be useful to check the output of
numerical methods.

If we combine the strain compatibility equations, eq. (B.8), with Hooke’s law for isotropic,
linear elasticity eq. (3.4), and the static force balance eq. (2.28) we can determine a set of
stress compatibility equations for elasticity,

∂2σij
∂xk∂xk

+
1

1 + ν

∂2σkk
∂xi∂xj

= −ρ ν

1− ν
∂gk
∂xk

δij − ρ
(
∂gi
∂xj

+
∂gj
∂xi

)
(note that ∂xk∂xk implies summation, which is different from ∂x2

k).
If body forces g are constant, it follows that

∂2σij
∂xk∂xk

+
1

1 + ν

∂2σkk
∂xi∂xj

= 0 and

∂2σkk
∂xi∂xi

= ∇2σkk = 0.

These compatibility equations are useful for certain solutions of elastic problems via Airy
functions (see Ranalli, 1995, sec. 3.5).

B.4 Finite strain

Much of classical continuum mechanics and the deformation behavior can be understood
based on infinitesimal strains or instantaneous strain-rates. In this case, we do not need
to specify if we take the derivatives for the strain and strain-rate tensors, ε and ε̇, re-
spectively, at the deformed or undeformed locations, or with respect to the deformed or
undeformed reference frame.

DRAFT 551



B.4. FINITE STRAIN

However, geologists are familiar with progressive deformation that leads to finite strain
where the changes in shape or length are not merely a few percent, but actually of order
unity or larger (Fig. 2.5). This cumulative, large deformation is harder to deal with, math-
ematically, and also in a computer modeling kind of sense, because now we have to con-
sider possibly hugely distorted objects and changes in reference systems from originally
undeformed to the deformed state, which is usually the state of observation.

We can start by considering the spatial variations in Eulerian velocities, where ve-
locities may change by dvE between two proximal locations r and r + dr such that
dvE = dr ·∇rv

E , or

dvE = GE · dr with GE =
(
∇ru

E
)T
, (B.9)

which defines the Eulerian deformation-rate tensor GE , that we had already encountered as
the transpose of the velocity gradient matrix, eq. (2.13).

Let us now consider two particles initially located at x and x + dx that have been
transported to current positions r and r + dr. Those two relate via

dr = F · dx with F = (∇x r)T ,

where ∇x is the gradient with respect to particle x. F is the deformation tensor, it can be
thought of taking a test element spanned by a set of particles spaced dx and deforming it
to their final location dr. F is trickier to compute than G and in numerical computations
usually done by actually following tracer particles, and then studying the evolution of
finite strain which is governed by eq. (2.22), or

∂F

∂t
= GE · F or GE =

∂F

∂t
· F−1 (B.10)

where the left hand side can be used as a rule to update F , e.g. starting from an initial
identity matrix, F (t = 0) = I (Figs. Fig. 2.5 and Fig. 5.20) The right hand side illustrates the
relationship between GE and F further, where F−1 is the inverse of F that is guaranteed to
exist for detF 6= 0 which holds for physical flows without tearing or other discontinuities.

The total finite strain accommodated by F is measured by the Lagrangian strain tensor
EL (to be distinguished from the infinitesimal Eulerian deformation gradient tensor D)

EL =
1

2

(
F · F T − I

)
,

where EL is symmetric. The Jacobian of F , i.e.

J = detF =
dV (t)

dV (0)

is a measure of the relative deformed volume, dV (t) at r, to the original volume dV (0)
surrounding the particle at the original x location.

F can be decomposed as (Fig. B.1)

F = Q ·R = L ·Q,

where the right-stretch tensor R and the left-stretch tensor L are both symmetric and defined
as

R =
(
F T · F

) 1
2 and L =

(
F · F T

) 1
2 ,
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F

Q

QR

L

Figure B.1: Illustration of the po-
lar decomposition of the deformation
tensor F = Q · R = L · Q into an ini-
tial rotation Q and left-stretch L, or
an initial right-stretch R and subse-
quent rotation Q (deformed object is
an equal-area, Schmidt steronet).

respectively, and the rotation tensor Q is orthogonal, i.e.

QT ·Q = Q ·QT = I.

As illustrated in Fig. B.1, we can think of finite strain F either as a symmetric stretch R
which is then rotated, or a rotation of an undeformed sphere, which is then stretched by
means of L.

For in-situ consideration of deformed rocks, L is useful, as it measures the finite strain
in the deformed reference frame. The eigenvectors of L (§C.3.6) provide orientations of
the axes of the finite strain ellipsoid (FSE) that characterizes deformation (§2.5). The FSE
is useful, for example, to describe the bulk deformation of rock units (McKenzie and Jack-
son, 1983), or to provide clues for the formation of anisotropic fabrics via crystallographic
preferred orientation (McKenzie, 1979; Ribe, 1989). The eigenvalues of L, λ1 > λ2 > λ3,
correspond to the squared lengths of the axes of an ellipsoid formed from the original,
unity-length axes of a sphere around x. The principal strain axes of the FSE, {X,Y, Z} as
per eq. (2.23), and the corresponding stretch, s, and strain ε, as per eq. (2.5), are thus

X = s1 = 1 + ε1 =
√
λ1; Y = s2 = 1 + ε2 =

√
λ2; Z = s3 = 1 + ε3 =

√
λ3. (B.11)

Here s1 corresponds to the extensional axis, s3 to the shortening axis, and the quadratic
elongation is simply λ1. Sometimes, the Cauchy deformation tensor

B−1 =
(
F−1

)T · F−1,

is also used to determine the finite strain ellipsoid, and the eigenvalues of B−1, bi, relate
to λ as λi = 1/bj , appropriately sorted.

Volume change via the dilation, ∆ of eq. (2.10), is given by

∆ = XY Z − 1,

and the ratio of the principal axes defines the shape factors,

R1,2 =
X

Y
=

√
λ1

λ2
and R2,3 =

Y

Z
=

√
λ2

λ3

DRAFT 553



B.5. MOMENT TENSORS AND COMPENSATED LINEAR VECTOR DIPOLES
(CLVDS)

Figure B.2: Illustration of possible along (φ) and down (δ) slab coordinate system orientend mo-
ment tensor summation styles, as in Fig. 9.34, where the fδδ component indicates in slab compres-
sion and extension for fδδ > 0 or < 0, respectively, and Γ denotes the CLVD contribution, with
Γ = 0 for a pure double couple (cf. Fig. 2.12). θP,T,B denotes the angle out of the plane of the P
(compressional), T (extensional), and B (intermediate) axis (from Bailey et al., 2012).

which measure overall distortion. Natural strain, or logarithmic strains, can be defined as

ρ1 = lnR1,2 =
1

2
ln

(
λ1

λ2

)
and ρ2 = lnR2,3 =

1

2
ln

(
λ2

λ3

)
(B.12)

and is sometimes a more convenient measure to quantify finite deformation, e.g. in the
CPO formation context (Ribe and Yu, 1991). The popular Flinn (1962) diagram uses the
strain intensity D =

√
ξ2 + χ2 and shape factor K = (R1,2 − 1)/(R2,3 − 1) to map out

deformation styles, some of which were illustrated in Fig. 2.5. The flattening, plane strain,
and uniaxial cases correspond toK = 0,K = 1, andK =∞, respectively, andD measures
the degree of distortion.

B.5 Moment tensors and compensated linear vector dipoles (CLVDs)

We previously explored how moment tensor symbols can be used to visualize deforma-
tion states (Fig. 2.12, §2.3). When considering Kostrov summations, eq. (2.47), based on
earthquakes, the relationship to double-couple focal mechanisms with major fault plane
slip in strike, φ, dip, δ, and rake, λ, angles (Fig. 2.13), can be useful and is

Mrr = MUU =M0 (sin(2δ) sin(λ))

Mrθ = −MUN = −M0 (cos(δ) cos(λ) cos(φ) + cos(2δ) sin(λ) sin(φ))

Mrφ = MUE =M0 (cos(δ) cos(λ) sin(φ)− cos(2δ) sin(λ) cos(φ))

Mθθ = MNN = −M0

(
sin(δ) cos(λ) sin(2φ) + sin(2δ) sin(λ) sin2(φ)

)
Mθφ = −MEN = −M0

(
sin(δ) cos(λ) cos(2φ) +

1

2
sin(2δ) sin(λ) sin(2φ)

)
Mφφ = MEE =M0

(
sin(δ) cos(λ) sin(2φ)− sin(2δ) sin(λ) cos2(φ)

)
where M is in the spherical, {r, θ, φ} coordinate system (§C.4).
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When considering the actual moment tensor associated with earthquakes, questions
arise as to the origin of non-double couple components, such as observed for some deep
earthquakes (Frohlich, 1989; Kuge and Kawakatsu, 1990), or volcanic events (Shuler et al.,
2013). If we neglect any volumetric signal, or constrain moment tensors do have any
volumentric signal, as is the case for global Centroid Moment Tensors (Dziewoński et al.,
1981; Ekström et al., 2012),

tr(M) = 0,

the normalized tensor norm of the scalar moment, eq. (2.43) is identical to the second,
shear invariant ofM,MII (Expanded details 4), i.e. the moment tensor is purely deviatoric.

For pure double couples, IIIM = det(M) = 0. The non-double couple component of M
can be decomposed in different ways, the compensated linear vector dipole (CLVD) being one
(Knopoff and Randall, 1970), with details explored very well in Jost and Herrmann (1989). If
M is in the principal axes system, §C.3.6, we can write that tensor M̂ as a vector using the
eigenvalues Mi

M̂ =

 M1 0 0

0 M2 0

0 0 M3

 = {M1,M2,M3}T = M̂

(
∑
Mi = 0). The double couple component and CLVD components of the deviatoric ten-

sor have those principal moments in the ratio {1,−1, 0} and {1,−1/2,−1/2}, respectively,
by definition (Knopoff and Randall, 1970). We can measure the strength of the CLVD com-
ponent compared to the double couple part with (Frohlich, 1995)

Γ =
3
√

6det(M)

|M|3

where Γ = 1,−1 indicate uniaxial extension and compression, respectively (Fig. B.2).
A non-zero CLVD component can also arise from the Kostrov summation of pure dou-

ble couple events and is a measure of complex deformation in crustal faults (Bailey et al.,
2010) or uniaxial type deformation in deep slabs accommodated by several double couple
events (Fig. 9.34; Bailey et al., 2012).

B.6 Rayleigh-Taylor instabilities

A Rayleigh-Taylor instability describes the formation of a convective instability within flu-
ids of different densities, for example, the downwelling plume for an initially flat, fluid
layer overlying a less dense fluid with viscosity (Fig. B.3). This problem can be solved by
a stability analysis similar to the one derived for the Rayleigh-Bénard convective problem
(§4.3.1) and is of relevance, for example, when considering lithospheric delamination or
other fluid-like, dripping instabilities.

Following Conrad and Molnar (1997), our analysis allows for power-law dependence of
both viscosities with the same stress exponent n such that

η ∝ ε̇
1−n
n

xx

where ε̇xx is the strain-rate in the horizontal, cf. eq. (3.92). Newtonian behavior is recov-
ered for n = 1, rocks under dislocation creep behave like n ∼ 3, and plastic yielding can
be approximated by n =∞ (§3.4.2).
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Figure B.3: Setup for the Rayleigh-Taylor prob-
lem, evaluating the instability of a surface layer
of thickness h, viscosity η1, and density ρ1, on top
of a lower, infinite half-space fluid with indicated
properties, η2 and ρ2. Instabilities will develop if
ρ1 > ρ2 with characteristic timescale eq. (B.13).

η2

η1 hρ1

ρ2

λ

The analysis can be simplified if the bottom layer is assumed to be of infinite thickness,
i.e. a half-space. If the density contrast is given by ∆ρ = ρ1 − ρ2, a fundamental timescale
for the growth of the instability can be written as

θc =
η1

∆ρgh
, (B.13)

where g is gravitational acceleration. This follows, e.g., by inspection of all involved pa-
rameter dimensions, only the viscosity can introduce a time-scale into this problem. A
term like eq. (B.13) arises in many fluid (Stokes flow) problems by means of obtaining a
timescale by dividing a length by the Stokes velocity, eq. (4.29). (For the convective in-
stability problem we instead chose a diffusion timescale when measuring growth rates,
eq. 4.141.)

The inverse of a specific time-scale for growth, θ, is called the growth-rate for instabilities

q =
1

θ
,

where the maximum deflection of the perturbation, w, is assumed to initially grow as

w(t) ∝ exp(qt) = exp

(
t

θ

)
,

similar to the solution guesses, eqs. (4.138) and (4.139), for the Rayleigh-Bénard stability
analysis for the onset of convection (§4.3.1). For our problem here, the dimensionless
growth-rate is then given by

q′ =
q

qc
= qθc = q

η1

∆ρgh
. (B.14)

The problem is then to compute the actual growth-rates for a specific problem as a
function of wavelength λ of the harmonic perturbations, q(λ). Typically, this is expressed
in terms of the wave-number, k = 2π/λ, eq. (C.2), or dimensionless k′ where we use

k′ =
k

kc
= kh

because h is the only remaining length-scale in this problem if the top fluid overlies a half-
space. The analytical solution to arrive at the functional form of q′(k′) is given by Conrad
and Molnar (1997), their eq. (33):

q′ =

(
r

2k1

)
n1 (r sinh (2k1) + cosh (2k1)) + 2 cos2(k2)− r√n1 sin(2k2)− n− 1

n1 ((r2 + 1) cosh(2k1) + 2r sinh(2k1))− (r2 − 1) (2 cos2(k2)− n− 1)
(B.15)
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Figure B.4: a) Non-dimensional growth rate, eq. (B.15), as a function of wave-number, k′, for
a Rayleigh-Taylor instability for a fluid of viscosity ratio r, eq. (B.16), with Newtonian behavior,
n = 1. b) Maximum non-dimensional growth rate, q′max, corresponding to the optimal wavelength
as a function of viscosity ratio, r, for Newtonian and non-Newtonian/plastic behavior. Actual
grwothrates scale with q ∝ q′∆ρ/η1, eq. (B.14).

with the viscosity ratio of the upper compared to the lower layer

r =
ηtop

ηbottom
=
η1

η2
, (B.16)

and the rescaled wave numbers, k1,2, and a power-law factor n1

k1 =
k′√
n

and k2 =
k′
√
n11√
n

n1 = n− 1,

and hyperbolic functions as of §C.1.4.1.
From eq. (B.15), we can see that the growth-rate q′will depend on both the layer viscos-

ity ratio r and the power-law exponent n in a simple way by setting a modified timescale
(the r/(2k1) term up front), and in a complicated way (the rest). In the Newtonian and
isoviscous case, for n = 1 and r = 1, eq. (B.15) simplifies to

q′ =
1− (2k′2 + 2k′ + 1) exp(−2k′)

4k′
.

Figure B.4a shows the non-dimensionalized growth rate q′ from eq. (B.15) for Newtonian
fluids with n = 1 against wave-number k′ for different viscosity ratios r. There is a opti-
mal wave-number, k′max(r) ∼ 0 . . . 1.5 for n = 1, and k′max(r) . 0.6 for n → ∞, for which
the growth-rate q′ reaches a maximum, q′max (Fig. B.4b). This will be the wavelength of all
possible perturbations that will be selected, similar to the derivation of the perturbation
analysis for Rayleigh-Bénard convection, eq. (4.143). For r = 10, say, we thus expect ex-
ponential growth of a perturbation of wavelength λ̂ = 2π/k̂ = 2πh/k̂′ ∼ 4πh, at a rate of
qmax = q′maxθc ∼ 0.15∆ρgh/η1.

Making the top layer progressively stiffer relative to the bottom (r ↑) has the effect
of speeding up the growth of the instabilities (q′ ↑), all normalized by θc of eq. (B.13)
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Figure B.5: Non-
dimensional growth
rate as a function
of wave-number,
eq. (B.15), for the
Rayleigh-Taylor insta-
bility for two fluids
with identical vis-
cosity (r = 1) for
different power-law,
non-Newtonian be-
havior, quantified
by the power-law
exponent n.
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and hence η1. Larger r also leads to slightly shorter wavelengths for the most critical
modes (k′ ↑), though the wavelength effect is not strong. If the underlying layer is inviscid
(η2 � η1, or r →∞), the behavior is not much different from a more realistic ratio for the
lithosphere of maybe r & 100. (Note that the r = 100 curve is almost hidden by the
r =∞ curve in Fig. B.4a.) The maximum growth rate for the optimal wavelength, q′max, is
shown on Fig. B.4b as a function of viscosity contrast, which highlights the speed up due
to stronger viscosity contrasts, and for increasingly more non-Newtonian behavior.

Figure B.5 shows growth-rates for r = 1 (both viscosities are the same) for different
power-law viscosity exponents. The power-law behavior speeds things up, cf. eq. 4.30,
such that maximum growth rates for typical n ∼ 3 are ∼twice the Newtonian case, and
there are several wavelengths with almost similar growth-rates for the pseudo-plastic,
n = ∞, case (Fig. B.4b). If we consider a fluid layer over an infinite half-space which is
much weaker (r → ∞), the growthrates for power-law behavior are larger than for the
case of Fig. B.5, but the effectively plastic rates of n =∞ are the same.

There are a range of complexities that can be introduced in the analysis. For exam-
ple, the introduction of elasticity to the top layer leads to a transient, effective η1 viscosity
reduction which outweighs the r ↓ effect of Fig. B.4b, and leads to overall speedup by
increased q, eq. (B.14), in principle, albeit for unrealistic values of De, eq. (3.103) (Kaus
and Becker, 2007). Analyses of Rayleigh-Taylor instabilities have been used widely for a
range of geological processes (e.g. Houseman and Molnar, 1997). Power-law type behav-
ior as analyzed by Conrad and Molnar (1997) may be needed to obtain appropriate tec-
tonic timescales for instabilities, in particular to invoke the Rayleigh-Taylor mechanism
for lithospheric delamination to explain tectonic uplift and magmatism (Molnar and Jones,
2004).
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Appendix C

Math and statistics notes and other
tidbits

This section provides a few brief notes on some basic mathematics and statistics concepts
and equations are needed, or at least helpful, to follow along this text in its entireyy. They
are not necessarily presented in a mathematically rigorous way, and the reader should
refer to an math for engineers text, such as Kreyszig (2006), roughly up to CALC-II in the
U.S. system, for a more complete treatment. We also recommend Press et al. (1993) which is
a numerical analysis textbook but has some concise and insightful comments on standard
tasks in statistics and curve fitting (inverse theory). For most of the main text, it will be
assumed that the reader has some familiarity with the material of this section.

C.1 Tidbits

C.1.1 Scientific notation and unit prefixes

Earth sciences deals with huge order of magnitude variations, and processes across vast
spatio-temporal scales. Parameters describing variables involved in those processes are
often best handled by scientific notation

x = f · 10n

where f is a rational number, by convention with a single whole part, and n an integer.
(Sometimes, one sees fractional n values, but we consider this poor style. Likewise, writ-
ing “5.1e7”, as in computer notation, is no good, use 5.1 · 107 instead.) This is particularly
helpful when a number of parameters are involved, and order of magnitude estimates are
relevant, e.g. eq. (4.148). In which case, we can simply collect terms such as

f · 10n × g · 10m

h · 10k
=
fg

h
· 10n+m−k ∼ 10n+m−k

and get a quick estimate without having to worry about dividing fractions. When simpli-
fying equations, it is also useful to remember that

√
yx = x

1
y , and x−y = 1/xy.

The integer powers have names and symbols if they come in multiples of three, with
the more common ones with their pronounciation and prefixes provided here

10−12 10−9 10−6 10−3 100 103 106 109 1012

pico/p nano/n micro/µ milli/m unity kilo/k mega/M giga/G tera/T

Therefore, for example, 4.6 · 1013 W = 46 · 1012 W is the same as 46 TW.
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C.1.2 Logarithms

While we are speaking about orders of magnitude variations: This is where logarithms
come in handy, either for plotting, or for reigning in physical properties that vary widely,
such as the seismic moment, eq. (3.44). Some of the rules for logarithms are

ln(xy) = ln(x) + ln(y); ln

(
x

y

)
= ln(x)− ln(y); ln (xy) = y ln(x); ln(e) = 1; ln(1) = 0.

Here, ln can be any logarithm, but ln refers to the natural log, which is “base e” such that
ln(exp(x)) = x. These rules also apply for the decadic log, or common logarithm, i.e. base
10 with log10(10x) = x when e is replaced by 10. The log10 and ln relate by

log10(x) = lg(x) =
ln(x)

ln(10)
≈ 0.4343 ln(x).

Useage of log can be ambiguous, which can be deliberate when it does not matter how the
logarithm is scaled, such as for a log-scale plot, but mathematically log typically refers to
ln.

C.1.3 Oscillations and trigonometric (or hamonic) functions

The trigometric functions sin and cos are well known and look as in Fig. C.1 such that
cos(0) = 1, sin(0) = 0, and cos(x) = sin

(
π
2 − x

)
, for example. Geometrically, the link is that

for a triangle with short sides adjacent a and opposite b length, with a right angle between
them, and long side, hypothenuse c, (Pythagoras: a2 +b2 = c2), the angle β between a and c
is given by cos(β) = a

c , sin(β) = b
c , and tan(β) = b

a = sin(β)/ cos(β); also: sin2 β+ cos2 β =
1. Trig functions arise, e.g., for rotating coordinate systems (§C.3.4.4), projecting vectors
(§C.4.2), and coordinate system conversions where the tan requires extra care in practice
(§C.4.1).

Importantly, components of waves can be described by harmonics, i.e. oscillatory func-
tions with certain periodicity, and any time, t, signal, x(t), with finite frequency con-
tent can be synthesized by adding up a number of periodic (e.g. trigonometric) functions
(§C.6.1). For this, we can consider a temporal frequency, f or ν, (units are 1/s or Hertz,
Hz), which determines the inverse of the time that is needed to go from one peak to the
next according to a periodic function, e.g.

x ∝ cos(2πft).

The factor of 2π is needed since the trigonometric functions cos and sin are 2π periodic
(Fig. C.1). Alternatively, we can consider the period, T , of the wave (units s),

T =
1

f
,

such that the term in question becomes x ∝ cos (2πt/T ).
For simplicity, one may wish to get rid off the pesky 2π terms and define angular fre-

quency
ω = 2πf (C.1)

such that the oscillatory term is simply

x ∝ cos(ωt)
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Figure C.1: Characteristics of the ba-
sic trigonometric functions sin and
cos with radian and degree, ◦, axes. In
a wave contect, the wavelength λ or
period T would be 2π.

and ω has units of radians, rad, per seconds. Dimensionally, this is the same as 1/s or Hz,
but it is useful to be specific to indicate that we are considering an angular, rather than
regular, frequency. If we are considering the spatial extent of a propagating wave, then
we can use the wavelength, λ or L (units m), which describes the spatial variations, e.g. of
displacement, e.g. cos(2πx/λ), or introducing a wave number

k =
2π

λ
(C.2)

such that cos(kx) terms result.
A general description of a harmonic at a certain frequency has to allow for both sin or

cos components or a shift (cosx = sin(x+ π/2), cf. Fig. C.1)

x(t) = c1 cos(ωt) + c2 sin(ωt) = C sin(ωt+ φ)

with the phase φ = arctan
(
c1
c2

)
and amplitude of the wave or oscillation, C =

√
c2

1 + c2
2. In

the case of the general description of a propagating wave, such as for seismic waves (§B.1),

u(x, t) = C sin(kx− ωt+ φ)

the wavenumber relates to angular frequency through the phase velocity v = λf as

k =
ω

v
=

2πf

v
=

2π

λ
.

C.1.4 Imaginary numbers and trigonometric functions

The square root of −1 defines the imaginary unit i

i =
√
−1.

There are some useful rules, for example,

x2 = i→ x =
1± i√

2
, (C.3)

and Euler’s formula says that
ei θ = cos θ + i sin θ, (C.4)
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which means that any complex number can be written as

z = x+ i y = rei θ.

This shows that we can view the real and imaginary parts of z as the x and y coordinates
in a 2-D Cartesian system where z lies on a circle with radius r centered on the origin such
that

x = Re(z) = r cos θ and y = Im(z) = r sin θ, (C.5)

or r = |z| =
√
x2 + y2, where θ = arctan

( y
x

)
is the angle CCW from the x axies (cf. §C.4.1).

This is helpful for expressing harmonic functions, since

cos θ = Re(ei θ) =
eiθ + e− i θ

2
and sin θ = Im(ei θ) =

eiθ − e− i θ

2 i
,

and eq. (C.4) also allows expressing oscillations as eiωt terms, such as the solution of the
wave equation

u(x, t) = a(ω) exp(− i(ωt− kx)),

for example, and also simplifies certain computations (e.g. Expanded details 17).

C.1.4.1 Hyperbolic functions

Hyperbolic functions are the equivalent of the regular trigonometric cos and sin but do
not reference to a circle as in eq. (C.5), but rather relative to a unit hyperbola, i.e. the 1/x
function. By definition,

sinhx =
ex − e−x

2
; coshx =

ex + e−x

2
; tanhx =

sinhx

coshx
,

and these functions arise, e.g., in the Rayleigh-Taylor instability solution (§B.6).

C.1.5 Quadratic equation

Recall that the polynomial equation

ax2 + bx+ c = 0

with parameters a and b has two solutions

x = − b

2a
±
√
b2 − 4ac

2a
, (C.6)

which are imaginary (§C.1.4) for 4ac > b2. Imaginary values often indicates that the
solution of some differential equation is oscillatory (e.g. Expanded details 17).

C.2 Calculus concepts

C.2.1 Full and partial derivatives

In calculus, we are often interested in the change or dependence of some quantity, e.g. u, on
small changes in some variable x. If u has value u0 at x0 and changes to u0 + δu when x
changes to x0 + δx, the incremental change can be written as

δu =
δu

δx
(x0)δx.
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The δ (or sometimes written as capital ∆) here means that this is a small, but finite quan-
tity. If we let δx get asymptotically smaller around x0, we arrive at the partial derivative,
which we denote with ∂ like

lim
δx→0

δu

δx
(x0) =

∂u

∂x
. (C.7)

The limit in eq. (C.7) will work as long as u does not do any funny stuff as a function of x,
like jump around abruptly.

When you think of u(x) as a function (some line on a plot) that depends on x, ∂u/∂x
is the slope of this line, also a function of x. The slopw can be obtained by measuring
the change on the y axis, δu, over some interval on the x axis, δx, and then making the
interval progressively smaller. If there is a step in u(x), rathern than a smooth change,
determining the slope becomes difficult, e.g. it may be theoretically infinite.

Partial derivatives are sometimes indicated by dashes, or dots

u′ = ∂xu =
∂u

∂x
and, often for time u̇ =

∂u

∂t

and are called “partial” because u might depend on several variables, e.g. y and z. If this
is the case, the total derivative du at some {x0, y0, z0} (we will drop, i.e. not write down, the
explicit dependence on the variables from now on) is given by the sum of the changes in
all variables on which u depends:

du =
∂u

∂x
dx+

∂u

∂y
dy +

∂u

∂z
dz. (C.8)

Here, dx and similar are placeholders for infinitesimal changes in the variables. This
means that eq. (C.8) works as long as dx is small enough that a linear relationship be-
tween δu and δx still holds. While d is really the derivative operator which “senses” all
dependencies of some function on any variables, we can often treat dx like δx and per-
form algebraic operations with them. Several of our heuristic derivations in continuum
mechanics depend on such sloppiness, but it works. For the most part.

C.2.2 Taking derivatives

If u(x) is an analytical function, f(x), rather than some general curve which we seek to
analyze, there are general rules to obtain the derivative of f with respect to x, with f ′ =
∂f/∂x = ∂/∂xf = ∂xf :

function f(x) derivative f ′(x) comment

xp pxp−1 special case: f(x) = c = cx0 → f ′(x) = 0

where c, p are constants
1
xp −p 1

xp+1 because 1
xp = x−p

exp(x) = ex ex that’s what makes e so special!
ln(x) 1

x arises in relative derivatives, e.g. eq. (C.9)
sin(x) cos(x) see Fig. C.1
cos(x) − sin(x)

tan(x) sec2(x) = 1/ cos2(x)

The rule that ∂xx lnx = 1/x is used when writing the dependencies of relative values on
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something else, such that

d lnx =
dx

x
=
∆x

x
, (C.9)

as for the scaling between velocity anomalies and temperature anomalies, eq. (1.49), or the
velocity dependence of friction, eq. (3.68). This way of expressing relative dependencies
is both useful and somewhat confusing.

If we need to compute higher order derivatives, those are obtained by successively
applying the derivatives, e.g., the third derivative of f(x) is

∂3f(x)

∂x3
=

∂

∂x

(
∂

∂x

(
∂

∂x
f(x)

))
.

Say, f(x) = x3, then

∂3x3

∂x3
=

∂

∂x

(
∂

∂x

(
∂

∂x
x3

))
=

∂

∂x

(
∂

∂x
3x2

)
=

∂

∂x
6x = 6.

If you need to take derivatives of combinations of two or more functions, here called f
and g, there are four rules (with a and b being constants), in order of importance and how
often you might have to do it:

Chain rule: Use outer times inner derivative:

(f(g(x)))′ = f ′(g(x))g′(x),

i.e. the derivative of a functions that depends on a function is given by the outer
times the inner derivative. For example ∂(eiωt)/∂t = iωeiωt which shows that the
derivative of a signal with different frequencies ω will have more spectral power at
higher frequencies (§C.6.1).

Sum rule: You can split derivatives for sums:

(af(x) + bg(x))′ = af ′(x) + bg′(x)

Product rule: You have to add a mix of partially derived functions:

(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x)

Quotient rule: It gets more complicated if you divide functions:(
f(x)

g(x)

)′
=
f ′(x)g(x)− f(x)g′(x)

g(x)2
.

C.2.3 Series approximations

One application of derivatives is when we want to approximate the dependence of any
function u on x by means of a low-order polynomial, often simply linearly. For this, we
can perform a Taylor expansion on around x0 by

u(x) = u(x0) +
∂u

∂x
(x0)(x− x0) +

∂2u

∂x2
(x0)

(x− x0)2

2!
+
∂3u

∂x3
(x0)

(x− x0)3

3!
. . . (C.10)
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Here, ∂
2u
∂x2

is the second derivative, the change of the change of u with x, and so on. The n!
abbreviation is the factorial, i.e.

n! = 1× 2× 3× . . . n.

As long as dx = x− x0 is small, this will work well. If better approximations are needed,
e.g.when the strain tensor is not infinitesimal anymore, quadratic and higher terms like
the one that goes with the second derivative in eq. (C.10) need to be taken into account.
Numerical finite difference methods essentially use Taylor approximations to approxi-
mate derivatives, but again, this only works if u is smooth and other heterogeneity does
not mess with your assumptions.

Taylor series can be used to for a series approximations of more complicated functions.
For example,

exp(x) =
∞∑
n=0

xn

n!
= 1 + x+

x2

2!
+
x3

3!
. . . , (C.11)

where the summation operator
∑N

i=0 yi means “sum all terms yi that follow while increasing
the index i from the lower limit, i = 1, in steps of unity, to the upper limit, i = N”. A
complement to

∑
is the multiplication operator

∏N
i=1 yi which means multiply y1 ·y2 · . . . ·yn.

Eq. (C.11) is useful because for small x, x→ 0, exp(x) ≈ 1 + x. Likewise, for small x,

sin(x) ≈ x− x3

6
; cos(x) ≈ 1− x2

2
; tan(x) ≈ x+

x3

3
,

which helps to understand some problem solutions in approximate ways.

C.2.4 Integrals

Computing an integral of a function,

F (x) =

∫
f(x) dx,

in a general (“indefinite”) sense, is the inverse of taking the derivative,

F

(
∂f(x)

∂x

)
= f(x) + c

∂

∂x
F

(
∂f(x)

∂x

)
=

∂

∂x
(f(x) + c) = f ′(x).

Any general integration of a derivative is thus only determined up to a constant, here c,
because the derivative, which is the reverse of the integral, of a constant is zero.

Graphically, the “definite” (i.e. with integration bounds a and b) integral over f(x)
along x ∫ b

a
f(x) dx = F (b)− F (a)

means adding up the value of f(x) over little chunks of dx, from the left x = a to the right
x = b; this corresponds to the area under the curve f(x). This is why integrals often arise
in continuum mechanics, such as the volumetric equivalent of F (x) when we sum over
all mass of a planet in eq. (1.9). The area under f(x) can be computed by subtracting the
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analytical form of the integral at b from that at a, F (b) − F (a). If f(x) = c (c a constant),
then

F (x) = cx+ d; F (b) = cb+ d; F (a) = ca+ d (C.12)
F (b)− F (a) = c(b− a),

i.e. this give you back the area of the box (b− a)× c.
Here are the integrals (anti-derivatives) of a few common functions (cf. §C.2.2), all only

determined up to an integration constant C

function f(x) integral F (x) comment

xp xp+1

p+1 + C special case: f(x) = c = cx0 → F (x) = cx+ C

ex ex + C

1/x ln(|x|) + C

sin(x) − cos(x) + C

cos(x) sin(x) + C

There are also a very helpful definite integrals without closed-form anti derivatives, e.g.,
the Gauß integral ∫ ∞

∞
e−x

2
dx =

√
π, (C.13)

which comes up when using the erf (§4.2.3.1).
If in doubt, an (online) computer algebra system such as Wolfram Alpha (2021) can be

really helpful, when in the past we would have consulted tables such as Abramowitz and
Stegun (1964) for complicated derivatives and, more so, integrals. Some amazing analyti-
cal solutions exist when you might think you would have to do a numerical summation,
check!

A few conventions and rules for integration pertain to

Notation which usually involves that everything after the
∫

sign is meant to be integrated
over up to the dx, or the next major mathematical operator if the dx is placed next
to the

∫
if the context allows:∫

(af(x) + bg(x) + . . .) dx =

∫
af(x) + bg(x) . . . dx∫

dx f(x) =

∫
f(x) dx.

Linearity applies for integrals, so different parts can be rearranged∫
(cf(x) + dg(x)) dx = c

∫
f(x) dx+ d

∫
g(x).

Reversal of integration bounds changes the sign of the integral∫ b

a
f(x) dx = −

∫ a

b
f(x) dx.

Zero length intervals mean the integral is zero (duh)∫ a

a
f(x) dx = 0.
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Additivity means that an interval can be subdivided (which is the basis for numerical
integration) ∫ c

a
f(x) dx =

∫ b

a
f(x) dx+

∫ c

b
f(x) dx.

Product rules allow pulling apart complicated functions∫
f ′(x)g(x) dx = f(x)g(x)−

∫
f(x)g′(x) dx∫

f ′(x)f(x) dx =
1

2
(f(x))2 + C,

Quotient rules are helpful, e.g., when solving differential equations:∫
f ′(x)

f(x)
dx = ln |f(x)|+ C

Complexities arise when computing 2-D (areal) or volumetric (3-D) integrals in curved
coordinates, e.g. for the volume in spherical coordinates (§C.4)∫

V
f dV =

∫
V
f(x, y, z) dx dy dz =

∫
f(r, θ, φ) dV =

∫ R

0
r2 dr

∫ π

0
sin θ dθ

∫ 2π

0
dφf.

C.2.5 Singularities

We sometimes encounter functions that do not always have finite answers such as f(x) =
1
x which explodes when x → 0 since f(x) → ∞ for ever smaller x, since 1/0 = ∞. This
behavior is called a singularity and some parts of math are dedicated to dealing with them,
often usefully. If these sorts expressions arise for physical problems (§3.2.3 and §4.2.3.1), it
usually means that some boundary or initial condition for a gradient or step in a function
only hold approximately and some other physical process that works on the small scales
was ignored.

We can distinguish between different degrees of severity of singularities, and one of
the less problemaic ones are integrable, where we encounter cases like

f(x) =
1√
x

for which

∫
dxf(x) = 2

√
x+ c, and

∫ 1

0
dxf(x) = 2.

i.e. we can have finite expressions for integral quanties of whatever solution f(x) de-
scribes, such as the heat flux as a function of seafloor age (§4.2.3.1).

C.3 Linear algebra

C.3.1 Vectors

Linear algebra deals with vectors, or their transformation operators, tensors (§C.3.8). Vec-
tors are n-dimensional, geometrical objects with a direction and length, like a location
vector pointing from the origin of the coordinate system to some location, x = {x, y, z},
where x, y, z are scalars (real numbers), e.g., in a Cartesian coordinate system (§C.4) or
a velocity of fluid at that location, v(x). There are also rotation vectors, such as an Euler
vector ω (eq. 2.1), which point to an {ωx, ωy, ωz} location but also imply a spin around
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the line connecting the origin with that location, in the sense that the four fingers of your
right hand show the spin if the thumb points to the location.

When we write out the vector components, we can put them on top of each other in
matrix form

a =

 a1

a2

a3

 =

 ax

ay

az


or in a list, maybe with curly brackets, as above: a = {a1, a2, a3}. Sometimes, you also see
a or ~a to denote a vector.

We can write the vector norm, or magnitude/length (i.e. the L2 norm), as

|a| =

√√√√ n∑
i

a2
i =

√
a2

1 + a2
2 + a2

3 =
√
a2
x + a2

y + a2
z. (C.14)

For instance, the basis vectors defining the Cartesian coordinate system, ex = {1, 0, 0},
ey = {0, 1, 0}, and ez = {0, 0, 1} have unity length by definition, |ei| = 1 (§C.4.1). Those
ei vectors point along the respective axes of the Cartesian coordinate system so that we
can assemble a vector from its components like

a = {ax, ay, az} = axex + ayey + azez. (C.15)

For a spherical system, the er, eθ, and eφ unity vectors can still be used to express vectors
but the actual Cartesian components of ei depend on the coordinates at which the vectors
are evaluated (§C.4).

C.3.2 Dot product

The dot product is defined as

c = a · b = b · a =
n∑
i=1

aibi = b · a, (C.16)

where a and b are vectors of dimension n and the outcome of this operation is a scalar, c.
In the examples below, we will assume a spatial coordinate system with n = 3 so that

a · b = a1b1 + a2b2 + a3b3,

where 1, 2, 3 refer to the vector components along x, y, and z axis, respectively (Fig. C.2).
In the Einstein summation convention, we would rewrite

∑n
i=1 aibi simply as aibi, where

repeated indices mean that those should be summed, i.e. the
∑

is not written.
We can restate eq. (C.16) and give another version of the dot product,

a · b = |a||b| cos θ (C.17)

where θ is the angle between vectors a and b. The meaning of this is that if you want to
know what component of vector a is parallel to b, you just take the dot product. Say, you
have a velocity v and want the normal velocity vn along a vector n with |n| = 1 that is
oriented at a 90◦ angle (perpendicular) to some plate boundary, you can use vn = v · n.

Also, eq. (C.15) only works because the basis vectors ei of any coordinate system are,
by definition, orthogonal (at right angle, perpendicular, at θ = 90◦) to each other and

568 DRAFT



C.3. LINEAR ALGEBRA

ei · ej = 0 for all i 6= j. Likewise, ei · ei = 1 for all i since a · a = |a|2, and basis vectors
have unity length by definition. Using the Kronecker δ

δij = 1 for i = j, and δij = 0 for i 6= j,

we can write the conditions for the basis vectors as

ei · ej = δij .

Another abbreviation is the εijk is the Levi-Cività permutation symbol which is very use-
ful for tensors and vector calculus (§C.5 and §C.3.8),

εijk =


1 if {i, j, k} is (1,2,3), (2,3,1), or (3,1,2)
−1 if {i, j, k} is (3,2,1), (1,3,2), or (2,1,3)
0 if i = j or j = k or i = k

(C.18)

i.e. εijk is 1 if (i, j, k) is an even permutation of (1, 2, 3), −1 if it is an odd permutation, and
0 if any index is repeated.

C.3.3 Vector or cross product

The cross product operation is written as a× b or a ∧ b and its result is another vector

c = a× b = − (b× a)

that is at a right angle to both a and b. The right hand rule says that the three directions
spanned by your thumb, index, and middle finger are along a, b, and c, respectively, and
the basis vectors of coordinate systems also obey this sorting (§C.4).

Vector c’s length is given by

|c| = |a× b| = |a||b| sin θ,

that is, c is largest when a and b are orthogonal, and zero if they are parallel (cf. eq. C.17).
In 3-D,

c = a× b = det

 ex ey ez

ax ay az

bx by bz

 =

 aybz − azby
azbx − axbz
axby − aybx

 = εijk eiajbk, (C.19)

where ei are the basis vectors in each i direction, and det the determinant, eq. (C.21). Note
that there is no i component of a or b in the i component of c, this is the aforementioned
orthogonality property.

An example for a cross product is the velocity v at a point with location r in a body
spinning with the rotation vector ω, v = ω × r, eq. (2.1) where ω is of the spinning vector
type mentioned above.

C.3.4 Matrices

AN×M matrix is a rectangular table of elements (or entries) withN rows andM columns
which are filled with numbers; i.e., vectors areM = 1 matrices. IfM = N , we have a square
matrix, and if A is 3× 3,

A =

 axx axy axz

ayx ayy ayz

azx azy azz

 or

 a11 a12 a13

a21 a22 a23

a31 a32 a33

 .
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You will see matrices also printed like so A, or A. The elements of A are referred to as aij
where i is the row and j the column. Matrices can be added and or multiplied, as per the
following rules:

C.3.4.1 Multiplication of matrix with a scalar

fA = faij = f ·

 axx axy axz

ayx ayy ayz

azx azy azz

 =

 faxx faxy faxz

fayx fayy fayz

fazx fazy fazz


C.3.4.2 Multiplication of a matrix with a vector

on the right
c = A · b

works by folding over the vector on the matrix row by row, like so cx

cy

cz

 =

 axx axy axz

ayx ayy ayz

azx azy azz

 ·
 bx

by

bz

 =

 axxbx + axyby + axzbz

ayxbx + ayyby + ayzbz

azxbx + azyby + azzbz


which can be written succinctly as

ci =
∑
j

aijbj .

If we left-multiply the vector

c = b · A then ci =
∑
j

bjaji,

and the left and right multiplications are only identical for symmetric matrices where
aij = aji. This is relevant for tractions and the stress tensor, for example (§2.6.2).

C.3.4.3 Multiplication of two matrices

works like this:
C = AB or cij =

∑
k

aikbkj ,

where k goes from 1 to the number of columns in A, which has to be equal to the number
of rows in B. Note that, in general, AB 6= BA!

C.3.4.4 Special matrix types

There are a number of special types of matrices and matrix operations:

Quadratic matrices have n × n rows and columns. All second order, physical tensors,
such as stress or strain, can be written as quadratic matrices in 3× 3 (§C.3.8).
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The identity matrix is given by

 = I =

 1 0 0

0 1 0

0 0 1

 or Iij = δij , (C.20)

and serves to extract the diagonal components of a matrix, e.g., eq. (2.31), or to ini-
tialize the deformation tensor (§B.4), for example.

The Trace of a n× n matrix A is the sum of its diagonal elements

tr(A) =

n∑
i=1

aii,

and also a tensors first coordinate system independent property, i.e. and invariant
(Expanded details 4).

The Determinant for a 2× 2 matrix is computed as

det(A) = a11a22 − a12a21

and is a measure of area change. For 3× 3,

det(A) = a11 (a22a33 − a23a32)

− a12 (a21a33 − a23a31)

+ a13 (a21a32 − a22a31) . (C.21)

Note how the 3× 3 determinant is assembled from a pattern of 2× 2 determinants;
for n > 3, a correspondingly more complicated formula applies. The determinant is
the third tensor invariant (Expanded details 4) and helpful for computing the vector
product, eq. (C.3.3).

The transpose of a matrix is given by (AT )ij = aTij = aji, i.e. the transpose has all elements
flipped by row and column. It follows that

(AB)T = BTAT .

The inverse of a matrix A, A−1, is defined via

A−1A = AA−1 = I.

If the inverse exists, then (A−1)−1 = A, (AT )−1 = (A−1)T , and (AB)−1 = B−1A−1.
The inverse only exists if det(A) 6= 0. For the special case of a 2× 2 matrix

A =

(
a b

c d

)
,

the inverse is given by

A−1 =
1

det{A}

(
d −b
−c a

)
=

1

ad− bc

(
d −b
−c a

)
. (C.22)
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Orthogonal or rotation matrices obey

AAT = ATA = I.

If a rotation matrix, R, converts one coordinate system for x this vector into x′, then

y′ = R y or y′i = Rijyj ,

for any vector, and
σ′ = RσRT or σ′ij = RikRjlσkl (C.23)

for any second-rank tensor, such as the stress tensor (note, the rotation matrix ap-
plies twice for a tensor).

An example is a rotation around the z axis,

Rz =

 cos θ − sin θ 0

sin θ cos θ 0

0 0 1


which rotates points CCW around z by an angle of θ. This is equivalent to a rotation
into a new coordinate system where x′ and y′ are rotated by an azimuth θ CW from
y.

C.3.5 Matrix decomposition

We can also do our best to make a matrix special. Any quadratic tensor A can be de-
composed into a symmetric part As (for which asij = asji) and an anti-symmetric part Aa

(for which aaij = −aaji) like A = As + Aa Cartesian decomposition). In the case of the de-
formation matrix E, we call the symmetric part the infinitesimal strain tensor, ε, and the
anti-symmetric part the vorticity or rotation tensor, Ω, see eq. (2.14).

The polar decomposition is also of interest; we can write F = RU = V R where R
is a rotation matrix and U and V are the right- and left-stretch matrices, respectively, and
V =

(
F F T

)1/2. The left-stretch matrix describes the deformation in the rotated coordinate
system after the rotation R has been applied to the body (§B.4).

C.3.6 Eigenvalues and eigenvectors

Any n × n symmetric matrix A has n eigenvectors vi that correspond to real eigenvalues
λi such that

Avi = λivi.

The vi span an orthogonal basis (i.e. a coordinate system) such that

vi · vj = δij such that |vi| = 1.

Eigenvalues are sorted by convention such that λ1 > λ2 > λ3; they can be computed using

det(A− λI) = 0

and eigenvectors subsequently by using the first property, which leads to

det(A− λI) = −λ3 + IAλ2 − IIAλ+ IIIA = 0, (C.24)
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the characteristic equation. This is a cubic equation which can be solved for λi, where the I,
II, and III are the tensor invariants of A (Expanded details 4). In practice, such eigensystems
can be computed easily with standard linear algebra routines as implemented computa-
tional environments such as octave, and §2.6.4 explains how to compute the eigensystem
for the 2-D case.

If a symmetric matrix A is transformed into the principal axes system, Â, there are no
off-diagonal element (Fig. 2.7)

A =

 axx axy axz

ayx ayy ayz

azx azy azz

→ Â =

 a1 0 0

0 a2 0

0 0 a3


where the a1, a2, and a3 correspond to the three eigenvalues λi. The coordinate system
reference of Â is then contained in the orientation of the eigenvectors vi.

An example is the stress matrix which can be written in the principal axes system
(§2.6.4). For a matrix in the principal axis system, the tensor invariants (Expanded de-
tails 4) are easily computed from the eigenvalues:

tr(A′) = IA′ = IA = a1 + a2 + a3

IIA′ = IIA = a1a2 + a1a3 + a2a3

det
(
A′
)

= IIIA′ = IIIA = a1a2a3.

C.3.7 Linear inverse problems

If we want to solve a linear system of equations with M unknowns and N constraint
equations, we can write

Ax = b or
M∑
j=1

Aijxj = bi, with i = 1 . . . N,

where x is M -D, b is N -D, and A N ×M . Only if N = M , can we use the matrix inverse
to solve to get x = A−1b.

If N > M , the problem is overdetermined, such as when a large number of data are
used to find the best-fit xf in a least-squares sense, i.e. |Axf − b| → min. For many
such problems, singular value decomposition (SVD) (Press et al., 1993, sec. 2.6) of A is, at
least in theory, the best option, as the size of the corresponding singular values provides
information about the degree of detail the solution deserves given the errors (e.g. Menke,
2012; Press et al., 1993, sec. 15.4). Moreover, if there are unconstrained solution modes
(underdetermined solution), such as whole Earth net-rotation for the solution of eq. (5.2),
SVD will allow suppresion of such modes.

Typically, Earth science inverse problems such as seismic tomography are mixed-determined,
where some regions of the model domain might be well constrained, and others not at all.
This situation this is often addressed by regularization, meaning that, e.g., the norm, gradi-
ent, or Laplacian’s of the solution are penalized, on top of the least-squares fit to the data,
to ensure smoothness (Menke, 2012).

C.3.8 Tensors

The stress, σ, and strain, ε, are examples of second-order (rank r = 2) tensors which, for
N = 3, 3-D operations, have N r = 3r components and can be written as N ×N matrices,
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or arrays (§C.3.4). Tensors are mathematical objects mapping between vector spaces, and
can operate on scalars (r = 0), vectors (r = 1), or other tensors (r = 2).

You will see tensors printed as E, or E; here, we use E. Tensors arise when it is impor-
tant to specify a local vector, such as a traction, t, that depends on another vector, such as
the orientation of a plane on which the traction acts, specified by a normal vector n, as for
σ (§2.6.2).

Tensors are defined by their properties under coordinate transformation. If a quantity
v remains intact under rotation to a new coordinate system v′ such that

v′i = Lijvj =

3∑
j=1

Lijvj

holds, then v, a vector, is a first order tensor. Lij may be, for example, a rotation matrix
(§C.3.4.4). Likewise, a second order tensor T is defined by remaining intact after rotation
into another coordinate system where it is expressed as T ′ such that

T ′ij = LikTklLjl =
∑
k

Lik
∑
l

TklLjl = LT LT . (C.25)

The only example of a fourth order tensor we encounter in this book is the anisotropic
elasticity tensor, C of eq. (3.3), which, in order to map between 2nd order tensors, ε and
σ, has to have 34 = 81 components.

C.3.8.1 The wedge operator

The ∧ operator works on a tensor T to extract a vector given

(∧T )i = εijk Tjk, (C.26)

where the εijk is from eq. (C.18), and it also arises in the cross product, eq. (C.19).

C.4 Coordinate systems and spherical trigonometry

C.4.1 Cartesian and spherical coordinate systems

The simplest reference frame in which to describe a location r or velocity v is the Cartesian
reference frame spanned by three basis vectors, ex, ey, and ez which are by definition of
unity length and orthogonal (ortho-normal)

|ei| = 1 and ei · ej = δij ,

and sorted such that the vectors would align with the thumb, index, and middle finger
of your right hand (right hand rule, Fig. C.2, where x, y, and z follow thumb, index, and
middle finger held at right angles to each other). A location r is then expressed as the
coordinates {x, y, z}.

If we are considering an Earth science application that is regional, such that sphericity
does not matter, one could align the Cartesian axes with East, North, and Up, for example.
If we are considering a global situation as in Fig. C.2, we can put the origin of the coor-
dinate system into the center of the Earth, and align the Cartesian axis with longitude and
latitude, {φ, λ} pierce points at the surface of the Earth at {0◦, 0◦} (Greenwich meridien
and equator), {90◦, 0◦}, and {0◦, 90◦}, respectively, where the longitude does not matter
at the North pole, which causes trouble (see below).
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Figure C.2: Cartesian and spherical coordinate
system centered on center of the Earth or refer-
ence sphere with {x, y, z} = {S,E,U} alignment.
See Fig. 2.13 for an alternative, local definition
with {x, y, z} = {N,E,−U} often used in seis-
mology. φ, θ, λ, and r are longitude, co-latitude,
latitude, and distance from center, respectively.

In a spherical coordinate system, the location r is given by the {r, θ, φ} tupel, where

r = |r| =
√
x2 + y2 + z2; θ = arctan

(√
x2 + y2

z

)
; φ = arctan

(y
x

)
(C.27)

and θ is the co-latitude, θ = 90◦ − λ with

λ = arctan

(
z√

x2 + y2

)
. (C.28)

While its often useful to express spherical or geographical coordinates in degrees, ◦, the
computer implementations of mathematical functions usually expect and return radians,
of course, where [0; 360◦] → [0; 2π], i.e. to convert from degrees to radians, multiply with
π/180◦. It is important to use the numerical atan2 function to implement the arctan, e.g.
for eq. (C.27), such that the right quadrants are selected depending on the sign of x, y, and
z. The inverse transformation is given by

x = r sin θ cosφ; y = r sin θ sinφ; z = r cos θ.

One degree distance in latitude on Earth is ∆λ(1◦) = π
180◦Re ≈ 111 km, and in longitude

∆φ(1◦) = ∆λ(1◦) cos(λ) (Table A.1).
While convenient, the problems with the spherical coordinate system arise with the

basis vectors, where er, eθ, and eφ now depend on the location of r, expressed in Cartesian
coordinates as

er =

 exr
eyr

ezr

 =

 sin θ cosφ

sin θ sinφ

cos θ

 =
r

|r|
=
r

r
=
xex + yey + zez

r

eθ =

 cos θ cosφ

cos θ sinφ

− sin θ

 = eφ × er; eφ =

 − sinφ

cosφ

0

 = er × eθ =
ez × er

sin θ
.

This means, for example, that a conversion of local Up, South, East velocities, vS =
{vr, vθ, vφ}, needs to be converted to Cartesian velocities, vC , like so

vC =

 vx

vy

vz

 = (ereθeφ)vS =

 sin θ cosφ cos θ cosφ − sinφ

sin θ sinφ cos θ sinφ cosφ

cos θ − sin θ 0


 vr

vθ

vφ

 .
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Figure C.3: Spherical triangle definition where
the spherical distances a, b, and c are ∈ [0; 2π]
for the unity radius sphere. They span the angle
between vectors pointing from the center of the
sphere to surface locations A, B, and C, which
makes a, b, and c minor arcs of a great circle, i.e.
the intersection between the sphere and a plane
that passes through the center. This also makes a,
b, c the shortest surface path between the points.
The geometry is useful for rigid plate velocities,
where we can associateC with the North pole,B
with the Euler vector ω and A with the location
where we seek to evaluate plate velocities, r, as
per eqs. (2.1) and (C.31).

When tensors such as σ orM in spherical coordinates {r, θ, φ} have to be converted to
another common reference systen, {E,N,U} (the local {x, y, z} equivalent, though seis-
mologists like to use {E,N,U} = {y, x,−z} (Fig. 2.13), then σEE = σφφ, σEN = −σθφ,
σEU = σrφ, σNN = σθθ, σNU = −σrθ, and σUU = σrr.

One particular complexity is that derivatives now depend on several coordinates, such
that the gradient operator, for example, is

∇ =


∂
∂r

1
r
∂
∂θ

1
r sin θ

∂
∂φ

 = er
∂

∂r
+

1

r

∂

∂θ
eθ +

1

r sin θ

∂

∂φ
eφ, (C.29)

with more complicated expressions for the divergence and curl, or the Laplacian, eq. (1.12)
(e.g. Dahlen and Tromp, 1998, sec. A.7).

C.4.2 Useful formulae for spherical trigonometry

We provide a few useful formula for spherical trigonometry which arise when dealing
with plate velocities on the sphere, apparent polar wonder poles, and simply working out
spatial relationships between observations.

Consider a triangle on the sphere spanned by three points {A,B,C} (Fig. C.3). Two
relationships hold:

sin a

sinα
=

sin b

sinβ
=

sin c

sin γ
, and cos a = cos b cos c+ sin b sin c cosα, (C.30)

(and permutations for b and c), and the equations below can be derived based on those
relationships. Earth is not a sphere, but the ellipsoidal flattening of ≈ 1/300 (Expanded
details 1) is often not a concern for moderate distances. We can consider different tasks:

Computing plate velocities from an Euler pole. If we chose C in Fig. C.3 as the North
pole,B with longitude and latitude φB and λB as the location of an Euler pole (§2.2)
with rotation ω (spinning anti-clockwise around the pole location, as per the right
hand rule), and A a location r (φA and λa coordinates) where we seek to evaluate
plate velocities, eq. (2.1), we can use these equations to obtain the distance from the
Euler pole

c = arccos (sinλA sinλB + cosλAλB cos (φB − φA))
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and angle between North and the Euler pole

α = arcsin

(
cosλB sin (φB − φA)

sin(c)

)
such that the amplitude and azimuth Φ, CW to North, of the plate velocity vector, v,
at r is

v = |v| = |ω|Re sin c and Φ = 90◦ + α. (C.31)

Finding the Distance of two points on a sphere at longitude/latitude locations of {φ1, λ1}
and {φ2, λ2} for the unity sphere (r = 1) are preferably computed as

d = 2 arcsin

(√
(sin2

(
λ1 − λ2

2

)
+ cos(λ1) cos(λ2) sin2

(
φ1 − φ2

2

))
, (C.32)

d ∈ [0; 2π], where distance on the surface of the Earth is dE = dRe, and the arcsin
function should be computed numerically as

arcsin(x) = arctan

(
x√

1− x2

)
= atan2

(
x,
√

1− x2
)

(else short distances can be surprisingly inaccurate).

Determine a heading or azimuth, α (clockwise from North), between two points at {φ1, λ1}
and {φ2, λ2}

α = arctan

(
sin(φ2 − φ1) cosλ2

cosλ1 sinλ2 − sinλ1 cosλ2 cos(φ1 − φ2)

)
.

Determine a point from a heading. Starting at {φ1, λ1}, determine a second point {φ2, λ2}
at distance d (normalized to Re) and azimuth α

λ2 = arcsin (sin(λ1) cos(d) + cos(λ1) sin(d) cos(α))

∆φ = arctan

(
sin(−α) sin(d) cos(λ1)

cos(d)− sin(λ1) sin(λ2)

)
φ2 = mod (φ1 −∆φ+ π, 2π)− π,

where mod (x, y) is the modulo function, which leaves the remainder of the division
x/y.

Determine a point {φ3, λ3} along a great circle at a fraction f ∈ [0; 1] of the way from
{φ1, λ1} to {φ2, λ2}

A =
sin((1− f)d)

sin(d)
; B =

sin(fd)

sin d

x = A cos(λ1) cos(φ1) +B cos(λ2) cos(φ2)

y = A cos(λ1) sin(φ1) +B cos(λ2) sin(φ2)

z = A sin(λ1) +B sin(λ2) (C.33)

where d is as in eq. (C.32), and {x, y, z} can be converted to the point in question
{φ3, λ3} via eq. (C.27) and eq. (C.28).
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C.5 Vector calculus: Divergence and curl

Operators are mathematical constructs that do something with the entity that is written
to their right. Those arise in vector calculus which mixes linear algebra and calc. For
example, we often use the gradient operator, ∇ (the del operator is represented by the
“Nabla” symbol ∇), which takes derivatives in all directions and, in a Cartesian system,
is given by∇ =

{
∂
∂x ,

∂
∂y ,

∂
∂z

}
, i.e. the operator∇ is a vector. When applied to scalar field (a

distribution of values that depends on spatial location), such as a temperature distribution
T (x, y, z) (meaning T is variable with coordinates x, y, and z, assumed implicitly for all
properties from now on), the gradient operation

grad T =∇T =


∂T
∂x
∂T
∂y
∂T
∂z


generates a vector from the scalar field which points in the direction of the steepest in-
crease in T (note that spherical coordinates complicate such expressions, e.g. eq. (C.29)).

Consider what∇ can do to a vector field (i.e. vectors that vary in space, x). If

v(x) = {v1(x), v2(x), v3(x)}

is a velocity field, then the divergence (grad dot product) operation on a vector field

divv =∇ · v

is equivalent to finding the dilational (volumetric) strain-rate 4̇, cf. eq. (2.10), from the
strain-rate tensor components because

4̇ =
∆̇V

V
= tr(ε̇) =

∑
i

ε̇ii = ε̇11 + ε̇22 + ε̇33 =
∂v1

∂x1
+
∂v2

∂x2
+
∂v3

∂x3
=∇ · v. (C.34)

Here V is volume, and ∆̇V volume rate-change and ε̇ the strain-rate tensor of eq. (2.15).
If the vector field are displacements u(x), then∇ · u yields the dilatancy, i.e. the trace of
the strain tensor, tr ε of eq. (2.9).

If we take the vector instead of the dot product (see §C.3.3) with the grad operator, we
have the curl or rot operation

curl v =∇× v.

The curl is a rotation vector just like ω. Indeed, if the velocity field is that of a the rigid
body rotation, v = ω × r, one can show that∇× v =∇× (ω × r) = 2ω.

Second derivatives enter into the Laplace operator, or Laplacian, which appears, e.g. in
the diffusion equation:

4T = ∇2T =
∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2
.

Some useful rules for second derivatives simplify many equations in continuum me-
chanics:

curl(grad T ) =∇× (∇T ) = 0

div(curl v) =∇ ·∇× v = 0.
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C.5.1 Gauß’ theorem

Eq. (C.34) illustrates that the divergence has to do with sinks and sources, or volumetric
effects. One interesting link is the fact that the integral over the volume V of the diver-
gence of a vector field f is equivalent to the boundary integral, S, of the surrounding area,
using the local normal (to the boundary), n, dotted with f :∫

V
dV ∇ · f =

∫
S

ds n · f . (C.35)

This is called the Gauß’ theorem or divergence theorem.
An electro-magnetics example: For the magnetic field: ∇ ·B = 0 because there are no

magnetic monopoles, but for the electric field: ∇·E = q, with electric charges q being the
“source”.

C.6 Spectral analysis

C.6.1 Fourier series

Any function, e.g. in space x, f(x), given on an interval x ∈ [x0;x0 + L] can be expanded,
that is well approximated by, a Fourier series which consists of a summation over harmonic
sin and cos functions

f(x) ≈ a0

2
+

N∑
n=1

(an cos (knx) + bn sin (knx)) , (C.36)

where k = 2π/L is the wave number, eq. (C.2). For practical purposes, N is typically
a moderately large number, and eq. (C.36) becomes exact for N → ∞ for well-behaved
f(x), without discontinous jumps. This harmonic approximation works because the sin
and cos functions are orthogonal,∫ x0+L

x0

cos(knx) sin(kmx) dx =
L

2
δmn, (C.37)

meaning that they form a set of orthogonal basis functions, into which f(x) can be projected
without any cross-talk between different n and ms. This also means that the projection of
spectral content of f(x) into the Fourier coefficients is well behaved. The rule for obtaining
the coefficients is {

an
bn

}
=

2

L

∫ x0+L

x0

f(x)

{
cos(knx)

sin(knx)

}
dx

We can thus express f in the spatial, x, domain, or in wavenumber space, kn, by means
of the set of coefficients {an, bn} for each wavelength λn = 2π

kn = L
n . If the signal is in time,

f(t), we obtain the frequency, ν, space representation from the Fourier expansion, f(ω)
with ω = 2πν, eq. (C.1).

Since we are not very often actually considering infiniteN , the finite approximation of
the series is more commonly used, and this can pose problems. For example, if the spatial
signal f(x) has sharp changes, such as a step function, then there is power, i.e. a significant
contribution from the {an, bn} terms in all frequencies of the Fourier spectrum, and not
a decay with increasing n that would make eq. (C.36) converge nicely around f(x). Any
finite N will then lead to a recovery of an approximate function that may show artifacts,
called ringing or the Gibb’s phenomenon (Fig. C.4). The numerical Fast Fourier transform
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Figure C.4: Fourier decomposition
of the step function for which the
finite approximation via eq. (C.36)
is ≈ 4

π

∑N
i sin(2π(2i− 1)x)/(2i −

1). We show the fundamental
mode, N = 1, after five harmon-
ics are added (N = 5), and the
N = 31 approximation. Note
that there are high-frequency oscil-
lations (ringing) around the origi-
nal function because the step in-
troduces an infinite contribution of
harmonics. Analysis of sharp con-
trasts often proceeds by tapering,
i.e. smoothing by reduction of the
contribution of higher order terms,
here shown by scaling each by
cos
(
π
2

(
i
N

))2.
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(e.g. Press et al., 1993, sec. 12) has enabled the use of Fourier series for a range of practical
problems, but care should be taken because of finite N problems, or limited sampling of
the domain L.

We can consider the magnitude of the Fourier coefficients {an, bn} of an expansion,
for example, for the power, Pn =

√
a2
n + b2n, i.e. what sorts of wavelengths may dominate

f(x). However, the Fourier coefficients should not be directly used for power spectrum
analysis in practice (e.g. Press et al., 1993, secs. 13.4 and 13.7). In general, multi-taper ap-
proaches are the method of choice for continuous timeseries spectral analysis (Thomson,
1982; Lees and Park, 1995), and wavelet analysis can be used to isolate temporally limited
harmonic signals (e.g. Torrence and Compo, 1997).

C.6.2 Spherical harmonics

The spherical version of a Fourier series is an expansion using spherical harmonics func-
tions which arise in the solution of equations such as the Laplace equation in spherical
coordinates, eq. (1.12).

For a scalar on the sphere, expressed as a function of spherical coordinates (§C.4),
f(θ, φ), we can approximate this scalar field as a sum of real spherical harmonics

f(θ, φ) ≈
L∑
`=0

(
a`0X`0(θ) +

√
2
∑̀
m=1

X`m(θ) (a`m cosmφ+ b`m sinmφ)

)
, (C.38)

with degree `, order m, and maximum degree L = `max, such that the representation be-
comes perfect for L → ∞. One can define an equivalent length-scale, D, associated with
degree ` based on a half wavelength, λ, as in eq. (1.14).

The (real valued) surface harmonics associated with the alm and blm coefficients are
also referred to using −` ≤ m ≤ `,

Ylm(θ, φ) =


√

2X`|m|(θ) cosmφ if −` ≤ m < 0

X`0(θ) if m = 0√
2X`m(θ) sinmφ if 0 < m < `.

 . (C.39)

580 DRAFT



C.6. SPECTRAL ANALYSIS

Here, X`m are the normalized associated Legendre functions, polynomials that only de-
pend on co-latitude θ, with µ = cos θ

X`m(cos θ) = (−1)m
(

2l + 1

4π

) 1
2

√
(l −m)!

(l +m)!
P`m(cos θ)

P`m(cos θ) = P`m(µ) =
1

2ll!
(1− µ2)

m
2

(
d

dµ

)l+m
(µ2 − 1)l, (C.40)

where P`m are Legendre polynomials which form an orthogonal basis in latitude with ` such
that the integration over θ∫ π

0
X`m(θ)X`′m′(θ) sin θ dθ =

1

2π
δ``′ ,

cf. eq. (C.37). The practical computation of X with `km & 100 has to be done with care
(Libbrecht, 1985; Dahlen and Tromp, 1998, sec. B.10).

Figure 1.5 illustrates a few example spherical harmonic basis functions. If Y`0 with
m = 0, the spherical harmonic is said to be zonal and has ` zero-transition “nodes” with
latitude. If Y`±` is considered withm = ±`, then there are no nodes with latitude, 2` longi-
tudinal nodes, and the spherical harmonic is called sectoral. If |m| 6= `, the Y functions are
called tesseral with `−|m| latitudinal and 2|m| longitudinal nodes, where the longitudinal
dependency arises via the Legendre polynomials.

The spherical harmonic coefficients {alm, blm} providing weights for the basis func-
tions in the expansion eq. (C.38) can be found by integration

a`0 =

∫
Ω

dΩ X`0f(θ, φ) for m = 0{
a`m
b`m

}
=
√

2

∫
Ω

dΩX`m

{
cos (mφ)

sin (mφ)

}
f(θ, φ) for 1 ≤ m ≤ `, (C.41)

where
∫
Ω dΩ is the integral over the surface of the unity sphere∫

Σ
dΣ =

∫ 2π

0
dφ

∫ π

0
dθ sin θ = 4π,

and b`0 = 0 for all `. This works again because the trignometric functions form an orthog-
onal basis in φ, in analogy to eq. (C.37).

Dahlen and Tromp (1998) provide a comprehensive treatment of the mathematical prop-
erties and applications of spherical harmonics. One particular issue is that of normaliza-
tion of the basis functions, which are here in the unity normalized form as is common
use in physics (you may notice that quantum mechanics probability density functions are
based on spherical harmonics). Other conventions are common; for example, in geodesy
the squared norm upon integration over the sphere is 4π (“fully normalized”) rather than
unity and signs are switched. The corresponding geodetic coefficients {c`m, d`m} are re-
lated to the convention used here like (Dahlen and Tromp, 1998, sec. B.8)

c`m =
√

4π(−1)ma`m and d`m =
√

4π(−1)mb`m.

The squared total power of f when integrated over the sphere is equal to the sum of
the squared coefficients,

||f ||2 =

∫
Ω

dΩ|f |2 =

∞∑
`=0

(
a2
`0 +

∑̀
m=1

(
a2
`m + b2`m

))
,
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and the root-mean-square (RMS) value of f is (note summation over ` > 0)

fRMS =
1

2
√
π

√√√√`max∑
`=1

(2`+ 1)σ2
`

with a power per degree ` and unit area, σ`, or power per degree, σ̂`,

σ2
` =

1

2`+ 1
σ̂` and σ̂2

` =
∑̀
m=0

(
a2
`m + b2`m

)
(C.42)

which can be used to quantify the spectral content of the function f(θ, φ), i.e. compute a
power-spectrum, e.g. Fig. 1.26. The factor of 1/(2`+1) in σ` arises because of the number of
coefficients per degree, and a delta function on the unit sphere has a flat power spectrum
with σ2

` = 1
4π . The other definition for spectral power, σ̂`, is also in use, e.g. for the analysis

of the gravity spectrum; for σ̂`, the individual ` terms add up to fRMS directly but the delta
function spectrum is not flat (ew).

When comparing the pattern match between two scalars expressed as spherical har-
monic expansions, {alm, blm} and {clm, dlm}, respectively, we can define a wavelength-
dependent, r(l), and total correlation, rL, by computing the correlation values (§C.7.4)
between all-non zero coefficients for each degree, or all up to the maximum degree L.

C.6.2.1 Helmholtz decomposition of vector fields

If instead of a scalar function f on the surface of the sphere, we are interested in expanding
a vector field v(θ, φ), we can always perform a Helmholtz decomposition and represent a
velocity field in the horizontal, vh = (0, vθ, vφ), as the gradient of a poloidal potential field V
and the curl of a toroidal potential field W such that

vh = vpolh + vtorh =∇hV +∇× (Wer) (C.43)

where er is the unit vector in the vertical and∇h is the gradient operating on the horizon-
tal, {θ, φ}, direction only. By taking the horizontal divergence, we can derive two Poisson
equations which can be used to construct the potentials,

∇2V =∇h · vh and ∇2W =∇× vh.

This is useful because, by definition, a purely poloidal velocity field, vpolh , has zero curl
(i.e. no spin, it is irrotational, cf. Fig. 4.53a),

∇× vpolh = 0,

and a purely toroidal field has zero divergence (i.e. no sources, solenoidal)

∇ · vtorh = 0.

This decomposition can be used for seismic waves, cf. eq. (B.5), and for the analysis of
plate tectonic velocities, for example (§1.4.2 and §4.4.3.1).

We can define vector spherical harmonics to reconstruct those poloidal and toroidal fields

P`m =
∇hY`m√
`(`+ 1)

=

(
eθ∂θ + eφ(sin θ)−1∂φ

)
Y`m√

`(`+ 1)

T`m =
−er ×∇hY`m√

`(`+ 1)
=

(eθ(sin θ)
−1∂φ − eθ∂θ)Y`m√
`(`+ 1)

. (C.44)
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These vector spherical harmonics correspond to poloidal field coefficients for P and to-
roidal coefficients for T such that eq. (C.43) can be written as

vh =

∞∑
`=0

∑̀
m=−`

V`mP`m +W`mT`m, (C.45)

where the expansion coefficients of the potentials are obtained by{
V`m
W`m

}
=

∫
Ω
vh ·

{
P`m
T`m

}
dΩ.

in analogy to eq. (C.41). Such an expansion was used for the decomposition of plate
velocities in Fig. 1.19 and the discussion in Expanded details 22.

For more details on the spherical harmonics, and the generalization to tensor spher-
ical harmonics, see Dahlen and Tromp (1998), sec. B.12. Directional data, which has no pe-
riodicity, and azimuths α ∈ [0; 360◦], can in general be expanded with vector spherical
harmonics as for the velocity example above. For an implementation for orientational data,
which needs special treatment since it has 180◦ periodicity, and only a unique azimuth
α ∈ [0; 180◦], such as azimuthal seismic anisotropy models, eq. (5.4), see Boschi and Wood-
house (2006).

C.7 Notes on statistics and curve fitting

C.7.1 Means, variance, and standard deviation

For a discrete set of numbers xi, the arithmetic mean, x̄, and (population) standard deviation,
or root mean square (RMS) σ, are given by

x̄ =
1

N

N∑
i=1

xi and σ =

√√√√ 1

N

N∑
i=1

(xi − x̄)2,

where the operation of summing and then dividing by N as for x̄ is the expectation oper-
ator, as it is meant to give us the most likely values, e.g. if xi are measurements from a
timeseries. In this case, σ tells us about typical fluctuations, or measurement errors, and
σ2 is called the variance of the sample. We can define the coefficient of variation as

cv =
σ

x̄
, (C.46)

which is used in the evaluation of earthquake recurrence times, for example (§3.3.2.1).
If we compute an average with weights wi for each sample xi (where wi might, e.g.,

relate to the individual measurements σi as wi1/σi), then

x̄ = 〈x〉 = 〈x〉arithmetic =
1

W

N∑
i=1

wixi =
wi=1

1

N

N∑
i=1

xi with W =

N∑
i=1

wi =
wi=1

N. (C.47)

An alternative average, the geometric mean, is given by

〈x〉geometric =

(
N∏
i=1

wixi

) 1
W

= exp

(
1

W

N∑
i=1

ln (wixi)

)
=

wi=1
exp

(
1

N

N∑
i=1

lnxi

)
, (C.48)
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where the equivalent computation using logarithms (i.e. take the arithmetic average of
the ln of the values, and then converting back) is the preferred way of implementing this
computation. The harmonic mean is

〈x〉harmonic = W

(
N∑
i=1

wi
xi

)−1

=
wi=1

N∑N
i=1

1
xi

=

(∑N
i=1 x

−1
i

N

)−1

, (C.49)

and
〈x〉arithmetic ≥ 〈x〉geometric ≥ 〈x〉harmonic,

and all three average arise when considering averaging of viscosities, for example (§3.9).

C.7.2 Distributions and moments

When we are measuring the deviation of some data di with individual standard deviation
σi from a model prediction dm, then a related measure is the standard error, or χ2,

χ2 =
∑
i

(di − dm)2

σ2
i

,

which should be χ2 ∼ 1 for a good model fit, and χ < 1 may indicate over-parameterization
of the model (Press et al., 1993, sec. 15.1)

If the mean is not known a priori, then the normalization 1/N for σ should be replaced
by 1/(N − 1) for an unbiased estimate of the sample standard deviation, because there are
now only N − 1 degrees of freedom and not N . This difference becomes small as N →∞
(Press et al., 1993, sec. 14.1); if it matters, that is not a good sign.

There are a number of classical statistical tests which rely on derived quantities, such
as Student’s t-test for the significance between means based on the joint variance

sD =

√∑
i∈A(xi − x̄A)2 +

∑
i∈B(xi − x̄B)2

NA +NB − 2

(
1

NA
+

1

NB

)
and t =

x̄A − x̄B
sD

.

(“Student” was a pseudonym of Gosset, 1908, who did stats for Guinness Brewing.) Here,
p = 1−A(t,NA +NB − 2) provides the “significance” of having different means, respec-
tively, and the function A(t,N) is tabulated (Press et al., 1993, sec. 14.2). Such p values are
often used to evaluate if a certain parameter has a noticeable effect on the outcome of an
experiment, compared to random fluctuations.

They do, however, assume Gaussian distribution of errors (Fig. C.5), where the associ-
ated probability density function (PDF) is

g(x, x̄, σ) =
1√
2πσ

exp

(
−1

2

(
x− x̄
σ

)2
)
, (C.50)

and
∫∞
−∞ g(x) dx = 1, by definition for any PDF. The relevance of this bell curve or normal

distribution, g(x), is that the average of many samples of a random variable with given
mean and standard deviation is itself a random variable, and that variable’s distribution
converges to g(x) for large N , the central limit theorem. If one generates N normally dis-
tributed random numbers (Press et al., 1993, sec. 7.1-7.2), a histogram of counts for x bins
divided by N will look like g in Fig. C.5 for N → ∞, where∞ usually means something
like N & 500, 000.
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teristic of typical values for
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the skewness of the distri-
bution, µ3 of eq. (C.52).

The link with probabilities of significance vrs. random fluctuations arises, e.g., through
the probability pn of x falling within±nσ away from the mean, pn = p(|x−x̄| ≤ nσ), being
given by p1 ≈ 68%, p2 ≈ 95%, p5 ≈ 99.9999%, respectively, based on integrating g (related
to the error function, eq. 4.89). Thus, providing an estimate of a parameter being within
x̄± 1σ means that chances of finding x outside that range are 1− p1 ≈ 32%, which is not
small. Measuring something outside a p5 range is used by particle physicists to challenge
established theory.

If the distribution of xi around x̄ is not Gaussian, as is sometimes the case, then the
median can better characterize the “typical” value for x. For this, the xi are first rank
sorted by ascending value into x̃j , and the median is then the middle value, x̃(n+1)/2 or
x̃n/2+x̃(n/2)+1

2 for odd or even n, respectively.
An example of a non-Gaussian PDF which may apply for a range of failure lifetime or

earthquake phenomena is the log-normal distribution, defined for x > 0 by

l(x,m, s) =
1√

2πsx
exp

(
−
(

lnx−m√
2s

)2
)
, (C.51)

for which the ln of the values is, in fact, normally distributed (hence the name). Here, s and
m are the parameters for l which relate such that the mean of l(x) is notm but em+ 1

2
s2 , and

the median of l(x) is em. Figure C.5 shows l and the PDF’s median for different parameters
s; all means for the g and l PDFs in Fig. C.5 are identical.

Weirdness in distributions can be further quantified by additional (standardized) sta-
tistical moments

µm =
1

N

N∑
i=1

(
xi − x̄
σ

)m
(C.52)

where µ2 is the variance, σ2, µ3 is called the skewness (i.e. how long-tailed a distribution
is), and µ4 the kurtosis. The skewness of l(x) is given by µ3(l) =

(
es

2
+ 2
)√

es2 − 1.
Lastly, the degree of bimodality of a distribution can be measured by Sarle’s bimodality

coefficient

b =
µ2

3 + 1

µ4

(b ∈ [0; 1]).
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C.7.3 Linear regression

Fitting a line to data assuming a relationship like y = f(x) = a+bx is the simplest example
of curve fitting, or modeling of data. Analytical solutions to this problem including error
estimates on parameters a and b are readily available (e.g. Press et al., 1993, sec. 15.2), and
since the problem is linear, we can also use the machinery touched upon in §C.3.7.

Nonlinear functions f which only depend on one value, x, can also be readily inverted,
and Gnuplot (2023) has a handy implementation of the relevant Levenberg-Marquardt al-
gorithm (Press et al., 1993, sec. 15.5). When doing such fits, it is important to monitor not
only the estimates of uncertainties on parameters such as a and b, but also their cross-
correlation, as many non-linear functions have strong trade-offs, meaning that only com-
binations of parameters, and not the parameters themselves are constrained.

Moreover, simple line fitting assumes that there are only errors in y, as in a physics
experiment where we can vary x, whereas often line fits in the earth sciences are computed
between data which have errors in both x and y. The inferred slopes can be quite different
from a simple regression and methods allowing for errors in both variables should be
used (Press et al., 1993, sec. 15.3).

C.7.4 Correlation

When asking if two data sets given as N pairs of values {xi, yi} have a relationship to
each other, i.e. having some sort of pattern match, such as a linear relationship, we can
compute the linear Pearson correlation coefficient (typically called “the” correlation)

rP (x, y) =

∑N
i=1(xi − x̄)

∑N
i=1(yi − ȳ)√∑N

i=1(xi − x̄)2

√∑N
i=1(yi − ȳ)2,

(C.53)

which is an expression of the covariance of x and y normalized by their respective vari-
ance.

Assuming Gaussian scatter, Student’s t distribution can again be used to assess statisti-
cal significance, p = 1−A(t,N − 2), i.e. the likelihood of obtaining a value of r randomly
given N − 2 degrees of freedom with

t = r

√
N − 2

1− r2

(Press et al., 1993, p. 228). If we want to compute the likelihood of two values of r1 and r2

being different, we can use Fisher’s z transformation

z(r) =
1

2
ln

(
1 + r

1− r

)
to test for significantly different correlation values with

p(r1, r2) = erfc
(
|z(r1)− z(rz)|

√
N − 3

2f

)
(C.54)

(Press et al., 1993, p. 637f). Here, f = 1 for r1,2 6= 0, and f = 1/2 for a null hypothesis test
with r2 = 0.

For some applications, the Spearman rank-order correlation performs better than rP which
is, for example, sensitive to outliers. Spearman correlation, rS , is defined as the linear cor-
relation coefficient, r, not of the values but their rank indices ni and mi indicating where
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the xi and yj are found in the sorted x̃j and x̃j

rS(x, y) =

∑N
i=1(ni − n̄)

∑N
i=1(mi − m̄)√∑N

i=1(ni − n̄)2

√∑N
i=1(mi − m̄)2

.

The Spearman rank correlation indicates if x and y are monotonously linked and thus
provides more meaningful values for non-linear relationships. In particular, unlike the
Pearson correlation, rS yields the same answer if correlation is computed for r(x, y) or
r(x, 1/y); helpful, e.g., when considering isotope fractions or other ratio-based quantities.

C.7.5 Simple estimates of uncertainties on parameters

In practice, there are often few reasons to assume normal distributions of measurements
even for theoretical purpuses as many properties of practical interest, such as uncertain-
ties, can be easily derived from forward modeling using numerical representations of
random fluctuations, e.g. using Monte Carlo, jacknife (omitting each data point in turn),
or bootstrap (large number of random resamples with replacement) approaches (Efron,
1982).

Usually, it is preferable to bootstrap rather than worrying about which traditional sta-
tistical theory for error distributions might apply. Also, the linear correlation is notori-
ously easily tricked into providing seemingly significant values even though weird rela-
tionships may be hidden. To avoid this, always plot everything, in particular {xi, yi}. While
cliché, correlation is also, indeed, not causation.
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Blaser, L., F. Krüger, M. Ohrnberger, and F. Scherbaum (2010), Scaling relations of earthquake
source parameter estimates with special focus on subduction environment, Bull. Seismol. Soc.
Am., 100, 2914–2926.

Block, M. (1956), Surface tension as the cause for bénard and surface deformation in a liquid film,
Nature, 178, 650–651.

Bock, Y., L. Prawirodirdjo, J. Genrich, C. Stevens, R. McCaffrey, C. Subarya, S. Puntodewo, and
E. Calais (2003), Crustal motion in Indonesia from global positioning system measurements, J.
Geophys. Res.: Sol. Earth, 108(2367), doi:10.1029/2001JB000324.
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Brune, S., C. Heine, M. Pérez-Gussinyé, and S. V. Sobolev (2014), Rift migration explains continen-
tal margin asymmetry and crustal hyper-extension, Nature Comm., 5, 1–9.
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Coltice, E., M. Gérault, and M. Ulrová (2017), A mantle convection perspective on global tectonics,
Earth Sci. Rev., 165, 120–150.

Coltice, N. (2023), Chapter 6 - tectonics is a hologram, in Dynamics of Plate Tectonics and Mantle
Convection, edited by J. C. Duarte, pp. 105–125, Elsevier.
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deformation following the 2002 Denali, Alaska earthquake for postseismic relaxation processes
and lithospheric rheology, J. Geophys. Res.: Sol. Earth, 111(B01401), doi:10.1029/2005JB003894.

Freed, A. M., G. Hirth, and M. D. Behn (2012), Using short-term postseismic displacements to infer
the ambient deformation conditions of the upper mantle, J. Geophys. Res.: Sol. Earth, 117(B01409),
doi:10.1029/2011JB008562.

French, S. W., and B. Romanowicz (2015), Broad plumes rooted at the base of the Earth’s mantle
beneath major hotspots, Nature, 525, 95–99.

French, S. W., and B. A. Romanowicz (2014), Whole-mantle radially anisotropic shear velocity
structure from spectral-element waveform tomography, Geophys. J. Int., 199, 1303–1327.

Freymueller, J. T., M. H. Murray, P. Segall, and D. Castillo (1999), Kinematics of the Pacific-North
America plate boundary zone, northern California, J. Geophys. Res.: Sol. Earth, 104, 7419–7441.

Frohlich, C. (1989), The nature of deep-focus earthquakes, Ann. Rev. Earth Planet. Sci., 17, 227–254.
Frohlich, C. (1995), Characteristics of well-determined non-double-couple earthquakes in the Har-

vard CMT catalog, Phys. Earth Planet. Inter., 91, 213–228.
Frohlich, C., and L. R. Wetzel (2007), Comparison of seismic moment release rates along different

types of plate boundaries, Geophys. J. Int., 171, 909–920.
Frossard, P., C. Israel, A. Bouvier, and M. Boyet (2022), Earth’s composition was modified by colli-

sional erosion, Science, 377, 1529–1532.
Fuchs, L., and T. W. Becker (2021), Deformation memory in the lithosphere: A comparison of

damage-dependent weakening and grain-size sensitive rheologies, J. Geophys. Res.: Sol. Earth,
126, e2020JB020,335.

Fuchs, L., and T. W. Becker (2022), On the role of rheological memory for convection-driven plate
reorganizations, Geophys. Res. Lett., 49(e2022GL099574).

Fujiwara, S., M. Tobita, and S. Ozawa (2022), Spatiotemporal functional modeling of postseismic
deformations after the 2011 Tohoku-Oki earthquake, Earth, Planet. Space, 74, 1–27.

Fukao, Y., and M. Obayashi (2013), Subducted slabs stagnant above, penetrating through and
trapped below the 660-km discontinuity, J. Geophys. Res.: Sol. Earth, 118, 5920–5938, doi:10.1002/
2013JB010466.

Fukao, Y., S. Hori, and M. Ukawa (1983), A seismological constraint on the depth of basalt–eclogite
transition in a subducting oceanic crust, Nature, 303, 413–415.

Fukao, Y., S. Widiyantoro, and M. Obayashi (2001), Stagnant slabs in the upper and lower mantle
transition region, Rev. of Geophys., 39, 291–323.

Fuller, C. W., S. D. Willett, and M. T. Brandon (2006), Formation of forearc basins and their influ-
ence on subduction zone earthquakes, Geology, 34, 65–68.

Funiciello, F., C. Faccenna, D. Giardini, and K. Regenauer-Lieb (2003), Dynamics of retreating
slabs (part 2): insights from 3D laboratory experiments, J. Geophys. Res.: Sol. Earth, 108, doi:
10.1029/2001JB000896.

Funiciello, F., C. Faccenna, and D. Giardini (2004), Flow in the evolution of subduction system:
Insights from 3-D laboratory experiments, Geophys. J. Int., 157, 1393–1407.

Funiciello, F., C. Faccenna, A. Heuret, E. Di Giuseppe, S. Lallemand, and T. W. Becker (2008),
Trench migration, net rotation and slab-mantle coupling, Earth Planet. Sci. Lett., 271, 233–240.

Furukawa, Y. (1993), Depth of the decoupling plate interface and thermal structure under arcs, J.
Geophys. Res.: Sol. Earth, 98, 20,005–20,013.

Gable, C. W., R. J. O’Connell, and B. J. Travis (1991), Convection in three dimensions with surface
plates: generation of toroidal flow, J. Geophys. Res.: Sol. Earth, 96, 8391–8405.

Gaboret, C., A. M. Forte, and J.-P. Montagner (2003), The unique dynamics of the Pacific Hemi-
sphere mantle and its signature on seismic anisotropy, Earth Planet. Sci. Lett., 208, 219–233.

Gabriel, A.-A., J.-P. Ampuero, L. Dalguer, and P. M. Mai (2013), Source properties of dynamic
rupture pulses with off-fault plasticity, J. Geophys. Res.: Sol. Earth, 118, 4117–4126.

Gaherty, J. B., and T. H. Jordan (1995), Lehmann discontinuity as the base of an anisotropic layer
beneath continents, Science, 268, 1468–1471.

Gaherty, J. B., D. Lizarralde, J. A. Collins, G. Hirth, and S. Kim (2004), Mantle deformation dur-
ing slow seafloor spreading constrained by observations of seismic anisotropy in the western

DRAFT 613



BIBLIOGRAPHY

Atlantic, Earth Planet. Sci. Lett., 228, 225–265.
Gaina, C., R. Müller, B. Brown, T. Ishihara, and S. Ivanov (2007), Breakup and early seafloor spread-

ing between India and Antarctica, Geophys. J. Int., 170, 151–170.
Gans, P. B. (1987), An open-system, two-layer crustal stretching model for the eastern Great Basin,

Tectonics, 6, 1–12.
Garel, F., S. Goes, D. R. Davies, J. H. Davies, S. C. Kramer, and C. R. Wilson (2014), Interaction of

subducted slabs with the mantle transition zone: a regime diagram from 2-D thermo-mechanical
models with a mobile trench and an overriding plate, Geochem., Geophys., Geosys., 15, doi:10.
1002/2014GC005257.

Garfunkel, Z., C. A. Anderson, and G. Schubert (1986), Mantle circulation and the lateral migration
of subducted slabs, J. Geophys. Res.: Sol. Earth, 91, 7205–7223.

Garnero, E. J., and A. K. McNamara (2008), Structure and dynamics of the Earth’s lower mantle,
Science, 320, 626–628.

Garnero, E. J., J. S. Revenaugh, Q. Williams, T. Lay, and L. H. Kellogg (1998), Ultralow velocity
zone at the core-mantle boundary, in The Core-mantle Boundary Region, edited by M. Gurnis, M. E.
Wysession, E. Knittle, and B. A. Buffett, pp. 319–334, American Geophysical Union, Washington
DC.
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avalanches, 265
axial magma chamber, 361
axial summit caldera, 361
axially symmetric, 58
azimuthal anisotropy, 306

b-value, 104
back slip model, 113
barystatic, 208
basins and ranges, 355
batch or equilibrium melting, 368
beach balls, 69
Beaumont number, 491
Big Five, 333
Big One, 384
biharmonic stream function equation, 195
bimodality, 585
Bingham fluid, 137
black smokers, 366
block model, 113
block rotations, 57
body forces, 60
body waves, 16
Bouguer anomaly, 13
boundary conditions, 187
boundary element models, 116
Boussinesq approximation, 239
box model, 527
brittle deformation, 77
brittle strength, 91
brittle-ductile transition, 174
bulging, 158
bulk modulus, 82
bulk silicate Earth, 25, 214
bulk sound velocity, 24, 146
buoyancy number, 263
Burger’s vector, 157
Burgers body, 143
butterfly effect, 33
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Båth’s law, 107

Carreau fluid, 136
Cartesian decomposition, 572
Cartesian reference frame, 574
Cathles parameter, 205
Cauchy deformation tensor, 553
Cauchy’s relation, 59
cellular-automaton, 105
Central Atlantic Magmatic Province, 334
central finite difference, 226
central limit theorem, 584
chain rule, 564
characteristic earthquakes, 106
characteristic equation, 573
characteristic temperature for internal heating,

242
chondrites, 330
circulation, 287
Clapeyron slope, 25, 234
clustering, 106
co-latitude, 575
coaxial, 67
Coble creep, 157
coefficient of friction, 91
coefficient of variation, 110, 583
cohesion, 91
collisional orogeny, 466
collisional type orogeny, 464, 466
common component, 332
compatibility equations, 550
compensated linear vector dipole, 69, 555
compensation depth, 6
complementary error function, 222
complete, 101
concavity parameter, 490
concept of a continuum, 48
conduction, 210
conduction equation, 216
conductive gradient, 218
conservation of energy, 549
conservation of heat energy, 237
conservation of mass, 186, 548
conservation of momentum, 186, 548
constant strain-rate test, 139
constitutive laws, 78
continental drift, 27
continental keels, 378
continental levering, 207
continental type, 464
continental undertow, 500
continuity equation, 186, 548
control variable, 125
conveyor belt, 516
Cordillera type orogeny, 466
Cordilleran type orogeny, 464

Coriolis force, 181
corner flow, 196
Couette flow, 188
Coulomb stress, 93
Courant-Friedrichs-Lewy, 228
creep test, 142
Cretaceous supercron, 537
critical Rayleigh number, 240
critical slip distance, 118
critical taper, 412
critical taper theory, 470, 482
cross product, 569
crustal-scale thrust wedges, 470
crystallographically preferred orientations, 157
Curie temperature, 29
curl, 578

décollement, 97
damage rheologies, 278
damped wave equation, 225
data assimilation, 285
Deborah number, 140
decadic log, 560
decompression melting, 367
deformation maps, 171
deformation rate tensor, 56
deformation tensor, 552
deformation-rate tensor, 552
degree, 11, 580
dehydration embrittlement, 437
density, 6
depleted mid-ocean-ridge mantle, 25
depocenters, 411
depozones, 467
derivative, 563
derivative operator, 563
detachment faults, 344, 470
determinant, 65, 571
deterministic chaos, 33
deviatoric strain, 55
deviatoric strain-rate, 56
deviatoric stress, 63
dextral, 384
diagenesis, 155
differential stress, 62
diffuse deformation, 403
diffusion equation, 220
diffusion timescale, 221
dilation, 55
dilation rate, 56
dipole moment of the density distribution, 13,

199
direct effect, 120
directional data, 583
Dirichlet boundary condition, 217
discontinuities, 48
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discretization, 226
dispersion, 145
displacement, 49
dissipation number, 261
divergence, 578
dot product, 568
Drucker-Prager, 136
ductile deformation, 78
duplexes, 411
dynamic equilibrium, 60
dynamic friction, 108
dynamic overshoot, 108
dynamic pressure, 136, 185
dynamic stress drop, 109
dynamic topography, 193, 290
dynamic viscosity, 130

early enriched reservoir, 331
earthquake simulators, 401
eduction, 497
effective normal stress, 92
effective principal stresses, 93
effective slabs viscosity, 434
effective stress, 116
eigenfunctions, 17
eigensystem, 61
eigensystems, 573
eigenvalues, 572
eigenvectors, 572
Einstein summation convention, 55, 186, 568
Ekman number, 182
elastic modulus, 79
electrical conductivity, 182
elongation, 52
en-echelon, 384
endothermic, 25
enthalpy, 23
entropy, 23, 211
epicenter, 101
epidemic type aftershock sequence, 107
episodic tremor and slip, 442
erosion number, 489
erosive margins, 410
error function, 222
Euler pole, 50
Euler vector, 50
Euler’s formula, 561
Eulerian deformation gradient tensor, 550
Eulerian frame, 51
eustatic, 208
evolution effect, 120
exhumation, 485, 495
exoplanets, 532
exothermic, 25
expectation operator, 583
explicit finite difference method, 226

extension, 52
extremophiles, 367
extrinsic anisotropy, 308
extroversion, 523

factorial, 565
failure envelope, 91
fast azimuths, 308, 310
fault plane ambiguity, 75
fault readiness, 384
fault valving, 96
Fick’s law, 211, 549
field boundary, 169
fingerprinting, 208
finite difference, 226
finite strain, 57, 552
finite strain ellipsoid, 57, 553
fission tracks, 215
fixed point, 125
fixist, 463
flattening, 12, 58
flexural bulge, 87
flexural parameter, 87
flexural rigidity, 87
flood basalts, 321
flower structures, 384
flux boundary condition, 217
flysch to molasse, 469
focal mechanisms, 69
focal zone, 332
fold-and-thrust belts, 466
forbidden zone, 422
foreland basin, 466
forward finite difference, 226
Fourier coefficients, 579
Fourier series, 579
fractional or Rayleigh melting, 368
Frank-Kamenetskii (FK) approximation, 255
freeair gravity anomaly, 13
frequency, 560
frequency-magnitude relationship, 104
frictional sliding, 91
fully compensated, 8

gas constant, 156
Gauß’ theorem, 579
Gauß integral, 566
Gaussian distribution, 584
generalized Newtonian fluid, 134
geocentric axial dipole hypothesis, 30
geodynamo, 29
geoid, 10
geoid anomalies, 10
geometric mean, 171, 583
geotherm, 22
geothermometers, 485
geotherms, 217
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Gibb’s phenomenon, 579
glacial buzz saw, 481
global isostatic adjustment, 205
global mantle circulation, 285
Global Navigation Satellite Systems (GNSS), 48
Global Positioning System, 48
Goetze number, 345
Goldilocks zone, 532
Grüneisen parameter, 24
gradient operation, 578
gradient operator, 10, 578
grain boundary migration, 158
grain boundary sliding, 158
gravitational acceleration, 6
gravitational potential energy, 199
gravitational sliding, 233
gravity anomalies, 13
great circle, 576
Green’s functions, 115, 300
Griffith criterion, 95
Griffith failure criterion, 94
grounding line, 208
growth-rate for instabilities, 556
Gutenberg discontinuity, 380

habitability, 532
Hagen-Poiseuille, 189
Hale-Shaw, 197
half-life, 214
harmonic functions, 240
harmonic mean, 170, 584
harmonics, 560
harzburgitic, 375
Haskell constraint, 203
heat capacity, 23, 216, 549
heat flow paradox, 129
heat flux per area, 211
heat pipe mode, 274
heat pipes, 527
Helmholtz decomposition, 582
high plateaus, 470
hillslope diffusion, 489
hold time, 119
homogenization, 49
homologous temperature, 156
homopolar, 31
homopolar dynamo, 32
Hooke’s law, 79
hotspot, 34, 320
hotspot reference frame, 34
hotspot swell, 323
hotspot tracks, 320
hotspots, 254
Howard’s conjecture, 248
hydrostatic bulge, 12
hydrostatic stress state, 63

hyper arid, 504
hyperbola, 562
hyperbolic functions, 562
hyperextended margin, 341
hypocenter, 101
hypsometric curves, 5
hysteresis, 135, 274

impedance, 16, 380
implicit, 228
in sequence, 469
incompatible, 214
incompressibility, 82
incompressible, 56
infinite Prandtl number, 181
infinitesimal deformation, 50
initial condition, 220
inner product, 133
instantaneous solution, 186
integral, 565
Interferometric Synthetic Aperture Radar, 117
interferometry, 118
internal friction, 144
internal friction angle, 91
internal heat production, 213
internal heating Rayleigh number, 242
intrinsic anisotropy, 309
introversion, 522
inverse theory, 559
inverted, 522
inviscid, 181
irrotational, 57, 582
isentropic, 369
isopycnic, 377
isostasy, 6, 85
isotropic strain, 55

J2, 12
Jacobian, 552
jelly sandwich, 474
joints, 96

keel, 378
Kelvin-Voigt (KV) element, 142
kinematic viscosity, 180
knickpoint, 490
Kronecker δ, 55, 569
kurtosis, 585

L-S tectonites, 58
L-tectonites, 58
Lagrangian frame, 51
Lagrangian strain tensor, 552
Lamé constant, 80
Laplace, 578
Laplace equation, 11
Laplacian, 11, 578
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large igneous provinces, 321
large ion lithophile, 425
large, low shear wave velocity anomalies, 41
last glacial maximum, 202
latent heat, 25, 422
latitude, 574
left-stretch tensor, 552
Legendre polynomials, 581
Lehmann discontinuity, 21, 379
Levi-Cività permutation symbol, 569
lherzolite, 418
limit cycles, 125
line of sight, 118
linear elasticity, 80
linear fracture mechanics, 95
liquidus, 367
lithosphere, 7
lithosphere-asthenosphere boundary, 21
lithospheric delamination, 476
lithostatic stress state, 63
local Rayleigh number, 249
localize, 278
locking depth, 113
log-normal distribution, 585
logarithmic strains, 554
longitude, 574
Lorenz force, 32
Love waves, 17
low Urey number problem, 529
low velocity zone, 21, 366
Lyapunov exponent, 33

mélange, 419
magmons, 368
magnetic diffusivity, 182
magnetic permeability, 32
magnetic Reynolds number, 182
magnitude, 101
magnitude of completeness, 101
mantle adiabat, 22
mantle conveyor belt, 285
mantle plumes, 320
mantle wind, 287
Marangoni-Bénard, 243
mass extinction, 333
material derivative, 52, 549
matrix, 569
matrix decomposition, 572
Maxwell body, 138
Maxwell equations, 23
Maxwell time, 139
mechanical lithosphere, 229
mechanical twinning, 155
median, 585
megathrust, 99, 438
memory, 277

metamorphic core complexes, 344
metamorphic facies, 419
Mg-#, 378
mid ocean ridge basalts, 214
mid-lithospheric discontinuity, 380
Milankovitch cycles, 201
minor arcs, 576
mixed-determined, 573
mobile belts, 426
mobile lid, 258
mobilistic, 463
modulo function, 577
Moho, 18
Mohr circle, 92
Mohr-Coulomb-failure criterion, 91
molasse, 468
moment magnitude, 101
moment of inertia, 12
moment release rate, 71
moment tensors, 69
multi-taper, 580
multiplication operator, 565

Nabarro-Herring creep, 157
nappes stacks, 464
narrow rifting style, 343
natural log, 560
natural strain, 554
Navier-Stokes equation, 183, 548
net rotations, 35
Newtonian, 130
no net rotation, 35
non-coaxial, 67
non-volcanic tremors, 442
norm, 568
normal faults, 62
normal modes, 17
normal strain, 52
normal stress, 58
nucleation length, 126
numerical modeling, 226
Nusselt number, 245

obduction, 409
ocean siphoning, 208
oceanic core complexes, 363
oceanic spreading centers, 30
octahedral stress, 65
Omori’s law, 106
operators, 578
order, 11, 580
orientational data, 583
orogenic belts, 463
orogeny, 463
Orowan’s equation, 157
orthogonal, 579
orthogonal basis, 572
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orthogonal basis functions, 579
orthoversion, 523
overdetermined, 573
overturn time, 250

p values, 584
P-shears, 386
paleobotany, 485
paleomagnetic, 30
paleoseismology, 110
pampean flat slab, 503
Pangea, 27
paradigms, 179
partial derivatives, 563
partial melt fractions, 367
partitioned, 396
Pearson correlation coefficient, 586
Peclet number, 192
pelitic, 98
penny-shaped crack, 116
period, 560
period-doubling road to chaos, 32
periodic isotropic two-layered, 309
periodic orbits, 32
phase, 561
phase buoyancy parameter, 263
phase space, 34, 124, 240
phase transitions, 25
phase velocity, 561
plane strain, 58, 65
plane stress, 65
plume head, 321
plume tail, 321
Poisson equation, 11
Poisson’s ratio, 81
polar decomposition, 572
polflucht, 27
poloidal, 35
poloidal potential field, 582
pore pressure, 92
post-glacial rebound, 205
post-rift stage, 340
potential, 10
potential temperature, 24
power per degree ` and unit area, 582
power-law, 133
Prandtl number, 181
Preliminary Reference Earth Model, 17
pressure, 6, 63
pressure solution, 154
primary creep, 144
primordial, 330
principal axes system, 61
principal strain axes, 58, 553
pro-wedge, 468
probabilistic seismic hazard assessment, 399

probability density function, 584
product rules, 567
propagating wave, 561
pseudotachylites, 97
pull-apart basins, 384
pure shear, 67
pyrolite, 25
Pythagoras, 560

quadratic elongation, 553
quality factor, 144

R-shears, 385
radial anisotropy, 305
radial correlation functions, 44
radial strain, 81
radially anisotropic, 83
radian, 561
radiation, 210
rake direction, 58
rank sorted, 585
rate and state dependent friction, 119
Rayleigh number, 193, 239
Rayleigh waves, 17
Rayleigh-Benard problem, 183
Rayleigh-Taylor instability, 555
real spherical harmonics, 580
receiver functions, 380
recovery, 158
recrystallization, 158
reference geoid, 10, 12
reference gravitational acceleration, 13
reflected, 16
refraction, 15
regularization, 573
regularize, 49
relative sea level, 208
relaxation, 140
relaxation time, 139
relaxed modulus, 143
residence time, 248
residual topography, 20, 289
resonance, 144
resonance frequency, 144
retardation time, 142
retro-wedge, 468
Reuss average, 170
reversal timescale, 537
Reynolds number, 180
Reynolds transport theorem, 547
rheology, 77
Richter rolls, 372
ridge push, 233
ridge transform faults, 388
Riedel structures, 385
right hand rule, 569, 574
right-stretch tensor, 552
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ring of fire, 37
ringing, 579, 580
risk, 382
rock equivalent topography, 20, 89
rock uplift, 485
root mean square (RMS), 583
roots, 378
Rossby number, 182
rotation, 50
rotation rate tensor, 56
rotation tensor, 550, 553
rotation vectors, 567
rules of plate tectonics, 34
rupture, 126

S-tectonites, 58
sample standard deviation, 584
Sarle’s bimodality coefficient, 585
scalar field, 10
scalars, 567
scientific notation, 559
screw dislocation, 97
sea surface equipotential, 10
sea surface height, 10
seafloor spreading hypothesis, 30
sealevel equation, 208
seaward dipping reflectors, 340
second deviatoric invariant, 65
second invariant, 63, 65
secondary creep, 144
sectoral, 581
secular cooling, 214, 529
seismic anisotropy, 17
seismic coupling, 70
seismic gap, 401
seismic moment, 69, 101
seismic parameter, 24
seismic period, 109
seismic potency, 101
seismic wave equation, 549
seismicity, 100
self-consistent averaging, 171
self-organized critical state, 105
sensitivity kernels, 291
separation of variables, 139, 224, 240
series approximations, 565
serpentinite, 388
shallow slip deficit, 404
shape factors, 553
shape preferred orientation, 308
shape ratios, 63
shear delamination, 478
shear modulus, 80
shear strain, 53
shear stress, 58
shear zone, 158

similarity variable, 221
simple shear, 67
singular value decomposition, 573
singularity, 567
sinistral, 384
skewness, 585
skin depth, 225
slab ponding, 455
slab pull, 233
slablets, 456
slip law, 120
slip-predictable, 109
slope, 563
slow slip events, 128, 442
small amplitude, 238
Snell’s law, 15
solenoidal, 56
solidus, 367
Spearman rank-order correlation, 586
spherical harmonics, 580
spin tensor, 56
spreading centers, 358
spreading ridges, 358
spring-slider system, 122
square matrix, 569
stable, 226
stagnant lid regime, 258
stagnation distance, 197
stagnation point, 197
staircase trajectory, 97
standard deviation, 583
Standard Linear Solid, 142
state variable, 119
static equilibrium state, 60
static friction, 108
static stress drop, 108
statistical moments, 585
Stefan problem, 224
stepovers, 384
stick-slip, 109
sticky air, 194
Stokes equation, 186
Stokes sinker velocity, 191
Stokeslet, 192
strain, 52
strain intensity, 554
strain partitioning, 385
strain-rate tensor, 56
strain-rates, 50
strain-tensor, 54
strange attractor, 34
stream function, 195
stream power, 489
strength, 174, 175
stress, 58
stress compatibility equations, 551
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stress diffusivity, 149
stress intensity factor, 95
stress relaxation test, 140
stress singularity, 96
stress tensor, 59
stretch, 53
strict isopycnic, 377
strike, 58
strike-slip faults, 62
Student’s t distribution, 586
Student’s t-test, 584
stylolites, 155
subadiabatic, 254
subduction channel, 410, 496
subduction initiation, 277
subduction orogeny, 466
Subduction-Transform Edge Propagator, 398
subgrain boundaries, 158
subgrain rotation, 158
summation operator, 565
supercontinents, 521
supercycles, 403
superswells, 291
surface uplift, 484
surface waves, 17
symmetric tensor, 55
syn-rift deposits, 339
synchronous model, 169
synthetic, 385

tapering, 580
Taylor expansion, 53, 564
tectonic accretion, 410
tectonic erosion, 410
tectonic melanges, 496
tectosphere, 377
tensor invariants, 64
tensor norm, 70
tensors, 573
tesseral, 581
test volume, 60
thermal blanketing, 277
thermal boundary layer, 22, 223, 244
thermal catastrophe, 529
thermal conductivity, 211
thermal diffusivity, 216
thermal expansivity, 23, 193, 239
thermal lithosphere, 229
thermal parameter, 415
thermal relaxation of the lithosphere, 340
thermal Reynolds number, 192
thermochronology, 485
thermostat, 528
thick-skinned, 469
thin viscous sheet models, 197
thin-skinned, 469

thixotropy, 131
thrust faulting, 62
time-predictable, 109
toroidal, 35
toroidal flow, 267
toroidal potential field, 582
torque balance, 299
total derivative, 52, 563
trace, 64, 571
traction, 58
transcurrent faults, 381
transfer faults, 381
transfer function, 89
transform, 381
transient time, 457
translation, 50
transpression, 385
transtension, 385
transverse strains, 81
transversely isotropic, 83
traps, 321
true polar wander, 14
two-phase flow, 368

U-Pd dating, 215
underdetermined, 573
uniaxial strain, 81
uniaxial stress, 81
unrelaxed modulus, 143
Urey ratio, 529

vacancies, 156
van Mises stress, 65
van Neumann boundary conditions, 217
variance, 583
vector calculus, 578
vector field, 49
vector norm, 568
vector spherical harmonics, 582
vectorial, 306
vectors, 567, 568
velocity gradient matrix, 56
velocity strengthening, 121
velocity weakening, 121
visco-plastic, 138
viscosity, 21
viscous dissipation, 133
Voigt average, 170
Voigt notation, 83
volumetric heating rate, 213
von Mises criterion, 135
von Mises plasticity, 135
vorticity tensor, 56

Wadati-Benioff zones, 406
water concentration, 164
water fugacity, 162, 164
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wattmeter, 168, 169
wave number, 240, 561
wavelength, 561
wavelet analysis, 580
weakly isopycnic, 377, 378
wide rifting style, 344
Wilson cycles, 37
World Stress Map, 74
world uncertainty, 38

xmas-tree, 178

yield criteria, 135
Young’s modulus, 81

zero curl, 36
zero divergence, 36
zonal, 11, 581
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