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modeling



Reading
• King, S. (Elsevier Treatise, 2007)

• Billen, M. (Ann Rev, 2009)

• Becker & Faccenna (2009)



Jarrard (1986)



King (2007)



Pre - Plate Tectonics

• Subduction into the mantle was one of the last 
pieces of the plate tectonics puzzle.

1940s 1950s 1960s

Mega-shear to 700 km
- Benioff, 1954                 

Crustal-scale thrusting
- Hess, 1962 

Deep planar fault zone
- Elsasser, 1968 

Mantle Convection
- Holmes, 1944 

Internal deformation of 
subducted lithosphere.
- Isacks & Molnar, 1969 

Lithospheric thrusting
- Plafker, 1965 

Slide courtesy of M. Billen



Plate Tectonics: in the SZ

• Early analytic models capture major processes.
– Force balance on slab.
– Slab thermal structure.

1960s 1970s   1980s 1970s   1990s

Steady-state slab dip:        
 
* Newtonian       
  - Stevenson & Turner,1977 
* Non-Newtonian
  - Tovish et al., 1978
* Layered mantle visc.
   - Yokokura, 1981

Corner-flow model.
- McKenzie, 1969                 

Linking slab temp. to 
mineralogy & petrology
- Peacock, 1990

Slab thermal structure
-Toksov, 1971; 1973

Dynamic topography 
from corner-flow
  - Sleep, 1975 

Slide courtesy of M. Billen



Kinematic Slab - Dynamic Wedge

• Slab & mantle wedge thermal/min./pet. structure.
• Fluid transport
• Seismic anisotropy.

1970s 1980s 1990s   2000s

Wedge/back arc flow
  - Bodri & Bodri, 1978
   - Toksov & Hsui, 1978

Convection in the wedge
  - Ida, 1983
   - Honda, 1985

Temperature-dep. visc.
 - Eberle, 2001

Low viscosity wedge
 - Honda & Saito, 2003

Non-linear viscosity

 - Kneller et al., 2007

3D, anisotropy implication
 - Kneller & van Keken, 2007

Compositional  & phase: 
density & viscosity 
 - Gerya & Yuen, 2003

Slide courtesy of M. Billen



Observations

• Connecting kinematics to dynamics.

Arc curvature, slab dip, 
subduction velocity.
- Tovish & Schubert, 1978

1970s 1980s 1990s   2000s

Plate kinematics & 
characteristics
- Jarrard, 1986

Plate kinematics & 
characteristics  
- Mueller et al., 1997
- Lallemand et al., 2005

Geoid & dynamic topo.
- Hager 1984

Seismic tomography
- e.g., van der Hilst, 1997

Seismic anisotropy
- Russo & Silver, 1994
- Fischer et al., 1998
- Long & Silver, 2008

Plate tectonic reconsts.
- e.g., DeMets, 1990

Slide courtesy of M. Billen



Instantaneous (quasi) Dynamic

1980s 1990s 2000s
• Rheologic Structure: 

– mantle, slab, plate boundaries, wedge, crust...
• Surface deformation: 

– topography, geoid, stress-state.

Stress-state in slab
 - Vassiliou, 1984

3D, Lateral (moderate) 
viscosity variations
 - Moresi et al., 1996

3D, Temp-dep, low 
viscosity wedge
 - Billen & Gurnis, 2001

3D, Weak plate bndy, 
non-linear rheology
 - Zhong & Gurnis, 1996

2D, Faults & non-linear 
viscosity
- Zhong & Gurnis, 1992, 1994

3D, Slab strength effect 
toroidal & poloidal flow
 - Piromallo et al., 2006

2D, Overriding plate 
root geometry & slab 
suction
- Driscoll et al., 2009

Slide courtesy of M. Billen



Fully Dynamic (t-dependent)

1980s 1990s 2000s
• Buoyancy forces: phase transition, slab, crust...
• Rheologic structure: mantle, slab, wedge...
• Geometry: 2-D, 3-D, slab edges, interactions...

2D, Temp-dep,
 - Gurnis & Hager 1988

2D, Trench migration
 - Olbertz et al., 1997
 - Griffiths et al., 1995

2D, Subduction initiation
 - Toth & Gurnis, 1998

2D, Phase trans. (mech)
 - Christensen & Yuen, 1984

2D, Meta-stable olivine,
 - Schmeling, 1999

2D, Oceanic plateaus
 - van Hunen et al 2000

3D, Slab width effects
 - Stegman, 2006

2D, Slab detachment

 - Gerya & Yuen, 2004

2D, Comp., grain-size-
dep. slab visc
 - Cizkova et al., 2002

3D, Trench migration

 - Funiciello et al., 2003

2D, Phase trans.     
(T-dep. viscosity)
 - King, 1991

2D, wedge rheology
 - Arcay et al., 2008

Slide courtesy of M. Billen



Fully Dynamic (t-dependent)

1980s 1990s 2000s
• Buoyancy forces: phase transition, slab, crust...
• Rheologic structure: mantle, slab, wedge...
• Geometry: 2-D, 3-D, slab edges, interactions...

2D, Temp-dep,
 - Gurnis & Hager 1988

2D, Trench migration
 - Olbertz et al., 1997
 - Griffiths et al., 1995

2D, Subduction initiation
 - Toth & Gurnis, 1998

2D, Phase trans. (mech)
 - Christensen & Yuen, 1984

2D, Meta-stable olivine,
 - Schmeling, 1999

2D, Phase trans.     
(T-dep. viscosity)
 - King, 1991 2D, Oceanic plateaus

 - van Hunen et al 2000

3D, Slab width effects
 - Stegman, 20062D, Slab detachment

 - Gerya & Yuen, 20042D, Comp., grain-size-dep. slab visc
 - Cizkova et al., 2002

3D, Trench migration

 - Funiciello et al., 2003

2D, wedge rheology
 - Arcay et al., 2008

2D, 1-sided subduction
 - Gerya et al., 2008

2D, Double-slab sub.
 - Mishin et al., 2008

2D, Flat slabs & LVC
 - Manea & Gurnis, 2007

2D, Slab Buckling LM.
 - Behounkova & Cizkova 2008

3D, Slab-edge flow & 
slab depth
 - Honda, 2009

Slide courtesy of M. Billen



Fully Dynamic (t-dependent)

1980s 1990s 2000s
• Buoyancy forces: phase transition, slab, crust...
• Rheologic structure: mantle, slab, wedge...
• Geometry: 2-D, 3-D, slab edges, interactions...

2D, Temp-dep,
 - Gurnis & Hager 1988

2D, Trench migration
 - Olbertz et al., 1997
 - Griffiths et al., 1995

2D, Subduction initiation
 - Toth & Gurnis, 1998

2D, Phase trans. (mech)
 - Christensen & Yuen, 1984

2D, Meta-stable olivine,
 - Schmeling, 1999

2D, Phase trans.     
(T-dep. viscosity)
 - King, 1991 2D, Oceanic plateaus

 - van Hunen et al 2000

3D, Slab width effects
 - Stegman, 20062D, Slab detachment

 - Gerya & Yuen, 20042D, Comp., grain-size-dep. slab visc
 - Cizkova et al., 2002

3D, Trench migration

 - Funiciello et al., 2003

2D, wedge rheology
 - Arcay et al., 2008

2D, 1-sided subduction
 - Gerya et al., 2008

2D, Double-slab sub.
 - Mishin et al., 2008
2D, Flat slabs & LVC
 - Manea & Gurnis, 2007

2D, Slab Buckling LM.
 - Behounkova & Cizkova 2008

3D, Slab-edge flow & slab depth
 - Honda, 2009

2D, Coupled/uncoupled 
continental collision
 - Faccenda et al., 2009

2D, Ridge-trench int.
 - Burkett & Andrews, 2009

2D, Compressibility
 - Lee & King, 2009

Slide courtesy of M. Billen



Mineralogical-Petrological

• Need coupled solid & fluid flow, 
density & rheology, detailed tracking 
of composition & phase.

Min./pet. implications

 - Davies & Stevenson, 1992

Fluid transport, melting

 - Cagniocle et al., 2007

Composite crust-mantle 
density & rheology in 
wedge 
 - Gerya & Yuen, 2003

Fully-coupled mantle-
wedge dynamics & 
petrology
 - Baker-Hebert et al., 2009

1990s   2000s

Slide courtesy of M. Billen



A Multi-variate System
• Geometrical Variables

– 2D vs. 3D
– Over-riding plate
– Interaction w/ other plate 

boundaries.

• Physical Properties
– Rheology

– Thermal parameters (α,κ)

– Compressibility

• Mineral-/Petro-logical
– Compositional variation

• Density
• Rheology

• Coupled Systems
– Solid phase changes

– Hydration/dehydration

– Melting

     Link to Observations & Time Evolution 
Transform a kinematic theory to a dynamic theory.



Kinematic models



Peacock, 1996



King (2007)



King (2007)
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Wada and Wang, G3, 2009

Constraints on decoupling zone



Water distribution in incoming slab

Compacted sediments: 0.4-5 wt%

Upper crust: few wt%

Serpentinite in upper mantle: up to 2 wt%

Slab structure outboard of trench at Nicaragua (Ivandic et al., 2008)

Water flux
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Faccenda et al. (2009)



Temperature in subducted oceanic crust

Van Keken et al., G3, 2002: model for Honshu
See also: Kelemen et al., 2003; Conder et al., 2003; Wada and Wang, 2008
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Update to Hacker, Gcubed, 2008 
with full thermal models from Syracuse et al. (2010)

T (C)

Cascadia Nicaragua Tohoku
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T (C) max H2O (wt%)

rock faciestemperature water carrying capacity

Cascadia

Syracuse et al. (2010)
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T (C) max H2O (wt%)

rock faciestemperature water carrying capacity

Tohoku

Syracuse et al. (2010)
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Coupled Solid-Fluid-Min.

• Composition evolves including fluid & melt content.
– Affects density (T, X) & rheology.

• Fluids move according to Darcy flow

Hebert et al. (2009)

S
lid

e 
co

ur
te

sy
 o

f 
M

. B
ill

en



Cagnioncle et al. (2007)



Fluids Affect Solid Flow. 

• Form low viscosity channel above slab.
• Spatially & temporally variable melt fraction.

– Limits region of water effect on rheology.

Hebert et al. (2009)
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Semi-dynamic models



King (2001)



Billen (2009)





Rollback and ponding

Christensen (2001)





Christensen (1996)



Effect of negative Clapeyron 
slope on slabs and plumes

Tan et al. (2001)



Billen (2009),
cf. Davies (1998)

Ponding as f(strength, rollback)
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Tomographic slabs and Stokeslets for a moving 
trench scenario

Karason (2002)

● Weak, fluid slab (' = 
slab

/
mantle

 = 1) hits the 660

● Prescribed trench motion



● Best fit for Sunda 
for a viscosity 
contrast between 
upper and lower 
mantle of > ~200

● Strong anchoring 
of weak slab

● cf. slablets of 
Morra et al. 

Karason (2002)

Stokeslets and tomography



3D





Changes in plate motions

Tan and Gurnis (2002)





Kincaid & Griffith (2003)



Kincaid & Griffith (2003)



Piromallo et al. (2006)

' = 1 

' = 1,000 

' = 1,000 

sideview

sideview

map view



Instantaneous
toroidal 
partitioning

● Toroidal flow increases 
with slab width and 
peaks at moderate 
viscosity contrasts

● TPR increases with 
viscosity contrast

w
id

th

slab stiffness

poloidal RMS

toroidal RMS

toroidal/poloidal ratio

Piromallo et al. (2006)



Fully dynamic 
(free slab)

models



Trench rollback

Zhong and Gurnis (1995)



Yanigasawa et al. (2010)



Yanigasawa et al. (2010)



Bellahsen et al., JGR, 2005

silicon putty (viscoelastic)

honey (viscous)



Bellahsen et al., JGR, 2005

‘subduction = plate motion + trench motion’

Controls on modes:
bending resistance
curvature of subduction
mantle depth
strength of slab



Strong slab trench dynamics

Bellahsen et al. (2005)

● For slabs with ' ~ 2,00 – 10, 000, a mixed mode regime with 
advance and retreat exists for free slab models

● Analyze a wide set of experiments with different slab widths, 
viscosities, thickness, etc. (cf. Enns et al., 2005)

 retreat  zig-zag  advance 
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Subduction velocity scaling

 slab 
pull

 slab 
 bending 

 mantle 
drag 

● Subduction velocity = modified Stokes 
velocity accounting for bending

● Conrad & Hager (1999); Becker et al. (1999)



Strong slab force balance

Bellahsen et al. (2005)

• Stiff slab experiments are 
dominated by bending vs. 
mantle drag

• cf. Buffett (2006) for proper 
force estimate (for r = 
const.)

• It's a percentage 
numbers game, 
f(strength of slab), 
which is not well known

 lithospheric 
bending 

disipation

 lithospheric 
bending 

dissipation

 mantle 
flow 

 dissipation 



Enns et al. (2005)



di Giuseppi et al, G-cubed, 2007



Top boundary conditions I

Kaus et al. (2008)

Elasto-visco- 
plastic 

rheology &
erosion, 

finite elements
(SloMo)

crustal 
 package 

 zoom-in 

 upper 
 mantle 

 free-slip 

 free surface 



3-D SloMo

 free-slip  free surface 

• Boundary condition important for isolated plate experiments 
(cf. Enns et al., 2005; Schmeling et al., 2006)

• Boundary condition not important for two-plate models (cf. Zhong, Moresi), 
and tests of Kaus et al. (20078)

Top boundary conditions II



Billen (2009)



Effect of slab strength

• Toroidal power increases with viscosity contrast, i.e. flow 
becomes progressively less Stokes-sinker like 
(Piromallo et al., 2006)

• Subduction velocities (poloidal RMS) decrease with viscosity 
contrast, i.e. the slab strength has an important effect on 
mantle flow and subduction rates (Conrad & Hager, 1999; 
Becker et al., 1999; Bellahsen et al., 2005)

• Trench curvature is more convex for stiff slabs 
(cf. Funciello et al., 2004, Schellart et al., 2007)

• No elasticity needed to explain trench morphology 
(cf. Morra et al., 2006)



The moderately weak slab

• Consistent with

– Becker et al. (1999) and Conrad & Hager (1999) bending 
related estimates which yielded upper bound of ' ~ 500

– Moresi & Gurnis (1996) geopotential argument

– Billen & Gurnis (2005) trench admittance work

– ...

Becker et al. (1999)



Lab model behavior as f (')

'

F
unic iello e t al. ( 2007)  w

ith
data f rom

 S
chell art (2 004)

~V'

lithosphere controlled

mantle controlled
strength

buoyancy



Stegman et al. (2010)



Ribe (2010)

Thin sheet BEM models of free slabs

Role of
γ



Ribe (2010)Capitanio et al. (2007) models

Thin sheet BEM models of free slabs



Ribe (2010)

∈[140 ;410 ]

2D BEM

Wu et al. (2008)
compilation

Consistent with Funiciello et al. (2009)

∈[150 ;500]

Thin sheet BEM models of free slabs



Role of the dip at touchdown

Ribe (2010)

3D lab

2D numerics

Earth
(no advance?!)



Why not f(∆ρ)?

Lab: surface tension (Bellahsen et al., 2005)

Numerics: plastic yielding (Stegman et al., 2009)

Ribe (2010)

Bo−1∈[0.37 ;2.2]

∈[0.06 ;1.85]

vs.



Real slabs aren't free

Yamato et el. (2009)



Yamato et el. (2009)



Becker & Faccenna (2009)

From regional to global
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